LOI GIAI PE THI CHON PQI QUANG TRI 2023-2024
\Vong 2
Cau 1. 1. Cho hinh binh hanh ABCD. Chirng minh rang véi moi diém O, ta ludn c6
OA? —~OB? +0C? - OD? = %(ACZ -BD?).
2. Cho tam giac ABC. Dung vé phia ngoai tam giac ABC céc hinh vuéng ABB,A,, BCC,B,, CAAC,.
a) Ching minh rang dudng trung truc cia cac doan thang A A,,B,B,,C,C, dong quy.
b) Goi @ la dudng tron di qua tam cua cac hinh vudng néi ¢ dau bai. Ching minh rang néu o di
qua mot dinh nao do6 cua tam giac ABC thi tam gidc ABC c6 mot géc bang 135°.
Lai giai. 1. Goi | 1a tdm cua hinh binh hanh ABCD.
—  —\2 —  —\2 —  ——\2 — ——\2
OA’ — OB’ +0C’ ~0D’ =(OI +1A) —(OI +1B)" +(OI +IC} —(OI + D)
]
=2(IA* - 1B?)+ 201 (IA+IC-IB-ID)==(AC*-BD?).
( )+201( )=3l )
2.2) Goi M 1a giao diém ciia dudng trung truc ciia A A, va dudng trung truc cia BB, .
Ap dung két qua ¥ 1 véi cac hinh vuong BCC,B,,CAAC, ta dugc

C,M2—B,M? + MB? — MC? :%(0182 ~B,C?)=0=CM?=B,M?+MC? - MB?,

C,M2— AM? + MA? — MC? :%(CZAZ—AICZ)=0:>C2M2 = AM? + MC? - MA,
Do d6 C1I\/|2—C2|\/|2:BZMZ—MBZ+MAZ—A1M2=Bll\/|2—|\/|Bz+|\/|A2—AZ|\/|2.
Ma theo két qua y 1 (d6i véi hinh vudng ABBA,),

B,M? — MB? + MA? — AM? :%(BlAZ - AB?)=0,

nén MC, = MC,, hay M thudc duong trung truc caa C,C,. Vay duong trung truc cua cac doan thang
AA, BB,,C,C, dong quy (tai M).
b) Khdng mét tinh tong quét, gia sir tam gidc ABC c6 huéng
thuan (hudng duong), va B e @. Goi 1,J,K lan luot la tdm
cua cac hinh vuéng dung trén cac canh AB,BC,CA.

Trudc hét, ta ching minh KI 1 AJ.
Goi D,E,F 1la trung diém cua AB,BC,CA. Ta co,

KI = KF + FD + DI. Dudi phép quay Q"'?,

ﬁ%rc,a%%mﬁ:%c—s%a
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=Q (KI)_E(AC+AB)+ EJ = AJ.
Suy ra KI L AJ. Tuong tu, ta cling c6 1J L BK,JK LCI.
Nén AJ,BK,Cl ddng quy tai truc tim H cua tam giac
1JK.
Tiép theo, ta chirg minh H triing véi mot trong hai diém A hoic C va két thic bai toan.
Gia st nguoc lai, H = A H = C. Truéc hét, B dbi xang véi H qua 13, do B 1a giao cua dudng cao
KH véi duong tron . T do, IB = IH.
Ma IA=1B nén IA=IH. Laido AH L IK nén H déi xtng vsi A qua IK. Suyra Aec o.
Tu 1,B,Acw va ZAIB =90°, suy ra BA la mot duong kinh cua w. Lap luan twong ty, BC cling la
mot duong kinh cua . Suy ra A=C, vo li. Vay, H triing véi mot trong 2 diém A hoic C. Khéong




mét tong quat, gia st H tring A. Suy ra I,A,C thing hang. Két hop voi ZBAI =45°, suy ra
ZBAC =135°.

Cau 2. Ki hiéu S la tap tat ca cac sb thuc duong.
Cho anh xa f ditirtap S® vao S sao cho véi moi (x,y,z)eS® vavoi moi t>0, hai diéu kién sau
day dong thoi dugc thoa man

i) f(x,y,z)=§f(z,y,x);

i) f(xty,t’z)=t.f(xy,2).
a) Chimg minh rang f (tx,ty,tz) = f (x,y,2),¥x,y,2,t > 0.

b) Giasir f thoa man thém didu kién f (x,y,x+y) =22 vx,y>0. Tinh f(2,2,2).
X
Lai giai. a) Ap dung diéu kién ii), ta co
f (tx,ty,tz) = f (tx,\ﬁ(\ﬁy),\ﬁzz) =t f (tx,ﬁy,z),Vx, y,z,t>0.
Lai 4p dung diéu kién i), rdi diéu kién ii), ta duoc

f(tx,\/fy,z)zéf(z,x/fy,tx) S~ f(z,y,x)=

f(z,y,x)vxy,z,t>0.

R

Két hop hai diéu trén, ta duoc f (tx.ty,tz) = L (z,y,x). Str dung i) thém mét Ian nita, ta duoc
X
z X f(xy
z

f(tx,ty,tz):x 2)=f(xy,2),vxy,z2,t>0.

b) Tu f(x,y,x+y):u,VX,y>O cho x=1y=t>0, tadugc f(l,t,1+t)=1+t,Vt>O.
X

Ap dung két qua cau a), tacod f(2,2,2)=f(2-1,2-1,2-1)= f (L11).
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\E—_1:>12:1+£, va ap
2 t2 t,

Theoii) thi f(111)= f(l,t.%,t.ztizjzt.f(l j,vwo. Chon t=t, =

dung f(Lt1+t)=1+t,Vvt>0, taduoc

f(lll)_t f(,tl tlj_t f[ tl -I-tl]:to(l-i-l}:to‘f‘l:\/gz-l_l

0 0 0 0 t0
\/§+1
>

Vay, (2,2,2)=

Cau 3. Mot tap hop A duoc goi la tap tam giac néu 3 phan tir phan biét bat ki trong A déu 1a 3 canh
cua mot tam giéc.
a) Tap hop {1,2,3,4,5,6,7} co bao nhiéu tap con la tap tam giac?
b) Cho A I1a mét tap con cua tap hop {L,2,...,n}, véi n>4. Chang minh rang néu A 1a mot tap tam
gidc thi |A sg+1.
¢) Vi n>2, hiy xac dinh sé tap tam gic la tap con 3 phan tir caa tap {1,2,...,2n}.
Loi giai. Ki hiéu S, ={12,...,n}.
a) Mot tap tam giac khong thé chtra s 1. ‘
TH1: Ta deém so tap tam giac la tap con 3 phan tu cua S, :
+ C4c tap tam gic c¢6 phan tir nho nhét bang 2 1a {2,3,4}.{2,4,5}.{2,5,6},{2,6,7}.
+ Céc tap tam gi&c cd phan tir nho nhat bang 3 1a {3,4,5},{3,5,6},{3,6,7}.{3,4,6},{3,5,7}.
+ CAc tap tam giac c6 phan tir nho nhat I6n hon hay bang 4 1a C: = 4.
Truong hop 1 ¢6 13 tap tam gic 1a tap con 3 phan tir caa S, .
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TH2: Céac tap tam giac la tap con 4 phan tir caa S, : {3,4,5,6},{3,5,6,7}.{4,5,6,7}.

TH3: Xét X la tap tam gi4c c6 5 phan tir. R rang 1¢ X. Ngoai ranéu 2 € X thi cac cap
(3,5),(4,6) khong thé cung thuoc X. Tuong ty, néu 3e X thi cac cap (2,5),(4,7) khong thé ciing
thuoéc X. Nén
Vay S, c0 16 tap con la tap tam giac.

b) Gia st Ac'S, ={1,2,...,n} 1a mot tap tam gidc ma sé phan tir 1a 16n nhét c6 thé. Goi a<b 1a hai
phan tir nho nhét trong A. Néu b>a+ 2 thi thay phan tir a boi a+1, ta dwoc mot tap méi véi sb
phan tir khong di, va hién nhién ciing 1a mot tap tam giac, do a+1+b>a+b. Do vay, ta chi xét tap

A nhu vay ma hai phan tir nho nhat 1a a va a+1.Khi d6, phan tir 16n nhat cia A khong vuot quéa
2a.

<4, v ly.

Suy ra Ac A*={a,a+1..,2a}nS,. Néu 2a>n,|A*=Ha, a+1,...,n}|=n—a+1<g+1. Con néu

2a<n, |AY={aa+1,..,2a} =a+1s2+l. Suy ra, trong moi trudng hop, |A|sg+1.

c) Cach 1 (dém truc tiép). Ki hiéu s, 1a d4p so cua bai toan. Goi {a,b,c} =S, la mot tap tam giac,
véi a<b<c Khiddé a>2,c-b<a.
Khi n=2, s6tap tam gidc caa S, 1a 1. Xét n>3.
TH1: Khi a>n thi s tap tam giac 3 phan ta bang C
{n,n+1,...,2n} déu la tap tam giéc.
TH2: Khi a=k véi ke{2,3,...,n-1}.
-Vé6i c—b=1thi be[k+12n-1],c=b+1 néncd 2n—k -1 tap tam giac.
- Tuong tu, voi c—b=2:Cb 2n—k —2 tap tam giac.

do moi tap con 3 phan tir cua tap

n+1?

~Véi c—b=k-1thi be[k +L2n—k +1],c=b+k —1 nén co 2n— 2K +1 tap tam gidc,
Suy ra sb tap tam giac tng véi a=k la
(2n—Kk 1)+ (2n—k ~2)+.+ (20 -k - (k ~1)) = BN =KD,
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Do d6, s6 tap tam giac trong trudng hop nay 1a

§ (4n=3k)(k=1) =§(2n(k —1)—gk(k —1)] ~2nS K —Enfk(k +1)= ”(”_1;(”_2).

k=2 2 k=2

n(n-1)(4n-5
Vay, s,=1vas =3C +C% = n( )6( )
Céch 2 (dém gian tiép qua phan bu). Ta s& dém s6 tap con 3 phan tir X ={a,b,c}, véi a<b<c ma
khéng la tap tam giac. o
Do X khong la tap tam gidc nén a+b <c <2n. Béy rang ta cling phai c6 3<a+b<2n,
Véimdi k=a+be[3,2n-1], c6 2n—k+1 cach chon c. Hon nira, s6 cach chon cip (a,b) véi a<b

,Vn=>3.

sao cho a+b=k Ia {%J nénsé tap X thoaman la

I=n-1
Lk 1J 2n—k+1) = ZZI —1)+ > 1(2n-2I-
k=3 2 1=1

_(4n- 1?2' 4?2?2 4n—1)2(n—1)n_2(n—1)2(2n—1):n(n—1)6(4n+1).
n(n-1)(4n+1) n(n—l)(4n—5).
6 6

Suy ra dap s6 1a C3 —



Céach 3 (d@ém bing truy hdi). Xét mot tap tam giac 3 phan tir 1a tap con cua tap S, ., va goi phan tir
I6n nhit caa X 1a c.
Néu c <2n, sbtap X théamén chinhla s .

Xét trudng hop c=2n+1. S6 tap X théa man chinh bang sé cap (a,b) véi 2<a<b<2n va
a+b>2n+2. Néub=2n=a=2.3,..,2n-1, ¢6 2n—2 tap X thoa mén. Tuong ty nhu vay, truong
hop nay c6 tat ca (2n—2)+(2n—4)+...+2 tap X thoa man.
Truong hop c=2n+2, sé tap X théaman Ia (2n-1)+(2n—3)+...+1. Suy ra
Spr =S, +(2n-1)+(2n-2)+..41=s +2n° —n
n-1

=s,=5,,+2(n-1)’ ~(n-1)=..=s, +:Z_:(2k2 —k)=2"(2k* k)

k=1
Thu gon tong nay, ta dugc s, = n(n-1)(4n-5) Vn>2.




