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Loi giai.
1. Piéu kién x4c dinh: x > 0 vax # 1.
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Vay x = 4 1a s6 thuc duy nhit thoa man yéu cau.

Giai hé phuong trinh sau:
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Loi giai. Diéu kién xdc dinh: x # 3. Dit 3= va [y+ 1| = v, khi d6 hé ban dau tré thanh:
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beén day ta ket ludn rang (x;y) = (34; 1) , (y) = (34; —3) la tat ca cac nghiém cda hé phuong trinh.



Cho da thiic P(x) = x> 4+ 2x> +3x+4 va Q(x) = x* — 5x* 4 10x — 10. Biét x = a 1a mot nghiém ctia
P(x) va x = b 12 mot nghiém ctia Q(x). Ching minh ring a+b = 1.

Lot giai thir 1. T gia thiét dé bai, ta c6 duge @’ +2a* +3a+4 = 0 va b*> — 5b° 4 10b — 10 = 0. Mit khéc ta c6:
0=a’42d*+3a+4+b>—5b>+10b—10
=@+ (b* —3b* +3b—1)+2a° — (2b* —4b+2) +3a+3b—3
=&+ (b—1)72+2[®—(b— 1)} +3(a+b—1)
=(a+b—1)(a®+b* —ab+3a—4b+6)

12(a+b—1)(3(2a—b+3)2+(3b—5)2+20).

Dodéa+b=1. O
L&i giai thir 2. Ta sé chiing minh rang 1 — b 12 nghiém ctia P(x). Thuc vay ta c6:
P(1—b)=(1-b)>+2(1—-b)>+3(1—b)+4
=1-3b+3b>—b>+2—4b+2b* +3—-3b+4
= —b+5b>—10b+10=0.

Con phéai ching minh P(x) c6 duy nhit mot nghiém thuc. Gid st P(x) c6 hai nghiém thuc phan biét x,y. Khong mét tinh
tdng quat ta gia st x > y. Ta c6:

P(x)—P(y) =x +2x% +3x+4—y> —2y* —3y—4
= (x—y)(x> +xy+y* +2x+2y+3)
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, didu nay tri véi mot didu khdc la P(x) — P(y) = 0— 0 = 0.

Vaydoaval—bdeulahalnghlemcuaP( ) nén —bhaya+b=1. O

Lai giai thit 3. Viéc chiing minh P(1 — b) = 0 dugc thuc hién tuong ty nhu cach dau.
Gia st P(x) c6 hai nghiém thyc phén biét 1a m va n. Khi d6 ap dung dinh ly Bézout ta dugc:

P(x) = (x —m)(x = n)R(x),

trong d6 R(x) 1a da thic. Ma do P(x) 1a da thiic bac ba va (x — m)(x — n) 1a da thiic bac hai nén R(x) phai la da thic bac
nhat.
Dit R(x) = d'x — p, trong d6 d’ 1a s6 khéc 0. Hé s6 cao nhit ca P(x) 1a 1 nén ta phai c6:

Ix1xd=1hayd =1.
Ta lai c6 khai trién sau:
P(x) = (x—m)(x—n)(x — p) = x> — (m+n+ p)x* + (mn+np + pm)x — mnp,

Do d6 dé P(x) déng nhit v6i x* + 2x> 4 3x+ 4 thi m, n, p phai thod mén hé thiic sau:

—(m+n+p)=2
mn+mp—+np=3
—mnp =4

Nhung lic nay 4 = (m+n+ p)? = m?> +n* + p> + 2mn+2mp + 2np nén m> +n> + p* = =2, vo ly.
Do vy P(x) chi c6 duy nhit mot nghiém thuc, va vi a va 1 — b déu la hai nghiém cta P(x) néna=1—bhaya+b=1. O

Chii thich. O bai nay, néu hoc sinh khing dinh ring “vi a vd 1 - b 1 hai nghiém cfia P(x) nén a = 1 - b”
ma khong chiing minh thi chic chin sé mit diém (cu thé 1a tit 0,5 dén 0,75 diém), béi néu cach lap luin nay ludn ding,
ching 1& ta lai c6 “Xét da thic R(x) = xx - 9. Vi R(3) = R(-3) = 0 nén 3 = -3”(?)

Cho tam gidc nhon ABC c6 duong cao BD va CE cit nhau tai H. Ké EK vudng goc véi AC tai K, DI
vudng goc EC tai I. Ching minh /K vudng goc BC.
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Loi giai. Ta phat biéu tinh chét sau cho céc bai 4 va 5.
Nhan xét. Bén diém doi mét phan biét A,B,C,D ¢6 ABC = ADC = 90° thi ndm trén mét ducng tron.

Chitng minh. Goi O 1a trung diém ctia AC.
Tam gidc ABC ¢6 ABC = 90° nén theo tinh chit dudng trung tuyén:

AC
OAzOCZOBZT.

AC N AC
Tuong tg, OD = - nén A, B,C,D nam trén dudng tron <0; 2) O

Quay lai bai toan. Xét thé hinh sau day.

Hinh 2:

Ta gidc KEID c6 EKC = EID = 90° (do EK L AC va DI | EC) nén KEID la tif gidc noi tiép, suy ra IKD = IED (cung
chan ID).

Mit khac BCDE ciing 1a tif gidc ndi tiép (do BEC = BDC = 90°) nén DEA = ACB.

Béy giv, ta ¢6 IKC +ACB = DEI + AED = CEA = 90° nén IK 1 BC. O

Cho dudng tron (O) hai dudng kinh AD va BC vudng géc véi nhau. Ly diém E thudc cung nhd AC
(E khic A va C). Goi F la giao diém ctia hai dudng thang AB va CE. Ké AH vuodng géc véi FC (H € FC), AC cit OH tai
Il
Chiing minh ring:

1. Td gidc AHCO ndi tiép trong mot dudng tron.
2. HO latia phan giac ctia AHC va AI-AH = HF -CI.
3. Badiém F, I, D thing hang.

L&i giai. Xét thé hinh sau.

1. Dé thay AHC = AOC = 90°, do d6 ap dung tinh chit da néu & cau 4 ta dugc ngay AHCO 1a tif gidc ndi tiép.
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2. (a) HO la tia phan gidc ciia AHC.
Tut cau 1., két hop vdi tinh chit géc ndi tiép ta dugc

AHO = ACO.

Luu y ring ABDC 1a hinh vudng (do né c6 hai dutng chéo vita vuong géc nhau, viia bang nhau, lai cit nhau
tai trung diém clia mdi dudng) nén ACO = 45°.

— 1 — N X
Vay ta c6 dugc AHO = EAHC’ do do6 co dieu can ching minh.

(b) AI-AH =HF -CI.

Trong tam gidc AHC, ta c6 HI 1a phan gidc géc AHC nén ‘o — A1
rong tam giac aco a phan giac géc nén — = —.
g g > phan giac g Ccl — HC
AH HF
Mit khac, ta c6 AAHC ~ AFHA (g - én — = —.
at khac, ta co (g-g)nén HC — AH

Al H

F
Dod6 — = — hay Al-AH = HF -CI.
o0 do Il Al ay C
3. Ta ¢6 DEC = DAC = CAO = CHO, do d6 DE || OH. Ma AE L DE nén AE | OH; diéu nay ciing c6 nghia trong
tam gidc EHA c6 duong thing AE viia la dudng cao vira la dudng phan gidc, tir day ta thu dudc tam gidc EHA can
tai H. Suy ra: AH = EH.
. Al HF
O ciu 2. - (b) tadd c6 — = —— nén:
Cl AH
Al Al Al _  HF  HF
BD AC CI+Al AH+HF FE’

< ( N « L. . HF AF . Al AF
Mait khéac BE || AH do cung vudng géc v6i CF nén —— = —,dod6 — = — va
FE FB BD FB

AIFA ~ ADFB (c-g-c).
Suy ra DFB=IFA=IFBvadoDval cling nim trén mot nita mit phing bs FB, ta dugc F, I, D thang hang. [
Chitng minh riing v6i moi s& tu nhién n thi n° — 9n+ 54 khong chia hét cho 81.
Lai giai thit 1. Gié st ¢6 sd tu nhién ng sao cho 81 | ng —9np + 54 hay
ny—9ng+54=0 (mod 81).

Ta co:
nd—9ng+54=n3+0+0=n3 (mod9),
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vi =919 =0 (mod 9) va 54 =0 (mod 9). Do do,

ng=0 (mod9).
Diéu nay chi xay ra khi 3 | ng. Dit ng = 3k véi k € N. Ta c6:

nd —9ng + 54 = (3k)> — 9(3k) + 54 = 27k> — 27k + 54 = 27(k* — k) + 54.
Vi 13 — 9ng + 54 chia hét cho 81, ta 1an lugt thu dugc nhiing diéu sau:
27(k*—k)+54=0 (mod 81),
27(k —k) = —54=27 (mod 81),
B—k=1 (mod 3).
M:iit khéc ta ¢6 v6i moi s6 nguyén k:
E—k=(k—Dk(k+1):3

, va diéu nay mau thuan truc tiép véi didu dudc thu & trén.
Vay gi4 st ban dau ctia ta 12 khong diing, do d6 diéu can chiing minh phai diing. 0O

Loi giai thir 2. Xét bang sau day.

n%27] 0 1 2|3 4 5|6 71 8
n”—9n+54%81 | 54 46 44 |54 1 53 [54 10 8
n%27 |9 10 11|12 13 14|15 16 17
n”—9n+54%81 | 54 73 71|54 28 80|54 37 35
n%27 | 18 19 20 | 21 22 23|24 25 26
P —9n+54%81 | 54 19 17 |54 55 26|54 64 62

Béng 1: Bang s6 du ciia n® —9n+ 54 cho 81, ting véi s du ciia n khi chia cho 27.

Cin cif vao bang s6 du ta c6 dudc diéu can chiing minh. O

Mot day s6 gdm céc s6 tu nhién ay;az;as;. .. a,. Biét a; = 1;a, = 80, day sb dudc sip xép theo thi
tu ting dan va sd diing sau bing tdng hai s6 ding trudc hodc gip ddi s6 ding trude. Tim gia tri nhd nhét ctia n?

Loi giai. Chung tdi xin phép duge chinh stia ndi dung cau hoéi nhu sau:
Bai. Xét s6 nguyén duong n > 3 thoa min c6 mot day sd tu nhién ting ngit a;;as;. .. ;a, thoa man dong thoi ba diéu kién
sau:
i. a) = l;an = 80.
ii. S6 hang thit hai bing hai 1an s6 hang thi nhét, va
iii. K& tir s6 hang thi ba tré di, mbi s6 hang ctia day nay hoic biang tdng ctia hai s6 hang diing lién trudc n6 hoidc bang
hai lan ctia s6 hang diing ngay trude dé.

Khi d6 hay tim gid tri nhd nhit ctia n.
Ta goi s6 nguyén ducng 7 thod man ton tai [it nhat] mot diy s ddp ting dii cac diéu kién & 1énh hoi 1a “sé dep”. Trudc
tién, ta phai chi ra néu n 1a s dep thi n > 8. Ching minh clia né nhu phan duéi day.

Chiing minh. Gia st ¢6 ddy s6 ay;...;a, thod min yéu ciu dé bai. Khi d6 tii diéu kién ii. ta dudc ngay ar = 2. Diéu nay
ciing cho ta n > 4 (vi néu n = 3 1a s6 dep thi ddng nghia vé6i day 1;2;80 thoa man cdc yéu cau lénh héi, cho ta 1 4+2 = 80
hodc 2 x 2 = 80 (v6 1y)).

Ta c6 nhan xét sau:

Nhan xét. a; < 2i=1 i moii=2;...;n.

Chiing minh. Ta c6 a» = 2%2 nén nhan xét ding véi i = 2.

Tir diéu kién iii., ta suy ra a3 = 3 hoiic a3 = 4 va 3 <4 = 2°~!, nén nhén xét ding véi i = 3.

Gia st nhan xét ding v6i i = k va i = k+ 1, trong d6 k 12 s& nguyén duong khéc 1 va nhd hon n — 1. Xét hai trudng hop:

* Néu Ao =2ap,q thiagyp < 2% 2k = ok,
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o N&u ayn = apy1 +ag thi agy <2871 42K < 2k 4ok = ok+1,
Vay khi d6 nhan xét cling ding vé6i i = k + 2, va theo nguyén ly quy nap ta c6 diéu can nhan xét. O
Do d6 ap dung nhan xét ta c6: a,, = 80 < 271 do d6 n > 8. O
Tiép theo, ta thiy day s6 c6 8 s6 hang sau day:
1;2;3;5;10;20;40; 80

€6:2=2x1,3=1+2,5=2+4+3,10=2x5,20 =2 x 10,40 =2 x 20,80 = 2 x 40, thé nén n6 thod man cac diéu kién &
dé bai.

Két luan: n = 8 12 gid tri can tim. 0O

Cho hai s6 thic x va y thod méan phuong trinh 3x* +y? = 9. Tim gid tri 16n nhét va gia tri nho nhét ctia
biéu thifc T = 3x+y.

Lai giai thit 1. Ap dung bét déng thitc Bunyakovsky, ta dugc
B+1)(32+y%) > Br+y)? =T?

=T2<4.9=36
=-6<TvaT <.

v sl n ) o, e 3. 3
Dau bang d moi bat dang thic tuong ing xay ra khi va chi khi x =y = ) hodicx=y= 7
VAy gi4 tri 16n nhét va gi tri nhé nhét cAn tim tuong tng 12 6 va —6. O

Lai giai tha 2. Gia st (x,y) 1a mot nghiém cia phuong trinh G 1énh hoi, ta ching minh —6 < T < 6. Thuc vay ta ¢
y =T — 3x nén thé vao phuong trinh da cho ta dugc:

3+ (T—-3x)? =9 126> —6Tx+T>-9=0. (1)
Phuong trinh (1) 12 phuong trinh bac hai theo x, va né c6 nghiém theo gia si. Piéu nay cho ta:

N=9T*—12.(T*-9)>0oT*<36< —6<T<6.

3 9 3 3
Métkhéc,khix:y:Eth13x+y:§+§:6vékhix:y:f§ thi 3x 4y = —6.

Do d6: gia tri 16n nhit va nho nhét ctia T tuong ting 12 6 va —6. O
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