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] DPAP AN: MON TOAN- NGAY 1
Bai 1. (5.0 diém)

n+1

Cho day sb (u,) théoaman u, <2;u, <2 va u_, =%(u +3" +3),Vn >1.

Chung minh rang diy (u.) c6 gi6i han hitu han va tim giéi han d6.

bat a, =max{1,u;,u,};b, =min{lu,u,}

Diy a,,, :%(an +3% +3); b, :%(bn +3% +3)

x<1

Theo cach dit ta ching minh duogc bang quy nap diy (a,) giam va diy (b,) tang thoa
man 1<a <a,,<2vnx=2valxb ,2b, , Vn=>2.
Tu d6 suyra lima, =limb, =1
Bang quy nap chimg minh duoc b, <u, ,u, ,<a_ suyradiy (u ) cé gi6i han hiru han
limu, =1.
Bai 2. (5.0 diém)

Cho A 1a mét tap con cua tap s6 thucR thoa man ddng thoi cac diéu kién:

i) Am(O,l) +

X=>2
Ta co 3X26X—3<:>{ P <BXx-3<1<x<2

i) Néu x e Ava ye A thi y—x va xy 1a nhitng phan tt thudc A

Chtng minh rang v&i moi s6 thuc mva moi phan tir x € Athi ludn ton tai y € Adé

x-y|<

2024™

Lay x 1a mot phan tir bat ki ctia A, theo diéu kién ii) thi 0 =X — X thudc A

do d6 —x =0— X 12 mot phan tir A.

Suyra 2X=X— (—X) thudc A, bang quy nap ta CO:

néu x 1a mot phan tir ctia A thi KX ciing 1a mot phan tir ciia A trong d6 K e Z .

Ciing tir ii) ta c6 dugc két qua néu x 12 mot phan tir ciia A thi X* cling 12 mot phan tir cia

Avéei keZ.

Chon a€ AN (0,1), khi d6 véik dulén thi O<a* <e= 0o



Goi xe A, dat b:[ik} thi
a

b£%<b+1<:>0£x—ba" <a“.
Theo nhan xét trén thi ba* € A, suy ra ton tai s6 y thudc A ma: |X - y| <g
Bai 3. (5.0 diém)

Goi I,H lan luot 13 tm duong tron noi tiép va truc tdm cua tam giac nhon
ABC;cac diém B;C lan luot 13 trung diém cua cic canh AC;AB.Biét rang tia
B,l cat canh ABtai B,khic Bva tia C/|cat tia d6i cua tia CAtai C,khac C.
Puong thang B,C,cat BCtai K. Goi Ala tim duong tron ngoai tiép tam giac
BHC .Chung minh rang ba diém A, I, Alth:fmg hang khi va chi khi tam giac BKB,

va tam giac CKC, c6 dién tich bang nhau.

Ta chimg minh cac diém A, I, A thang hang khi va chi khi BAC =60°. Goi O 1a tim
dudng tron ngoai tiép tam gidc ABC

Ta c6: BHC =180° -BAC ; BA,C=2(180°-BHC)=2BAC

Do d6 BAC=60" < BAC+BA,C =180’

< A, nam trén duong tron ngoai tiép tam gidc ABC

Khi d6 theo tinh chat ctia duong ndi tim thi OA; vudng goc v6i BC va do d6 A4 1a diém
chinh giita ciia cung nho BC nén A, |, A; thang hang.

< BAC= 60°

K¢ IP vudng goc voi AB tai P, IQ vudng goc voi AC tai Q.

Béy gio chung ta s& ching minh rang S_, =S

BKB, CcKC
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Khi dé:

Saas, = % IP.AB, + % IQ.AB, = %ABl.ABZ sin A

< IP.AB, + IQ.AB, = AB_AB,sin A

Pit IP=1Q=r:BC=a,AC=b AB=Cr—_2>ec _

a+b+c
b . i SABc
Do AB, =—; AB,.SINA =—">
2 c
= AB .(SABC _ 2SABC ): b'SABC — AB. = bc
“\ ¢ a+b+c) a+b+c 2 a+b-c
Tuong tu ta cling co AC, = L
a+c—Db
Nhu vay: Sy =Scie, < Spec =Spec, & bC= bc be

a+b-ca+c—b
< a’=b*+c¢*—bc < cosBAC :% <> BAC=60° (vitam giac ABC nhon).
Bai 4.
Cho 45 diém phan biét nim trong hinh tron ban kinh /3. T6 mau dé tt ca cac
doan thing néi 2 diém trong 45 diém d6 co khoang cach khdng vuot qua /3.
a) Gia su tat ca cac doan thang tao thanh déu duoc t6 mau do. Chirng minh

rang ¢6 thé phu tat ca cac doan thang d6 boi 1 hinh tron ¢d ban kinh bang 1.
b) Hai cd it nhat bao nhiéu doan thang mau d6? Vi sao?

Dinh li Kelli: Trong mit phang cho nhinh 16i (n>4) théa man 3 hinh 16i bat ki déu co
diém chung thi tat ca Nhinh 16i d6 c6 diém chung. ‘

Xeét 45 hinh tron c6 tdm la 45 diém da cho va ban kinh bang 1. Ta sé chirng minh 3 hinh
tron bat ki trong 45 hinh d6 c6 diém chung. Goi M,,M,, M, 1a tdm ctia 3 hinh tron d6.

- THL: M,M,, M, thang hang. Gia st M, ndm gitta M, va M,. Khi d6 goi M
la trung diém cia MM, thi M la diém chung caa 3 hinh tron

. MM 3 .
(M;;1);(M,;1);(M;;1) vi MMM =M, M :1T3§§<1 va gia st M, thudc
doan MM thi M,M <M, M <1.

- TH2: M,,M,, M. lap thanh tam gidc nhon . Xét dudng tron tim O ngoai tiép tam
giac M;M,M,. Khi d6 tim O nim & mién trong tam giac M,M,M,. Vi
M,OM, + M,OM, + M,OM, =360°nén c6 it nhdt mot trong 3 goc
M,OM,; M,OM,;M,OM, khong nho hon 120° Gia St

MM, 3
=<
2sin60° ~ /3

cua 3 hinh tron (M};1);(M,;1); (M,;1).

- TH3: Tam giac M,M,M, khéng nhon. Gia s& M, >90% Khi d6 dudng tron

dudng kinh M,Mchira M,. Goi M 1a trung diém ciia M,M,.

M,OM, >120° = R=0M, < =1.Tlr d6 suy ra O 1 diém chung
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Taco MM, <MM, =MM, = 2 8 < == <1 nén M la diém chung cta 3 hinh

tron (M;;1);(M5;2);(M;;0).

Nhu vy moi truong hop thi 3 hinh tron bat ki déu c6 diém chung nén theo Dinh li
Kelli thi 45 hinh tron d6 c6 diém chung 1a |. Khi d6 hinh tron (1;1) s€ phu hét tat
ca cac doan thing mau do.

a) Pinh Ii Turan: Cho d thi c¢6 n dinh va khong chir K_ thi sb canh khong vuot qua
m-1 n’

Xét dd n‘;h_l 2C(')245 dinh 1a cac diém da cho va canh la nhiing doan ndi hai diém co c6
khoang cach 16n hon \/§

Trude hét ta ching minh D thi cho khong chira K. That vay, goi O 13 tdm caa hinh
tron va 6 dinh batkila A, A,,..., A..

Néu trong 6 dinh d6 ¢6 1 dinh tring O thi khoang cach tir 46 dén 5 dinh con lai <+/3.
Néu khong c¢6 dinh nao tring O thi ton tai 1<i<j<6 dé
AOA, <60° = AA, <max {OA;OA | <+/3.

Nhu vay trong 6 dinh bét ki luon ton tai 2 dinh khong ké nhau. Tir d6 theo Pinh 1i Turan

2
thi sd canh cua Pd thi nhiéu nhét 1a E ﬁ =810.

Tir d6 suy ra s6 cap dinh khong ké nhau it nhat 1a CZ —810=180. Tir d6 suy ra s6 cap dinh
c6 khoang céch khong vuot qua /3 it nhit 1a 180 hay noi cach khac 1a ¢6 it nhat 180
doan thflng duoc t6 mau do.

Bay gio ta chi ra mot trudng hop thoa man: Goi ABCDE la ngii giac déu noi tiép duong
tron tam O ban kinh /3.

AB-+/3

Tacd AB<OA=+/3.Chon R e( ) . Tai mdi dinh ta v& mét hinh tron tim 1a dinh

d6 va ban kinh R. Lay 9 diém phan biét nam trong mdi phan giao ctia cic dudong tron
(A;R);(B;R);(C;R);(D;R);(E; R) véi (O;\/g) thi ta s& c6 mot cdu hinh théa méan. Vay

s6 doan thang mau do it nhat 1a 180.



