SO GD&PT QUANG BINH KY THI CHON POI TUYEN
DU THI CHQON HQC SINH GIOI QUOC GIA

PE CHINH THUC NAM HOQC 2023-2024
Khoa ngay 12 thang 9 nim 2023
Mon thi: TOAN
BAI THI THU HAI ‘
SO BAO DANH: ... Thoi gian: 180 phut (khong ké thoi gian giao dé)

Pé gom c6 01 trang va 03 cau

Cau 5: (6.0 diém). Xac dinh moi ham sé f : (0;4-00) — (0;+oc) thoa man
fA+xy+ F(X)=xf(y)+x+1 vx>0, Vy >0.
CAu 6: (7.0 diém). Cho k 1a mot s6 nguyén duong va diy (X,) duogc xac dinh boi

XO:O’X1:1
Xpo =KX+ X, VNEN.

a) Chimg minh rang, voi moi s6 nguyén duong M bat ky, day (X,) 1a diy tuan
hoan theo modulom véi chu ky T <m?,

b) Chimg minh rang trong cac s6 hang X;, Xy, ..., Xy0p3 1udn tim duogc ba sé hang ¢6
tich chia hét cho tich 12.9.23.
Cau 7: (7.0 diém). Cho tam gi4c ABC ngoai tiép duong tron (1) va cé truc tam H.
Goi D, E, F lan luot 1a céc tiép diém cua BC, CA, AB voi duong tron (1). Goi S, T
lan luot 13 trung diém caa AH, BH va goi M 1a diém dbi xung véi S qua FE, goi N

1a diém ddi xang voi T qua FD. Chuang minh rang duong thang MN di qua truc tdm

cua tam giac DEF.
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Pap an nay gom ¢é 04 trang

YEU CAU CHUNG

* Pap an chi trinh bay mét 181 giai cho mdi bai. Trong bai I1am cia hec sinh yéu céu
phai 1ap luan 16 gic chit chg, diy da, chi tiét va rd rang.

* Trong mdi bai, néu hec sinh giai sai & bwéc giai truée thi cho diém 0 ddi véi nhirng
bwéc giai sau c6 lién quan. O cau hinh, néu hec sinh khong vé hinh hoic vé hinh sai
thi cho diém 0.

* Piém thanh phan ciia mdi bai néi chung phén chia dén 0,5 diém. D6i véi diém thanh

phan Ién hon 0,5 diém thi tuy té6 giam khao théng nhat dé chiét thanh tirng 0,5 diém.

* Hoc sinh cd 1o giai khac dap an (néu ding) van cho diém tdi da tuy theo mirc diém
cuaa tirng bai.

* Piém ciia toan bai 1a tong (khéng 1am tron sé) ciia diém tat ca cac bai.

Cau Néi dung piém
Gia st f(x) 1a mot nghiém ham cuia bai toan.
Ky hiéu P(x,y): f@+xy+ f (X)) =xf (y) +x+1vx >0,y >0. (1)
Khi do, 05
e P(X,D): fA+X+f(X)=xF Q) +x+1=01+F@)x+L,vx>0. (2
o PQ1+x+f(x): fA+1+X+F(X)+ Q)= FA+x+F(X)+2=
— (1+ F)X+3,¥x >0 (theo (2)). 10
Suyra f(24+f@Q)+x+f(X) =0+ f@))x+3,vx>0. (3) 05
diém) Lo
f(2+ f(1)+x+f(x)):xf(%)+x+l,w>0. @) |
Tir (3) va (4) suy ra f(1+1+—):(1))= f(l)+§,Vx>O. (5) 05
Trong (5), thay x boi 1+ fgl) voi y>1 taco
5 1,0
f(y)= f(1)+l+f(1)(y—1):> f(X) =ax+Db,vx>1.

1




Thay f(X)=ax+b vao(1)tacd f(xX)=x,v¥x>1.

Vi x>10<y<l=1+xy+ f(X)=1+xy+x>1nén
P(X,y):1+xy +x=xf (y) +x+1= f(y) =y, Wy € (0;1].
Suyra f(x)=x,vx>0.

1,0

Thir lai vao (1) thy thoa man.
Vay f(X)=X,¥x>0 1a nghiém duy nhit cia phuong trinh.

0,5

Céu 6a:
(3:.5
diem)

Xét theo modulo m, ta c6 m®cap dang (a,b). Do d6 trong m* +1 cap
(X0 %0)s (4, X5 ),y (X2, sz+1) ¢6 hai cap trung nhau. Goi hai cap do la
(%, X,1) va (X;,X;,,) v6i 0<i< j<m?, taco

¥ = X;(modm), x X;,;(modm)

i-+1 =

1,0

Khi d6 X, = kXi+1 TX = kXj+1 +X; = Xj+2(m0d m).

Chimg minh quy nap ta c6 X, = X;,,(modm),vneN.

1,0

Tacilingco Vi >1L X , =X, , —Kx =X kx; = X;_;(modm).

jH

Chung minh quy nap ta cé X_, = X;_,(modm),Vn = 0,i.

1,0

Suyra x, =X, .. ;(modm),vneN.

n+4j—i

Vay diy (x.) l1a ddy tuan hoan theo modulo m véichuky T = j—i<m?.

0,5

Cau 6b:
(3?.5
diem)

Taco, 12.9.23 =4.27.23.

Theo céu a), ta c6 day () 1a ddy tuan hoan theo modulo 23 véi chu ky
1<T, <23° =529 <2023 = X =X, =0(mod 23) = x; :23

Do d6 trong day cac sO X;, X,,..., Xpgp tON tai 6 hang X, :23.

1,0

Ta ciing c6 diy (X,) 1 ddy tuan hoan theo modulo 27 véi chu ky
1<T, <27° =729 = X, =X, =X, =0(M0d27) = x; :27; X,r :27.
Vi T, < 2T, <1458 < 2023, do d6 trong diy cac s6 X, X,,..., X,pp; tON tai hai s6

hang X; 127 va X, :27.

1,0

Lai c6 (X,) 1a ddy tudn hoan theo modulo 4 véi chu ky
1<T, <4 =16 = Xy =Xy, =X, =X, =0(M0d4) = X, 14; Xyr. 14; Xgr 14,
Vi T, < 2T, < 3T, < 48 < 2023, do d6 trong diy cac s6 X, Xy, ..., X,y tON tai ba

s0 hang 1a Xp, 45 Xor 14 va Xy 14,

1,0




Tu ba tap hop {T,}, {T,,21,}, {T;,2T,,315}, mdi tdp hop chon dung mot $6

sa0 cho ba s6 dugc chon d6i mot khac nhau, gia st ba s6 d6 1a i, j,I.

Taco (X.X;.%):(4.27.23) = (x.X;.X):(12.9.23). 0,5
Lwu ¥: Néu hoc sinh khéng lam dwoc cdu a) nhung sir dung két qud cdu a) dé
gidi cdu b) thi van cho diém cau b).
B dé. Cho tam giac ABC ngoai tiép duong tron (1) va néi tiép dwong tron
(O). Goi D,E,F lan luot la céc tiép diém cua BC,CA, AB véi duong tron
(1). Goi K la truc tam tam giac DEF . Khi d6 ba diém O, |, K  thing hang.
0,5
Cau 7:
(7.0 _
diém) | Ching minh bo de:
Goi A',B',C' lan luot 1a giao diém tht hai caa Al,BI,Cl véi dudng tron (0).
Khidoétacd B'A=B'I,C'A=C'l nén B'C" la duong trung truc cua Al . Do L0
do A'l LB'C". ’
Ching minh twong twtacd B'l LC'ALC'I LA'B'. Suyra | latruc tdm tam
giac A'B'C'.
Taco A'B'||DE,B'C'||FE,C'A'||FD nén AA'B'C' ddng dang voi ADEF .
Do d6 ton tai phép vi tu bién truc thm | va tim dudng tron ngoai tiép O cua
AA'B'C' thanh tryc tim K va tdm dudng tron ngoai tiép | caa ADEF . Tur 1,0
d6 ta co O,1,K thang hang va Ol 1a duong thang Euler cua ADEF .
Tré lai bai toan 1,0




Goi S,T lan luot 1a trung diém cua AH,BH . Goi L,R lan luot 13 diém ddi
xuang vai | qua FE,FD. Tacd IFLE la hinh thoi. Do d6 ta co6

FL| IE,FI||LE suyra FL L AE,EL L AF. Turdd tacod L latruc tm tam giac
AEF.

Tam giac AEF noi tiép dudng tron duong kinh Al cho nén ta co

AL _ cosFAE (1)
Al

1,0

Vi H la tryc thm tam giac ABC va tam gidc ABC noi tiép duong tron dudng

1
A A

kinh 2A0 nén ta cé AS _ 12 = =CcosBAC (2)

(1) va (2) tacs AL_AS L AL _ AL
Tu (1) va (2) taco AN -0 A 20"

1,0

Taco OAB=HAC, do d6 OAl = SAL. Tir d6 ta cd6 AOAI ddng dang véi tam
giac ASAL suyra SLA=AIO.

Liy diém M' trén Ol sao cho SM' L EF.

Taco SLI = AIM' do d6 tt giac ILSM ' 1a hinh thang can ¢ truc ddi xtung
EF . Do d6 M' dbi xang voi S qua EF . Do &6 M '=M nghia la O,M, |
thang hang.

Chuang minh twong tu ta c6 O,N, 1 thang hang.

1,0

Goi K la tryc thm cua tam giac DEF . Theo bo dé ta co O,1,K thang hang.

Vay MN di qua truc tdm K cua tam gidc DEF .

0,5




