PE THI HQC SINH GIOI LOP 9 THCS NAM HQC 2024-2025
TINH THAI BINH
Bai 1. (3.0 diém)
1. Cho cac s6 thuc duong théa min:b(a+1)=1-a

Tinh gia tri cia biéu thirc:

F,:a\/ub2 +b\/1+a2 +\/(l+a2)(l+b2)

1+a’ 1+b° 4
2
2. Chirng minh: B = \/1+ 2023% + 20232 £ 2028 10 o6 tu nhién.
2024° 2024

Bai 2. (3,0 diém)
1. Trén truc toa d6 Oxy cho diém hai diém A(-11), B(-5;-3)va duong thing (d): y=ax+b
a) Tinh dién tich tam giac OAB.
b) Tim a va b biét dudong thang (d) vudng goc véi duong thang AB va tiép xtc duong tron tim O (0;0)
ban kinh R=4+/2.
2. Cho da thitc f(x)= x*+ax’ +bx+2véi a,bla céc so hiru ti. Biét da thire da cho ¢ mot nghiém 1a
x=2-+/3, tim cac nghiém con lai cua da thtrc.
Bai 3 (4,0 diem)
1. Giai phuong trinh: 4X% +3x+2 = 3vX® + 3% + 3x + 2
X+ m =2y+1+ \/m
8x® 52y —15x +11=(x+3).§12y* + 6x—5
Bai 4. (2,0 diém)

Cho cac sb thuc duong x,y,zthdéa man: X+ ﬁ ++/z=1. Tim gia tri nho nhét ctia biéu thuc:

2. Giai hé phuong trinh: {

CXP+yz o yiHx o P4y
Cxfy+z yWz+x o zx+y
Bai 5 (3,0 diém)

Cho tam gidc ABC nhon c6 AB < AC va ndi tiép dudng tron (O). Cac dudng cao AM, BN, CP cit
nhau tai H . Goi K,Q 1an luot 13 giao diém ciia NPvéi AH va AO, I 1a trung diém ctia AH .

1. Chirng minh: ‘INZ =IKIM.

2. Goi Eva F lan luot 1a trung diém cua BN vaCP . Chung minh EF vudng goc véi QM .

Bai 6. (3,0 diém)

Cho duodng thang (d) va duong tron (O;R)khong giao nhau. Trén dudng thang (d)lay diém A. Tu
diém A ké tiép tuyén AB, AC Véi (O;R), (B,C la tiép diém) va cit tuyén ADE khong di qua timO, (
D nam giita A va E). Goi | 1a trung diém cua DE . Pudng thing BC cit OAva Ol lan luot tai H va
K.

l. Chitng minh ring KE 4 tiép tuyén cua (O;R).

2. Chiing minh rang khi Adi dong trén (d)thi H di dong trén mot dudng tron ¢d dinh.



Bai 7. (2,0 diém)
(a-1)(a+1)’ +(b-1)(b+1)’

1 sd nguyén.
a+b+ab+1 gwy

Cho a,bla cac s6 nguyén, a=—1 b —1thda man:

2023b2023

Chtng minh: a —a chia hét cho a?+a.



DAP AN THAM KHAO
Bai 1. (3.0 diém)
1. Cho cac s thyc duong a,b thoa man: b(a+1l)=1-a

Tinh gi4 trj cua biéu thuc:

P:a\/1+b2 er\/1+a2 +\/(1+a2)(1+b2)

1+a? 1+b? 4

2
2. Chtirng minh: B :\/1+ 2023% + 20232 +% 1a s6 tu nhién.
2024° 2024

Loi gisi.

. . 2 2 1+a”)(1+b?
I. Tir gia thiét, ta c6 ab+a+b=1. Thé vao P ta cé: P=a\/1+b2 +b\/1+""2 +\/( +a)(L+o)

l+a 1+b 4
\/ab+a+b+b2 \/ab+a+b+a2 \/(ab+a+b+a2)(ab+a+b+b2)
=a > +b >+
ab+a+b+a ab+a+b+b 4

. (a+b)(b+1)+b (a+b)(a+1)+\/(a+b)(a+1)(a+b)(b+1)
- (a+b)(a+1) (a+b)(b+1) 4

=a M+b\/a__'_l+(a+b) W
a+l b+1 4

a b a+b
= 1)(b+1
(a+2)(b~ )£a+1+b+1Jr 2 )

:\/ab+a+b+1(2+a+b—£ ! ! D

+
2 a+l b+1

a+b a+b+2
= 2. 2 —
V2, 2+ (a+1)(b+1)J

a+b a+b+2
=+/2.| 2+ -
V2 2 ab+a+b+1j

_o 2+a42rb_a+2+2)

—J2.(2-1)=+2
Vay P =+/2 khi ton tai cac sb thuc duong a,b théa man: b(a+l)=1-a.
2. Ta co:

2023 N 2023
2024° 2024

2023 N 2023
2024° 2024

2023 . 2023° . 2023
2024 2024% 2024

B= \/1+ 2023% +

= \/(1+ 2023)° —2.2023 +

= \/20242 —2.2024.



2
_ [ y0pa_2023Y , 2023
2024) 2024

2023 2023

=2024- 22 =2°
2024 2024

=2024

Do 2024 1a sb tu nhién nén ta c6 dpem.

Bai 2. (3,0 diém)

1. Trén truc toa d6 Oxy cho diém hai diém A(-11), B(-5;-3)va duong thing (d): y=ax+b

a) Tinh dién tich tam giac OAB.

b) Tim a va b biét dudng thing (d) vudng goc véi duong thing AB va tiép xuc duong tron tim O (0;0)
ban kinh R=4+/2.

2. Cho da thiic f(x)= x*+ax’+bx+2voéi a,bla cac s6 hitu ti. Biét da thtrc da cho ¢ 6t nghiém 1a

x=2-+/3, tim cac nghiém con lai cta da thtc.

Loi giai. 24
I a) Dung hinh chit nhat GETB nhu hinh v& dudi day. Theo bai ra ta co: G A4 __E
AG =|x; —X,|=|-5-(-1)|=4. SRR
Tuong ty ta c6: AE=OE =1; BG=4; OT =3; BT =5. / //,.// °
:>SGEBT =BG.BT =4.5=20; Sgy, :%:4_;1:8; //"/ 1

B Vi

OE.AE 1.1 OTBT 35 15

1
=3 Syp = .
2 27 79" 2 2 2

2
1 15
= Soas = Scesr — Seas — Soae — Sors =208 _E - ? = 4(dvdt).

SOAE =

Vay Sgus =4(dvdt).
1b) Goi dudng thang (AB): y=mx+k di qua A(-L1), B(-5;-3) nén

-m+k=1 m=1 . A . o
{_5m+k:_3c>{k:2:>(AB).y:x+2.V1 (d)L(AB)nén a=-1,khi d6 (d):y=-x+b

Gia sir (d) tiép xtic voi (o; 42 ) tai K va vudng goc voi (AB) tai H . DE thy AOKH 1a hinh chit
nhat. Suy ra OH =OK =4+/2. Toa d6 H 1a nghiém cta hé phwong trinh
=X+2 - - b

y=-X+b 2 V2
=42 = % < |b|=8<b=18.Vay (a;b)e{(-1-8);(-18)} lafgias tri can tim.

2. Do x=2-+/3 1a nghiém cia f(x):>f<2—\/§):O

Thé x=2-VBvio f(x),taco: f(2-3)=(2-v3) +a(2-3) +(2-43)+2=0
< (7a+2b+28)-(4a+b+15)y3=0 < 7a+2b+28=(4a+b+15)/3

Do a,beQ nén 7a+2b+28 1a sd hitu ti, (4a+b+15)+/3 1a s6 v ti.



th
4a+b+15=0 b _y (thoaman abeQ).

= f(x)= x3+ax2+bx+2:x3—2x2—7x+2:(x+2)(x2—4x+1).

. 7a+2b+28=0 a=
Tur @6 dé phuong trinh trén théa man — { i {

Goi k l1a mot nghiém cua f(x), ta co:

= f(k)=0& (k+2)(k* ~4k +1)=0 < r2=0 = k==
- B k?-4k+1=0  |k=2++3

Véy nghiém con lai cia f(x) 1a x=-2;x= 2+4/3

Bai 3 (4,0 diém)

1. Giai phuong trinh: 4X% +3x+2 = 3vXx® +3x2 + 3x + 2

x+mz 2y+1+\/m

8x° ~52y° —15x +11=(x+3) 312y* +6x—5

2. Giai hé phuong trinh: {

Loi giai
1. DPKXD: x>2
Phuong trinh tuong duong:

A%% +3%+2 =3¢ +3X% + 3% + 2
= 4x2+3x+2=3\/(x3+3x2+3x+1)+1

< AX* +3x+2=3 (x+1)3+1

< 4x° +3x+2:3\/(x+2)(x2 +x+1).

bit Vx+2 =a;/x* +x+1=b (PK: aZO;bzg): 4b* —a? :4(x2+x+1)—(x+2):4x2+3x+2.

Ta c6 phuong trinh an a,b: 4b° -2’ =3ab < a’+3ab-4b° =0« (a-b)(a+4b)=0

NE J

Do azo;bz7:>a+4b20+4.7:2\/§>0. Két hop phuong trinh trén ta c6 a—b=0<>a=b
SAX+2 =X +Xx+1= x+2=x*+X+1< x* =1 x=+1 (thdéa mian DKXD).

Vay phuong trinh c6 tdp nghiém S ={+1}.
2. DKXD: x>y>1.

Xét phuong trinh ddu tién, ta co: X+ /x—y -2y-1-./y+1 =0 (x-2y-1)+ («/ —Jy+1 ):

(x=y)-(y+1) x—2y-1
X—2y— 1 0<:> X—2y— 1
= VX—Y+y+1 VX y+«/y+

0.Vil+ >1>0x-2y-1=0=2y=x-1 (1)

& (x-2y- 1{1+\/_y+\/yTJ : m+m

Thé (1) vao phuong trinh tht hai ta dugc: 8x° ~13(x—-1)° ~15x +11= (x+3)§/3(x 1)" +6x-5

<:>8x3—13x2+11x—2:(x+3)\3/3x2—2<:>8x3—13x2+11x—2 (x+3 \/ -2=0




&85 ~13%" +11x -2~ (x=3) (2x-1) + (x+3)(2x-1-¥3x* -2} =0

(2x-1)"(3x*-2)

0
(2x-1)° +(2x-1)¥/3x* —2 + §/(3x? —2)2

8x® —15x> +6x+1

(2x- 1 +(2x-1)3/3x* 2+,/3x —2
(2x- 1 +(2x - 1\/3x 2+‘/ 3x? —2

Véi x>1 ta dé thay 1+ >1>0

(2x- 1 +(2x-1)3/3x 2+\/

< 8> —15% +6X +1+(X +3)

< 8%° —15x* +6X +1+(Xx+3)

<:>(8x3 —15x2 +6x+1) 1+

X:
:>8x3—15x2+6x+1:0<:>(x—1) (8x+1)0c{ 1 (thoa man bKXD).
-8
Véi x=1 thé vao (1) ta co: 2y=x—-1=1-1=0< y=0 (thoa min DPKXD).

Vi x:—% thé vao (1) ta cé: 2y=x—1=—%—1=—g<:> yz—% (thoa man bKXD).

8
Vay (x; y)e{(l;o);(—%;—%j}.

Bai 4. (2,0 diém)

Cho cac sb thuc duong x,y,zthdéa man: N ﬁ ++/z=1. Tim gia tri nho nhét cua biéu thuc:
X2+yz  yP4+x 7P +xy
XJY+zZ yVz+x  zyx+y

Loi giai

bat ﬁza;\/y:b;x/_=c (PK: a,b,c>0;a+b+c=1).

X*+yz  y'+zx | z°+xy  a'+bi*c®  b*+cfa®  ct+a’

Wy +z yix 2fxry abirc bicia o rb

(a®+b%)(a’ +¢?) (a®+0%)(b*+¢”) ) [(a®+c’)(b*+¢?)
) abric? ey 2ci+al e cai+b? ey
(a®+b*)(a®+c?) (a®+b*)(b*+c?) (a®+c®)(b*+c?)

ol Ry + NI + N —(x/a2+b2+x/b2+c2+\/cz+a2)
Ap dung BDT Bunhia, ta co:

(a2+b2)(a2+c2)_\/(a +b*)(a’ +¢*)J(a® +b*)(a’ +c?)

a?/b? +c? a?\b? +c?

=0=




(a® +bc)\/(a2 +b*)(a® +c?) \/(az +b*)(a® +c?) . bc\/(a2 +b*)(a’ +c?)

>

a’vb? +¢? - Vb? +¢? a?y/b? +c?

Tuong tu ta co:

(a®+b*)(b* +c?) \/(az +b)(b* +c?) ac\/(a2 +b?)(b* +c?)

b?y/c? + a2 B Jc? + a2 " b?y/c? + a2
(a2+cz)(b2+cz) \/(a2+c2)(b2+c2) ab\/(a2+c2)(b2+c2)
c2\/a? +b? - Ja? +b? ’ c2\/a? +b?

(a2+b2)(a2+02)+(a2+b2)(b2+c2)+(a2+c2)(b2+cz)
a’\/b? +c? b?y/c? +a’ c*ya? +b?
\/(a2+b2)(a2+c bc\/a +b*)(a’ +c?) \/(a2+b2)(b2+cz)

+ +
Jb? +¢? a?\b? +¢? Je?+a?

ac\/a +b?)(b*+c¢?) \/(a +¢?)(b*+c?) ab\/(a2+cz)(b2+c2)
b2c? +a? Ja? +b? c’va® +b?

‘\/(a +b?)(a?+C) \/(a2+b2)(b2+c2) J@+c?) (o7 +c?)

=

>

Vb? +c? . \c? ’ Va® +b?
ac\/ a +b2 (b2+c ) bc\/(a2+b2)(a2+cz) ab\/(a2+cz)(b2+cz)
+ +
b*+/c? a’yb?+c? c?va’ +b?

Ap dung bt dang thtic cauchy, ta lai co:
(a2+b2)(a2+c ) (a +b2)(b 2) (a +cz)(b2+c2)

\b? +¢? Je? +a?

‘ +

Jb? +¢? \/c +a?

1((a®+b*)(a*+c?) (a®+c?)(b®+c?)
+
2 Vb? +¢? Va® +b?

JaZ+b?
(a®+b*)(a®+c?) (2 +b*) (b +¢?) ! (a® +b%)(b* +c?) (a2+cz)(b2+c2)
2 Je? +a? Ja? +b’

\Jb? +¢? ' c?+a? c?+a? ' Ja? +b?
2 b2 2 2 2 2 b2 2
+\/(a + )(a +c).(a +C )( +c)
\Jb? +¢? Ja? +b?
=@’ +b? +b? +¢% ++/c’ +@°

Tuong tu ta co:

>\/(a2+b2)(a2+cz) (a2+b2)(b2+c2)+\/(a2+b2)(b2+cz) (a2+cz)(b2+cz)

}



ac\/(a2 +b2)(b2 +c2) bc\/(a2 +b2)(a2 +cz) ab\/(a2 +c2)(b2 +c2)
+
b%\c? +a? ’ a?y/b? +c? c’va’+b?
S \/b2+cz \/a2+c2 \/a2+b2
>a +b +C
bc ac ab

2 2 2 2 2 2
:VF?l)Zx/aZerz+\/b2+cz+«/c2+a2+a\/b C +b\/a C +c\/a +h
bc ac ab

> a2 +b? +/b2 +¢? ++/c2+a’ + a\/bec + b\/Zac + c\/zib (Ap dung BDT cauchy)
c ac a

:\/a2+b2+\/b2+c2+\/cz+a2+(a+b+c)ﬁ:\/a2+b2+\/b2+c2+\/c2+az+\@ (2)
Tu (1) va (2) suy ra:
(a2+b2)(a2+c2)+(a2+b2)(b2+c2)+(a2+c2)(b2+c2)Z\/az+b2+\/b2+cz+\/cz+az+ﬁ

) az+b2)(8.2+C2)+(az+b2)(b2+C2)+(az+Cz)(b2+cz)J_(\/a2+b2+\/b2+cz+\/02+az)

o_|!
[ a2’ +c? b?\/c? +a” c?va? +b?
2(\/a2+b2 +b? +¢% +4/c? +2° +ﬁ)—(\/a2+b2 ++/b? +¢? +\/c2+a2):ﬁ

Vay MinQ =+/2 . Pat dugc khi a:b:c:% hay x:y:z:%
Bai 5 (3,0 diém)

Cho tam gidc ABC nhon c6 AB < AC va ndi tiép dudng tron (O). Cac dudng cao AM, BN, CP cit
nhau tai H . Goi K,Q 1an luot 13 giao diém ciia NPvéi AH va AO, I 1a trung diém ctia AH .

1. Chirng minh: ‘INZ =IKIM.

2. Goi Eva F lan luot 1a trung diém cua BN vaCP . Chirng minh EF vudng goc véi QM .

Loi giai




1. Xét AANBva AAPC c¢6 BAC chung: ANB = APC =90° = AANB~AAPC(g.g) = %::—E(l)
Xét AANPva AABC c6 (1) va BAC chung = AANP~AABC (c.g.c)= ANP = ABC.

Tuong tu ta c6 MNC = ABC = MNC = ANP < 90° — MNC =90° — ANP < PNH = MNH (2)

Xét AANH vudng & N ¢6 | 1a trung diém AK = IN =IA=IB hay AINH can & | = INH = IHN
< INK+KNH =1HN . Ma IHN = IMN + MNH (goc ngoai cia AMNH )

= INK + KNH = IMN + MNH

Két hop véi (2) = INK = IMN (3).

Xét AINKva AIMN c6 (3) va MIN chung

= AINK ~AIMN (g.g) :»% =%: IN? = IK.IM (dpcm).

2. Trudce hét, ta chimg minh b dé sau:

Bo dé: Cho tam gidc ABC nhon c6 AB < AC va ndi tiép dudng tron (O). Cac duong cao AH, BD,CE
cit nhau & G . Goi F 1a trung diém cua BD, Q 1a giao diém cia AOva DE . Ching minh rang

QF =HF .

Ké tiép tuyén Ax (tia Ax khac phia B v&i bd AC). Qua B ké duong thang song song voi DE, cit AO
tai S. Goi P,T,L,N lan lugt la giao diém cua DS va BC, BDva AO, QF va BS, SH vaPF.

Chtrng minh tuong tir cdu 5.1 ta c6 ADE = ABC, ma XAD = ABC (gdc tao bai tiép tuyén va diy cung)
= ADE = XAD va ¢ vi tri so le trong = Ax//DE, ma DE//BS, Ax L. AO= DE L AO,BS 1L AO.

QF _DF _
FL BF

Xét ABTS va AATD 6 BTS = ATD (hai goc dbi dinh), BST = ADI =90° = ABTS ~ AATD (g.g)

Do DE//BS = 1=QF =LF . Xét AQLS vudng & S ¢6 QF =LF = QF =LF =FS(1).



BT AT
=>—=—
ST DT

= ABTA~ASTD (c.g.c) = BAT =TDS (4). Tuong tu ta c6: BSH = BAH (5).

(2), TBS =TAD(3). Xét ABTA va ASTD ¢6 (2) va ATB=DTS (hai goc ddi dinh)

Dé dang nhan thiy ring BAH = QAD(6), két hop (3) va (5) =TBS =BSH va & vi tri so le trong

= BD//HS.

Xét ABPD c6 BD//HS :»;'—IZ' =§=1 (Ap dung dinh Iy Thales) = HN = SN (7).

T (6), ta c6: BAH + HAT = HAT + QAD < BAT = HAD, lai c6 DBC = HAC (cung phu ACB) va (4)

— DBC =TDS . Tir day dé suy ra ABPDcan & P, ma BF =DF = PF L BD.

Ma BD//HS (chimg minh trén) = PF 1 HS . Két hop véi (7) = PF 1a dudng trung tryc ciia HS
=HF=FS.

Két hop véi (1) = QF = HF (dpcm).

Tr¢ lai bai toan:

Ap dung bd dé trén vao AABC c6 E va F lan luot 1a trung diém cua dudng cao BN va duong cao CP
= QE = ME;QF = MF = EF la duong trung truyc cia QM = EF 1 QM (dpcm).

Bai 6. (3,0 diém)

Cho dudng thing (d) va duong tron (O;R)khong giao nhau. Trén duong thing (d)lay diém A. Tur
diém A ké tiép tuyén AB, AC Véi (O;R), (B,C 1a tiép diém) va cat tuyén ADE khong di qua tamO, (
D nam gitta A va E). Goi | 1a trung diém cia DE . Puong thang BC cit OAva Ol lan luot tai H va
K.

1. Chitng minh ring KE 1 tiép tuyén cua (O;R).

2. Chiing minh rang khi Adi dong trén (d)thi H di dong trén mot dudng tron b dinh.

Loi giai.
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1. Xét (0) c6 | 1a trung diém ctia diy cung DE = Ol 1 DE hay OID =90°.



Theo tinh chat tiép tuyén taco AB=AC, lai c6 OB=0C =R = OA la duong trung truc ciia BC
=0A_LBC

Xét AOHK va AOIA ¢6 OID=0HK =90°; AOK chung

= AOHK ~AOIA (g.g) = g—E = O—L = O1.OK = OH.OA(1)

Xét AOAC vuong ¢ C c6 duong cao CH = OH.OA=0C? =R’.

: . ol OE
Két hop véi (1) = O1.0K = R? =0E2 = 2L _ OF 15y
opvai (1) = =5 ok

Xét AOEK va AOIE c6 (2) va EOK chung
— AOEK ~AOIE (c.g.c) = OEK =OIE =90°, tir ddy suy ra diéu phai ching minh.
2.Ké OL L(d)(Le(d)), OL cat BK & G. Goi N 1a trung diém cua OL.

Xét AOHG va AOLA c6 AOL chung; OHG =OLA=90° = AOHG ~AOLA (g.g)

j%z%:OHOA:oe.OL. Lai c6 OH.OA=R? = 0G.OL =R?(3).

Do R ¢6 dinh va (d) ¢6 dinh = OL ¢d dinh. Két hop céc diéu trén vai (3) = OG ¢b dinh.

Xét AOHG vudng tai H c6 N 1a trung diém cia OG = ON =GN = HN = H e(N;%).

Do OG c6 dinh va N 1a trung diém OG nén suy ra N ¢6 dinh, tir d6 ta c6 dpem.
Bai 7. (2,0 diém)
(a-1)(a+1)’ +(b-1)(b+1)’

1a sd nguyén.
a+b+ab+1 gwy

Cho a,bla cac sd nguyén, a=—1,b=—1thda mén:

2023b2024

Chirng minh: a —a chia hét cho a®+a.

Loi giai
Diéu can chimg minh trong duong:

(az"z%2024 -~ a)i(a+1) = ((ambzo24 —1)+ (a+1))§(a+1)

& (a"0* +a)i(a+1) < a(a®b™ +1)i(a+1) < (a®b™ +1)i(a+1) (do (a,a+1)=1).

Cir 1am twong ty nhu vy, cudi cing diéu can chirng minh trong duong (b2024 —l)i(a +1) ().
(a-1)(a+1)" +(b-1)(b+1)’
a+b+ab+1

& ((a-1)(a+1) +(b-1)(b+1)° i(a+2)(b+1) (2).

Goi (a+Lb+1)=d (BK: d>1) a+1=dg;b+1=dk (BK: g;ke N";(q;k)=1)
<a=dg-Lb=dk-1.

Luc ndy (2) tré thanh ((dq-2)d?g*+(dk —2)d*k’)idq.dk < ((dg—2)g* +(dk —2)k?):qk .

Do

la 6 nguyén = ((a-1)(a+1)" +(b-1)(b+1)°)i(a+b-+ab+1)



Ma gkig=((dg-2)g”+(dk —2)k*)iq < (dk - 2)k*iq(3)

Vi (g,k)=1=(q,k*) =1.

Két hop véi (3) (dk—2)iq (4).

Do a=dq-Lb=dk—1 nén diéu (1) twong dwong ((dk—l)2024 —1)qu (5).

Talai e6: ((dk -1 ~1)=((k-1)")" ~1((dk-1-1) (6)

Lai c6: (dk—1)" ~1=((dk -1)-1)((dk ~1)+1)=dk (dk - 2):dkg (Do c6 (4))
Ma dkq:dg :>((o||<—1)2 —1)sdq.

Két hgp vé1i (6) ta suy ra dugce di€u (5) duge chiing minh hay bai toan dugc chirng minh.
(a-1)(a+1)" +(b-1)(b+1)

1a sd nguyén thi
a+b+ab+1 gy

Vay voi a,bla cac sd nguyén, a=—1b =—1thoa man:

a22p2?% _ 5 chia hét cho a?+a



