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tai hay khﬁng da .;7-'0 Pix) cé hé sb nguyén théa man : P(l+\/_ ) 23+4 v
(2+\/_ ) =3+62
Bai 2 (3,0 diém). Cho day sé (_u,,) acdinbiba == T = — z +2% v&i moi n nguyén duong.
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. Ching minhdiy s6 (y,) véi y, = J‘ (n nguyén duong) ¢6 giti han hitu han. Tinh gi¢i han do.

Bai 3 (5,0 diém). Cho tam gidc ABC khong c4n ni tiép dudmg tron (O). Dudng tron (I) ndi tiép tam
gidc ABC tiép xiic cdc canh BC,CA, AB 13n luot tai D, E,F. H 12 hinh chiéu vudng goéc cha D \én
EF. Tia JH cit dudng tron (O) tai K. Pudng tron ngogi ticp hai tam glac KBF,KCE it nhau tai T
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Do limun =+g°=>]im1;iz=0.
Ma u?,'>4‘n—3=>'0<2’31<' i .i.-,:VneN‘ 0.5
L e i 1 2n
B Walim| = = ——111n———0:>lu11—=0 (theo nguyén li kep).
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Bai 3 (5,0 diém). Cho tam gide ABC khong can ndi tiép dudng tron (O). Duong tron (I) noi
tiép tam gidc 4BC tip xuc cac canh BC,CA, AB lan lugt tai D,E,F. H 1a hinh chibu vudng
géc cua D lén EF. Tia IH cht duong tron (O) tai K. Pudng tron ngoai tiép hai tam gi4c
KBF,KCE cétnhau tai 7 khéc K. Goi M 1 trung diém TD. Qua M ke tiép tuyén MN cia
dudng tron (Z) (N 14 tiép diém khac D).




thanh dudng tron ngoal ti&p tam gike ZEF (chinh
i dubng kinh IA)

g diém -DF,-DE = N/ bién ( ) thanh dubng- tron Buler (&) cia tam
idc DEF. Do H e EF N (&) nénénh ctia H qua N7 14 giao ciia dudmg
tron dudmg kinh 14 va (O) (khac A). Tuy nhién anh cia 4 ndm trén g
" =>Klaénhc'a,H quaN'
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tron (NBc) 1),(1) 6 cé.ctﬁinwtlrngoél lan luot o 4, N, 5" nén theo
“dinh | Monge Dalembert thi 4, N, S thﬁnghang =S =C

Goi ¥ 1a giao dlem cia AC va (NBC) (Y khéc C). Rlatim dudng tron
nqn t1ep tam gxac YBC. Theo dinh li Sawayama — The bault = R nim trén

0.5

-_""‘Tacé AUR = AUV 90“—13Ac:>BUR 180° = AUR = 90°+;BAC

Lal cé BIC -180° —E(ABC+ACB) =90° +%_~B_AC"

— BUR = BIR =t gidc BUIR ndi tiép.

0.5

| Ke su, sv cht (NBC) tai ULy =y Iadlémchmhglfracu.ng (&

= B,R,V' thing hang.

. Do (f) tiép xtic (NBC) U,

Tacoé SBR=SBV'= - SU'V' = SUV = SUR = SBUR 1di tiép.

0.5

Do d6 5 diém S,B,U,I,R cung thuoc mot dudmg tron. Tae la S, B,U, I

| cung thudc dudng tron.
Chimg minh trong tw S,C,V, cing thudc dudng tron.

Khi d6 BST = TUA; CSI = IVA
Ma U,V db6i xting qua dudng thing IA = TUA = IVA.

0.5

BSI=CSI hay S] la phﬁn gléc BSC Mat khac SI cung la phan gléc
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/ Néu m > 1. Goi ¢ la ude nguyén t6 nho nhét caa m e |
=q & va ged(g-L;m)=1.

Tach q|(2m)3 = g|9" ~1= ged(g;9) =1
Ap dung dinh I{ Fermat nhd = q|9“H -1

= glged (9" - 1,94 ~1) =9 _1-9_1-8
Vo li vi ¢ 13 s6 nguyén t6 1&.

Do d6 taphdico m=1=>n=2.

Thirlai: g =3;n=2 thoa mén yéu cau bai toan.

0.5

Bai6 (3,0 diém). Hinh vuéng ABCD c6 @ dai canh 12 2023 dugc chia thinh 2023* 6 vudng don
vi. Ta ki hiéu (m, n) 12 6 & hang thir m va cOt thir n. Ngudi ta to tat ca cac 6 vudng don vi boi
hai mau xanh, d6 sao cho hai 6 khéc nhau d6i xtmg qua dudng thdng AC thi dugc 6 khac mau.
Goi S 1a tdp hop c4c bo ba s6 m,n,p d6i mot khac nhau (khéng phan biét thir tw);
m,n, pe{1;2;3;...;2023} sao cho c4c 6 (m,n), (n,p) va (p,m) c6 cing mau. Ki higu |S] 12 s6
phén ti tap hop S.

a)
(1,0)

Tén tai hay khéng céch t6 mau sao cho IS | = (0% \

Ta t6 tit ca cic 6 vudng don vi ndm vé mét phia cia AC bodi mau xanh, tat
ca c4c 6 & phia con lai t6 mau dé. Dé thay khi d6 hai 6 khac nhau va d6i ximg 0.5
qua AC dugc t6 khic mau.

Céch t6 ndy s& c6 |S|=0. Gia sitcé 3 6 (m;n),(n; p) va (p;m) cing mau.

Khong giam tinh tdng quat gia st m =min{m;n; p} = hai 6 (m;n) va o
(p;m) nim & hai phia dudmg thing 4C =6 Ii.
;)0 Chimg minh ring: || <1° +27 +...+1011%
= Xét Graph gdm 2k +1 dinh dugc dénh sb tht tw 4, 4,, 4;.,...., 4y, - V6i 2
dinh 4,, 4, batlki (m#n) thi c6 hai 6 vudng don vi (m;n) va (mm)duge 05
t0 khac mau nén trong dé chi c6 mot 6 dugce td mau do . Gia st 6 (m; n)
duoc tb mau do , khi d6 ta lap dudng di mot chiéu tir 4, dén 4,. Goi T la
tap hop cac bd 3 s6 m,n, p khong ké thit ty sao cho 3 6 (m;n),(n; p) va
(p;m) khong ciing mau. Ta c6 |S|+|T|=C;,.,.
Xét mot b 3 s6 m,n, p thude tip 7. Trong 3 6 (m;n),(n; p) va (p;m) c6
hai 6 mau xanh, mét & mau do hoac ha'i 0 mau dé mot 6 mau xanh. Gia sir la
hai 6 mau d6 va m6t 6 mau xanh (vi neu nguoce lai thi ta xét 3 6
(mm),(m; p) va (p;n)).
Khong giam tinh tong quat gia st (m;n),(n; p) mau do va (p;m) mau
xanh. Suy ra ta c6 c4c dutmg di mot chidula 4, dén 4,; 4, dén 4, va 4, 0.5
dén 4,. Trong 3 dinh nay ludn cé diing mot dinh di 4, va ding mot dinh
dén 4, (I dinh c6 hai duong di va dinh c6 hai duéng dén).

Trang 7




Véiméi i e{1;2;3;... ;2k+1} taki hiéu x, va y, lasb 5 dudmg di tr dinh 4,
va sd dudng dén dinh 4, = x,+y, =2k. Khi d6 véi mdi 4, ludn co C2 b%

bathudc 7' va nhan 4, 1am dinh di va C; bd bathude T vanhan 4 lam
dinh dn.
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