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Bai 5. (6.0 diém)

Cho tam giac ABC vudng tai C va noi tiép dudng tron (0). Tiép tuyén
cua(O) tai A ct duong thing BC tai M.Céc tiép tuyén cua(O)tai B,C cit
nhau tai N.Dudng thang AN cét lai duong tron (O)tai D khac A va cat duong
thang BC tai F.Duong thang qua M , song song voi AB cat duong thang OC

tai |. Buong thang qua N, song song voi AB cat duong thang OD tai J. Goi
K 14 giao diém cta hai duong thang MD, NC va E 1a giao diém cta hai dudong

théng MN, 1J.
a) Chang minh rang hai dudng tron ngoai tiép cac tam gidc MCE va NDE

tiép xuc vai nhau,
b) Chuing minh rang K 13 tam duong tron di qua cac diém C, D,E, F .

A P M

B N

a) Goi P 1a giao diém cia AM va NC thi PA=PM =PC.
Taco AOPN vuodng tai O, duong cao OC nén suy ra

OC? —CP.CN — AP.BN —Op? = 20BOC =BN.2AP
— OAAB =BN.AM

= AAOM ~ ABNA

— AMO = BAN = ADO

Suy ra tor gidc AMDO ndi tiép duong tron dudng kinh OM nén
ODM =O0AM =90°



Do d6 MD 1a tiép tuyén cuiia (O) = KC = KD

Vi AOBC ~ AICM va AOAD ~ AJDN nénsuyra IC=IM va JD=JN

Mat khac ta c6 OM L AN tai X va ON LBM tai Y nén F la truc tim cua
AOMN .

Goi E' 14 giao diém cia OF va MN thi OE' L MN . Ta chimg minh E'=E.
Tacd MA? = MD? = MX.MO = ME'MN = MB.MC

Xét phép nghich dao f cuc M, phuong tich k = MA? ta c6: f bién cac diém

B, N thanh céc diém C, E' tuong g

Suyra f bién duong thang BN thanh duong tron (MCE")

Vi BN tiép xtic v6i (O) tai B va BN || AM nén duong tron (MCE') tiép xtic
véi (O) tai C va tiép xac véi AM tai M. Do d6 | 1a tdm duong tron
(MCE")

Chimg minh twong ty ta c6 J 1a tim dudng tron (NDE").

Khi d6 ta suy ra hai duong tron (MCE") va (NDE") tiép xtic nhau tai E'.

= E' la giao diémcua IJ va MN nén E'=E

Vy hai dudng tron (MCE) va (NDE) ti€p xuc véi nhau tai E.

b) Vi KC la tiép tuyén chung cta (O) va (I ) ; KD 1a tiép tuyén chung cia (O)
=P

va (J) néntasuyra P, </(0)

n = PK,(J), do 6 K 1a tam dang phuong cta 3

duong tron (O),(1),(J) =KC=KD=KE. Suy ra K la tim duong tron
ngoai tiép ACDE (1).

Mit khac ta ¢c6 MA? = MD? = MX.MO = ME.MN = MB.MC = MF.MY nén
phép nghich ddo f cuc M, phuong tich k = MA? bién cac diém F,C, D, E
twong Gng thanh cac diém Y,B, D, N .

Ma 4 diém Y,B, D, N cung thudc duong tron duong kinh BN nén 4 diém
F,C, D, E cung thuéc mét duong tron (2)
T (1) va (2) suy ra K 13 tAm duong tron di qua 4 diém F,C, D, E.



Bai 6.(7,0 diém)
Tim tat ca cac ham s0 f :R — R thoa man

f(x+y")=f(x)+yf(¥°).vxyeR (1)
Cho x=0,y=1, ttr (1) suy ra f(0)=
Cho x=0, tir (1) suy ra
F(y')=vf (v°) vy eR==yt ((-y)') = f((=y)') = f (v*) =¥ (v°). ¥y R
:>f(—y3):—f(y3),Vy¢0

Vay f 1a ham s 1é. ,
Phuong trinh  ham dd cho duoc viét lai  nhu  sau
f (x+ y“): f(x)+ f (y“),Vx, yeR,suyra
f(x+y)="f(x)+f(y),vxeR,vy>0 (1.1)
Taco
FOery) = f(=(x=y))==F (=) +(=¥)) ==(f (=) + T (=¥))
==(=F(x)=f(¥)=f()+(y).
VxeR,vy<0 (1.2
Két hop (1.1) va (1.2) taduogc f(x+y)=f(x)+f(y).vx,yeR.
Bay gio ta tinh f ( x+1 ) theo hai cadch nhu sau
Tacod f((x+1)4 (x-1) ) (2x +12x° +2) 2f(x4)+12f(x2)+2f(1)
= 2xf (x3)+12f (x2)+2f
Ta co:
f ((x+l)4 +(x—l)4): f ((x+1)4)+ f ((x—1)4)
= (x+2) £ ((x+2)7 )+ (x=1) £ {(x-1))
=(x+1) f (x3+3x2+3x+1)+(x—1) f (x3—3x2+3x—1)
= 2xf (x°)+6f (x*)+6xf (x)+2f (1) (L4)
So sénh (1.3) véi (14) ta c6 f(x*)=xf(x),vxeR (15).Tiép tuc thay x bai
x+1 vao (1.5) ta dugc
f(x2+2x+l)=(x+1)(f (x)+ £ (1))

= f(x )+2f f(1)=(x+1)f (x)+(x+1)f(1)Tex  (15),(1.6) suy ra
( ) (x)+xf (1) (1.6)
xf (X)=(x— 1) ( )+xf( )= f(x)=xf (1)=ax,vxeR. D& thidy ham nay thoa man

phuong trinh d4 cho. Vay ham can tim 1a f (x)=ax,vxeR.



Bai 7. (7,0 diém) Mot tap hop con A c6 it nhat ba phan tir cia tip cac sd
nguyén duong dugc goi 1a tdp ‘réi rac’ néu voi 3 phan tir phan biéta,b,c
cua A thi a khong 1a bdi cua (b;c), v6i (X, y) 1a ki hiéu uéc chung 16n nhat
ctia hai s6 nguyén xva y. Chirmg minh rang néu A 13 tdp‘réi rac’ €O n phan
tr va n>4 thi maxA>4(n’—n-1),voi max X 1a ki hiéu phan tir 16n nhat
cua tap hop X.

B6 dé 1. Cho n s6 nguyén duong khong vuot qua 2n - 2 thi c6 hai s ma sb
nay la boi cua so kia. N ,

Ching minh: V&1 méi sO nguyén duong 1€ m, ki hiu
A, ={2“mkeN,2m<2n-2}

Do trong tép{l,Z,...,Zn —2} c6 n—1sb 1é nén co n - 1 tap dang A

Vi mdi sé nguyén duong khong vuot qua 2n - 2 déu c6 dang 2m,k e N, m 1&
nén trong n sd nguyén duong di cho c6 hai s6 cing thudc mot tap A, nao do,
va day la diéu can ching minh. ‘ ‘

Tu Bo dé€ suy ra n€u trong tap A goém n phan tir ma khong c6 hai phan tur thoa
mén phan tir ndy 1 boi ctia phan tir con lai thi maxA>2n—1.

Bo dé 2. Néu tap A c6 3 phan tir va 1a tap “roi rac’ thi max A>15.

That vay: Goi A={a,b,c} 1a tap ‘réi rgc’ . Khi d6 c6 3 uéc chung 16n nhat
clia hai phan tir tily y ciia A 1a (a,b), (b, ), (¢, d).

Néu (a, b) 1a udc cua (a, ¢) thi c 1a boi cua (a, b) la diéu v6 li. ‘
Vay cac phan tu (a,b), (b, ¢), (c, a) khong c6 phan tir nao 1a bdi cua phan tur
con lai. Tur d6 theo Bo dé 1 = max{(a,b), (b,c),(c,a)} 5.

- Néu a = (a, b) thi suy ra b 1 bdi ciia (a, c) 1a vo Ii.

Do a # b = 1< a # b :max{i,i}23
(a,b) (a,b) (a,b) (a,b) (a,b) (a,b)
= max{a,b} >3(a,b).
Tuong tu ta c6 max{a,c}>3(a,c), max{b,c}>3(b,c).
= max {a,b,c} >3max{(a,c),(a,b),(b,c)} >3.5=15.
Tré lai bai toan, chung ta chimg minh bang phuong phap quy nap.

- V6in=4. Xét tap ‘roi rgc’ gdm 4 phéan tr A={a,b,c,d}. Theo phép
chtrng minh cta B6 dé 2 thi 6 udc chung lon nhét cua tumg cap 2 phan tir
thudc A 1a X, X,,...,X, khong c6 2 phan tir nao ma phan tir nay 1a bdi cua
phan tir con lai.

Tur d6 theo Bo dé 2 thi max{X,,X,,...,X,} =11.

bat T=max{X;,X,,....Xs} -

- Néu T €A thi tOn tai s6 tu nhién x khac 1 d& Txe A=Tx(T,y),VyeA la
Vo li



-Néu TxeA, voi x> 4 thi maxA>4.11=44. , ,
- Néu 2T € A,3T € A thi 2 phan tir con lai cia A phai chia hét cho 3, vi néu
ye A\{2T,3T} va(3,y)=1thi(y,3T)=(y, T)la udc cua 2T la vo Ii.

Vay A c¢6 dang A:{ZT,3T,3k,3q}. Vi A la tap ‘roi rac’ nén {T,k,q} cling

la tip ‘roi rac’ , theo B6 dé& 2 thi max{T,k,q}ZlS, suy ra

max A >3.15 =45 > 44 . Nhu vay khang dinh dung véi n = 4.

- Gia st khang dinh dung véin - 1, ta can ching minh khang dinh dung véi n.
Goi A 1a tp ‘réi rac’ c6 n phan tr. Khi d6 c6 C? wéc chung 16n nhit cta
ting cap 2 phan tir ciia A va khong c6 phan tir ndo 13 bdi ctia phan tir nao.

Goi X ={X;,X,,....X, },k=C? 1a tdp cac udc chung 16n nhat

Khi d6 theo B6 dé 1 thi T=maxX>2k-1=n’-n-1

Cac li Iuan hoan toan tuong ty truong hop n = 4 ta co:

-Néu T € A thi ton tai s6 tu nhién x khac 1 dé Txe A= Tx:(T,y),VyeA la
Vo li

-Néu Tx e A, v6i x >4 thi maxA >4.(n”> —n —1)1a diéu phai ching minh

- Néu 2T € A,3T €A thi cac phan tir con lai ciia A phai chia hét cho 3, vi néu
ye A\{2T,3T} va (3,y)=1thi(y,3T)=(y, T) 1a uéc cua 2T la vo .

Vay A c6 dang A= {2T,3T,3a1,3a2,...,3an_2} :

Khi d6 {T,a,a,,...a,,}1a tap‘roi rac’ ,nén theo gia thiét quy nap thi
max A >3.max{T,a,,a,,....a,,} > 3.4((n ~1)*—(n-1) —1)

>4(n* —n—1),V¥n >4 1a diéu phai chimg minh

---HET---



