Dap an
1. Luu y rdng néu x > —1 thi (x +1)(x —2)? >0, hay

x3+4>3x2

Thay x bang aj,a,, ..., 100 rdi cOng tit ca cac bit dang thitc lai ta thu
dugc
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Déu =" dat dudc, chang han véi a; = Gy =-'-=a;; =8,a;=a;3=
= @90 = —1. VAy, gid tri 16n nhit cAn tm la 133.

2. GoiAla phep b1en d6i mét sb 3x +1 thanh x va B, C tuong tng la cac
phep b1en d6i s6 2x,2x + 1 thanh x. Ta s& chi ra bang quy nap rang
v6i moi sb nguyén ducng n, bang cch thuc hién c4c phép bién déi
A, B, C ta luon thu dude so 1.

VBi n = 1 thi ta khong c6 gi pha1 chiing minh. Gia su’ ket luan dung
véi cac s6 nguyén duong 1,2,...,n—1. Ta sé chi ra rang két luan cling
dang vdi n.

Gia st n = 3k. Thé thi bang cac phep bién déi C vaAta 14n lugt thu
dugc 6k + 1, 2k. Nhu vay, ta chi can ap dung gia thiét quy nap cho 2k
dé co diéu pha1 chitng minh.

Gia st n = 3k + 1. Khi d6 phép bién d6i A cho sb k. Ap dung gia thiét
quy nap cho k ta lai ¢é diéu phai chiing minh.

Cubi cung, gid st n = 3k + 2. Ap dung lan lugt cac phep bién d8i B va

A ta 1an lugt thu duge 6k + 4, 2k + 1. Ap dung gia thiét quy nap cho
2k +1 ta c6 diéu phai chitng minh.

Luu y rang, 16i gidi thuc ra cho mot thudt toan d€ thu dugc n.
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3. V8ia=1,Kkét luan 1a dling vi 1+2+3 = 6 1a udc cfia 13 +23+3° = 36.
Ta gid s a > 2. Dat 1+ 2%+ 3% = 2"3'm, trong d6 r,s,m 13 cdc sb tu
nhién va m > 1 nguyén t6 cling nhau véi 6. bat k = ¢(m). Khi do,
2k —1 va 3*—1 chia hét cho m theo dinh 1y Euler. Vi thé, v6i moi sb
nguyén duong n ta ¢6 2"* — 1 va 3" —1 déu chia hét cho m. Nhan xét
rang v6i moi sb ty nhién n, ta c6 32" +1 = (3% +1=2 (mod 4) va

M 4+1=3B+1)(3*"—3"1+...+1)=4-(2M + 1),

véi M 1a mot s6 nguyén duong 1é, din dén 32! + 1 = 4 (mod 8). Suy
rar =1 neu a la s6 chin va r =2 nu a 12 sb 1. Miit khac, d€ ¥ riing
39<1+2"+39<2-3*(do1+2*<3%via>1) nén 3%}1+29 + 3¢,
din dén s < a. Vi thé 2° + 1 chia hét cho 3.

Béy gid, ta chon b = a + 2ka. Thé thi

1+2° +3 = (1+2°+39) + (3" —29) + (20 —29)
= (1+2%+3%) +29(2% —1) + 3%(3%b 1),

Ma 2k —1:2% — 1:m,3%¢ — 1:3% — 1im nén 1 + 2° + 3 chia hét cho m.
Mt khéc, 3° chia hét cho 3° (do b > a > s) va 22ke — 1:92a _ | —
(2 —1)(2* +1)i2% + 1:3° nén 1 + 2% + 3% chia hét cho 3°. Cubi cung, do
2% va (3% —1) chia hét cho 4 nén 1+ 2° + 3% = (1 + 2% +39) (mod 4),
ching t 1 + 2 + 3% chia hét cho 2", Tit d6 suy ra 1+ 2° + 3% chia hét
cho 1+ 2%+ 3% Bai toan dugc giai quyet.

4. a) Goi K 1a giao diém ctia (Y) va (2).



Stt dung goc dinh hudng, ta co

(KE,KF) = (KE,KD) + (KD,KF) = (CE,CD) + (BD,BA) = (AE,AF)
(mod 7).

Suy ra K nam trén (X). Viy (X), (Y), (2) dc“‘mg quy tai K.

b) Kéo dalAD cit (0) tai R. Dung T nam trén (0) sao cho RT || BC. J
12 diém d6i xtng v6i T qua O. Ta s€ chiing minh (XY Z), (K;2r) cung
di qua J.

Goi B',C',S l4n lugt dbi xing cta diém T qua B,C,R. Hién nhién
S,T,C’,B’ nam trén (J; 2r) Goi K’ la giao dlem thit hai cia SD véi
(J;2r). Ta ¢ DC || ST nén tit giac DCK’'C’ noi tiép.

Qua C’ ké dudng song song v6i BC cit (DCC’) tai L. Tacdé DL =CC’ =
CT =BRva /BDL = /BCT = ZRBD, suy ra BRDL la hinh binh hanh.
Do dé BL || DR hay L € BE.

Suy ra ZELB' = ZEBC = ZBDR = ZART = LECC'. Suy ra tt gidc
LECC’ nbi tlep Vay K' € (Z). Tuong tu K’ € (Y) hay K’ = K. Noi riéng
DCKC’ ndi tiép va KJ = K'J = 2r, hay C’ € (Y) vaJ € (K; 2r). Tuong
tu, ta cling c6 B’ € (V).



Ti d6 suy ra, tacd JY L KB, JZ L KC' nén (JY,JZ) = (KB',KC') =
(TB',TC')=(TB,TC) = (AB,AC) = (KF,KE) = (XY,XZ) (mod 7).

SuyraJ € (XY Z). Vay (XY Z), (K;2r), (O) ddng quy tai J.



