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Bai 1. (2,0 diém) Cho cac phuong trinh x* + ax+3=0va x* + bx+5=0v0i a,bla tham sb
a) Chtng minh rang néu ab > 16 thi trong hai phuong trinh , ¢é it nhat mot phuong trinh
c6 nghiém
b) Gia st hai phuong trinh c6 nghiém chung x,. Tim a,bsao cho ‘a‘ + ‘b‘dat gia tri nho
nhat
Bai 2. (1,5 diém) Cho phuong trinh 3x* — y* =23"véi n1a s6 ty nhién
a) Chimg minh néu n chin thi phwong trinh d3 cho khong c6 nghiém nguyén (x; y)
b) Chung minh ring néu n1é thi phuong trinh da cho c6 nghiém nguyén (x; y)
Bai 3. (3,5 diém) Cho dudng tron (O),ddy cung BC khong chira tim O va diém A thay doi
trén cung 16n BC.L4y cac diém E, F thoa ZABE = /CAE = ZACF = Z/BAF =90"
a) Chtng minh ring AE.AC = AF.ABva O la trung diém EF
b) Ha AD | EF (D € EF'). Chimg minh rdng ADAB [IADCA va diém D thugc mét
duong tron ¢d dinh
c) Goi G la giao diém ctia AD vé6i dudn tron (O).(G # A) .Ching minh rdng 4D di qua
mot diém o dinh va GB.AC = GC.AB ‘ o
d) Goi K la tdm duong tron ngoai ti€p AEF.Ching minh rang AK di qua mot diém co
dinh
Bai 4. (1, 5 diém) Cho 0 ty nhién a =3".5".7%
a) Goi A 1a tap hop cac s6 nguyén duong k sao cho k la udc cua avak chia hét cho 105.
Hoi tap A c6 bao nhiéu phan,tu’ ‘ ‘ q
b) Gia str Bla mot tap con bat ky cua A ¢6 9 phén tu. Ching minh rang ta ludn c6 thé tim
dugc hai phan tir cua B sao cho tich cua ching la s6 chinh phuong.
Bai 5. (1,5 diém) Cho h¢ phuong trinh vo1 £ 1a tham so6:
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a) Gidi h¢ voi k=1
b) Chung minh hé vd nghiém véi k> 2va k# 3
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Bai 1.

a) Gia st ca hai phuong trinh da cho déu v6 nghiém.
Khi 6, biét thirc ctia hai phuong trinh déu am.
Tactacd A, =a’—12<0va A, =b>-20<0
Suy ra a’ +b* <32< 2abhay (a —b)2 <0(vd Iy)

Vay diéu gia st sai, ttc 1a it nhat mot phuong trinh ¢6 nghiém
b) Goi m1a nghiém chung cua hai phuong trinh da cho. Khi d6, dé thay m = 0 va
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Bai 2.

a) V6i nchén,gia sir ton tai cdp s6 nguyén (x;y)théa man phuong trinh da cho. Vi 23"
1a s6 chinh phuong khong chia hét cho 3 nén 23" chia 3 du 1. Tir d6 suy ra y*chia 3
du 2, mau thudn vi sé du ctia mot sé chinh phuong khi chia cho 3 du 0 hodc 1. Vay
v6i nchn thi phuong trinh da cho khong c6 nghiém nguyén (x;y)
b) Ta s& ching minh khing dinh da cho bing phuong phap quy nap theo n
Véi n =1, phuong trinh c6 nghiém nguyén (x,»)=(3,2). Do d6 khang dinh ding v6i n =1
Gia st khing dinh dang dén n = k(k1a sb nguyén duong 1) tirc 12 phuong trinh
3x* — y* = 23" c6 nghiém nguyén (xk; yk). Khi d6 ta co:
23 =23(3x; - 7 )= (9%, - 23, ) —3(2x, -3y,) =a"-3b’
Trong 46 a=9x, -2y, ,b=2x,—3y,.Suyra:
23 =23(a’ - 3b* )=3(3a - 2b) —(2a-9b)



Do d6, phuong trinh 3x* — y* =23 cling c6 nghiém nguyén (3a —2b,2a —9b).Suy ra
khang dinh ciing dtng v6i n = k +1.Theo nguyén 1y quy nap Toan hoc , ta c¢6 khang dinh
dung voi moi s6 nguyén duong 1é n

Bai 3.

a) Vi Athudc cung lé6n BC cua (O)Vé BC khong 1a duong kinh nén £ZBAC1a géc nhon
Xét hai tam gidc ABEva ACF c6 LABE = ZACF =90°va /BAE = ZCAF (cung
phu /BAC)nén hai tam giac nay déng dang theo truong hop goc — goc , do do
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Goi AA'la duong kinh cta (O)thi tacd LABA'= LZACA'=90".Suy ra BE,BA'cung vuong
goc v6i AB, CF,CA'ciing vudng goc voi AC nén cac dudng thang BE,CF ttheo thir tu
trung cac duong thang BA',CA'. Do dé Be A'E,Cc A'F
Ngodira A'E//AF (L AC)va A'F //AE(L AB)=> AEA'F la hinh binh hanh. Ma O la
trung diém cua duong chéo 44'nén O ciing 14 trung diém cua EF

b) Trudc hétta cé6 LADE = ZABE =90° = ADBEndi tiép dudng tron duong kinh AE,
Va hoan toan tuong tu, t gidc ADCF ciing ndi tiép dudng tron dudng kinh AF
Xét gai tam gidc DABva DAC c6 LADB =180° — ZAEB =180° — ZAFC = ZADCva
ZABD = ZAED = ZAEF = Z/DFC = ZDAC.Do d6 ADAB [IADCA(g.g)
= /DCA=/DAB
St dung két qua tong ba goc ciia mot tam giac bang 180°, ta co:
BDC =360" — ZADB - 2ADC =360" - (180° - ZDBA— £DAB)~ (180" - ZDCA - £ZDAC)
=/DBA+ /DAB+ Z/DCA+ ZDAC
= ZDAC + £DAB + ZDAB + ZDAC =2(£DAB + ZDAC)
=2./BAC = Z/BOC
Suy ra bén diém B,C,0, D cung thudc mot dudng tron. Do d6 D ludn chay trén dudng tron
ngoai tiép tam giac BCOcH dinh

¢) Dung dudng kinh A4"cta duong tron (K )ngoai tiép AAEF.Xét hai tam gidc ADE

va AFA"co:

ZADE = ZAFA"=90°va ZAED = ZAEF = ZAA"F = AADE [JAAFA"(g.g)
Do 46 ZDAE = ZFAA"ma £/BAE = ZCAF (cm cau a)= £BAD = ZA"AC
Goi M 1a giao cia AK va BC.Xét hai tam giac ABGva AMC cé:
ZAGB = ZACB = ZACM va ZBAG = ZA" AC(cmt) = LMAC = AABG UAAMC(g.g)

, BG MC CG _MB
Do dé: RN (1) Chung minh tuong tu, ta cling co6: ( )
MB MB MA CG AB
MC MA MC CA BG ( )
Mit khac, dé thay hai tam giac BAC & BDG ¢6 /BCA= /BGA= /BGDva
/BAC =4BAD + ZDAC = ZBAD + ZDBA = ZBDG nén hai tam giac nay dong dang véi

T (1) va (2) ta suy ra

BA BD
nhau suy ra — =——(4).Tuong tu ta ciin co—:
yra —==—-(4).Tuong g ()
Tu (4) va (5) tasuy ra 4B _ B4 CB_BD CG

AC BD CA BG CD



CG 4B CD

Do do, = . (6)
BG AC BD
MB AB* CD
Tu (3) va (6) suy ra = )
Gyva©suyra- ~== 5.0 ()

Ngoai ra, theo ciu bta co: D5 = DA ;DC = b4 , chia theo timg vé hai ding thuc nay, ta
AB AC AC AB
2
DB.AczAC.Dodé CD AC2 ®)
AB DC AB BD AB

2
T (6).8)= S& =48 AC _AC _ Gpac=Gc.aB
BG AC AB- AB
Mait khéc, ta c6 £BDG = LBACva £/BDC =2/BACnén LCDG = £ZBAC
= /BDG = ZCDGnén AD chira duong phan giac trong cua goc ZBDC nén di qua ytrung
diém T cta cung BC khong chira O cua duong tron ngoai tiép ABCO.Vay AD di qua diém
T co dinh.

duoc:

MB  AB* AC’
MC AC* AB?

d) Tu (7) va (8) ta suy ra =1nén MB = MChay AK lu6n di qua trung

diém cua BC cb dinh .
Bai 4.

a) Do achi c6 ba udc nguyén t6 1a 3;5;7nén dé thay cac udc cia a cling khong c6 ude
nguyén t6 ndo khac voi 3 sd nay. Vi thé dé thiy céc s6 thudc Asé co dang 3-.57.7°,
trong do x, y,zla cac sb tu nhién
Do 3%.5”.7°1a w6c cua 3°.57.7*nén x <13,y < 7,z < 20.Hon nifa, ta lai c6 3*.5".7°1a
bdicia 105=3.5.7nén x> 1,y>1,z>1
Vay céc s6 thudc A1a nhitng sb c6 dang 3%.5*.7 trong d6 1< x <13,
1£y<7,1<2< 20.Dé théy c6 13 cach chon x,7cach chon yva 20 cach chon z. Vay
|4|=13.7.20=1820, hay tap A c6 1820 phan tir

b) Trudc hét, goi 9 phan tir cia Bla b, =3%.5".7%,b, =3%.52.7%,.....,h, =3°.5".7"

Ta nhan thdy v6i mdi bo s6 (x; y;z)chi c6 hai cach quy udc tinh chan 1é ctia mdi mot trong
ba sd x,y,zdo d6 sd cach quy udc tinh chin 1¢ cho ba s nay 1a 2.2.2 =8

Do 9 >8nén theo nguyén 1y Dirichlet ton tai hai s i, j (1 <i<j< 9)sao cho
x,=x,(mod2), y,=y,(mod2),z = z,(mod2).Khi d6, do x, + x,,¥, + y,,z, + z,d¢u 1a cac



s6 chin nén dé thay hb =315 75 A mot s6 chinh phuong. Pay chinh 13 hai sb can
tim.
Bai 5.
a) Diéukién : x, y,zcung ddu va xyz# 0
Xét 2 truong hop sau:
*)Trudng hop 1: x, y,z cing duong. Khong mat tinh tong quat, gia sit x = max {x; y;z}, Khi

X \/; \/EZ3>1:kméuthu§m
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*)Truong hop 2: x,y,zcung am. Pat a=—x,b=-y,c =—-zkhi d6 a,b,c >0

do ta co:

Hé phuong trinh ¢6 thé duoc viét lai thanh

el
‘JZ—N@*ﬁ:

Bién ddi ta c6 phuong trinh twong duong véi
(Va B Ya e )=0

(Vb —a Yo -e)0=a=b=c

(Ve B e ~a)=0

Vay v6i1 k =1thi hé phuong trinh ¢6 nghi¢m (—m;—m;—m)vc’ri m1a sb thuc duong nao do

b) Gia sur tdn tai sb thuc k> 2,k # 3sao cho hé phuong trinh da cho c6 nghiém
(03 05 2, )- Xét hai trudng hop sau:
*)Truong hop 1: x,;,;z,cung duong. Khi do, ta co:

(Vo + 20 N +470 )=(k+ D3z,

(0 +70 Mo+ )= (R + 1) 7%,

ot 3 )({7 50 )= (e D,

Suy ra 1 [z, (Vo #3270 )= 7% (Vo + 3% )= vxor (Y +40 )

N




Khéng mét tinh tong quat, gia sir Xy 2 Y, 2 z,. Khi do ta co:
Voo (\]xo MRVAL )Z V20X (\/Z)"'\]’%)
Két hop vai két qua trén, ta suy ra ddu ding thic trong danh gia trén phai xay ra ,tic

X, = 2,.Ma x, > y, > z,nén x, = y, = z,. Thay lai h¢ da cho, ta dugc k =3 mau thuin.
-) Truong hop 2: x, y,zcung am. Pat a =—x,,b =-y,,—z,.Khi do ta co:

fﬁ ¢ (e B YW )= (1- k) e
_%+J§+J§=khay (V5 e Wb —a )= (1~ k)ea

c e [ (Ve —a e b )=(1-kWab
—\/%+\/g+\/g:1

Khong mat tinh tong quat, gia st a > b> c¢. Khi d6 , ta co:

(Va —b YVa =e )2 0> (1-k)be (mau thudn)

Vay diéu gia str sai, chimg t6 hé v6 nghiém v6i k> 2,k # 3




