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PE THI CHINH THUC Moén thi: TOAN

Thoi gian 1am bai : 150 phut
Ciu 1. (2,0 diém)
1

a) Cho a,b,cla cac sb thuc khéac 0 théa man lb + bl +—=2Va ab+bc+ca=a’b’c’
a C ca

1 1 1
a’b’ " b’c’ " c’a’
b) Cho a,b1a cac sb thuc duong théa man a+b+ab=1
b 1+ab

a
l1+d° +l+b2 _\/2(1+a2)(1+b2)

Tinh gia trj biéu thic 4=

Chung minh ring

Cau 2. (2,5 diém)
a) Giai phuong trinh : 2(3x+1)+ 7. 5V2x+7
X

\/x+1(l—3y)—y+3:0

b) Giai h¢ phuong trinh
) *P 8 y y—\/x+1)+x:0

Cau 3. (1,5 diém)

a) Tim s6 nguyén ndé 4= (n>+3n+ 2)2 +(n+2)'1a 56 chinh phuong

b) Cho a,b,c,d 1a cac s6 nguyén thdéa man |a—b|+|b— | +|c —d|+|d - a = 4™ +2023.

Tim s6 du khi chia acho 16

Céiu 4. (2,5 diém) Cho hai duong tron (O)va (0')cat nhau tai hai diém phéan biét 4va
B. Trén tia d6i cua tia 4B 13y diém M, ké cac tiép tuyén ME, MF voi dudng tron 0",
trong do E,Fthudc duong tron (0'),F nam trong dudng tron (0). Hai duong thing AE
v AF cit dudng tron (0)lan lugt tai Pva Q (P, Q khac A). Tia EF cit PQ tai K

a) Chung minh tam gidc BKP dong dang véi tam giac BFA

b) Goi 7va Jlan luot 12 giao diém ctia 4B v6i 00'va EF.Ching minh ZIJE = ZIFM

¢) Chung minh PQ =204’ -0K’
Céu 5. (1,0 diém) Cho cac s thuc duong a,b,cthéa min a+b+c =3abc

1 1 1
+ +

l+a+2bc 1+b+2ac 1+c‘+2ab
Cau 6. (0,5 diem) Lop 94 c6 34 hoc sinh, cac hoc sinh 16p ndy déu tham gia mdt s6 cau
lac bd cua trudong. Moi hoc sinh cua 16p tham gia ding mot cau lac bo. Néu chon ra 10
hoc sinh bat ky cta 16p nay thi luén c6 it nhat 3 hoc sinh tham gia cung mot cau lac bo.
Chiing minh rang ¢6 1 cau lac by gém it nhat 9 hoc sinh 16p 9A tham gia

Tim gi4 tri 10n nhat cta biéu thic : P=



DAP AN

Céu 1. (2,0 diém)

¢) Cho qg,b,cla cac s6 thye khac 0 théa man L-i-i‘l‘i =2Va ab+bc+ca=a’b’c’

ab bc ca
1 1 1

+
212 2 2 2 2
ab” bcc ca

Tacéi+i+i=2:> ! : + 1 +2( ! + 12+ : j=4
a C

Tinh gia tri biéu thirc 4=

+
ab bc ca a’b* b rfadt b*c abc®  a’b
1 1 1 2(ab+bc+ca) 2a°b°c?
- a’b’ i b*c? i ca’ =4- a’b*c? =4- a’*b’c? =2
Vay 4=2
d) Cho a,pla cac so0 thuc duwong théa man a+b+ab=1
Chirng minh ring ? =+ b ~ = I+ab
bra® 140" p(i+a® )(1+5?)
a b 1+ab (a+b)(1+ab) 1+ab

a0 h(a)ier) (@ )i+8) (e )ien)
c>\/§(a+b)=\/(l+a2)(1+b2)
& 2(a+b) =1+a* +b* +a’h? & a* +b* +4ab=1+a’h’
& (a+b) =(ab-1) (dang Vi a+b=1-ab),(dfem)
Cau 2. (2,5 diém)
¢) Giai phuwong trinh : 2(3x+1)+)7€:5\/m

D@uk@nxz—%mio

Phuong trinh da cho twong duong 6x* +2x+7—5xv2x+7 =0

N2x+7=3
& (Br—V2x+7 Y2x V247 )0 * *
J2x+7 =2x
(x>0 1(m)
& X = m
2x+7 =9x?
o
x20 1++/29
5 S x= (tm)
|4x% =2x+7 4

Vay S:{I;H;/E}



Vx+1(1-3y)-y+3=0
y(y—ﬁ)ﬂczo
Piéu kién x> -1.Dit +=+x+1,¢> 0. Thay vao hé phuong trinh da cho, ta co :
{t(l—3y)—y+3:0®{t—y—Sly+3=O @{(f—y)—3ty+30
y(y=0)+£-1=0 " [y -ty+1=1=0 " [(t-y) +ty—-1=0

d) Giii hé phwong trinh {

=0
y=t:3t2—3:0<3t=1:>{x 1(tm)
y:

=3 -y +(-y) =0 P
1 ) —1++/33 18
y=t+-=9 +3t-8=0t= = (tm)
3 6 y_1+\/33

6

Vay tap nghiém 1a (x;y)e {(O;l);[—
Cau 3. (1,5 diém)
¢) Tim sb nguyén ndé 4=(n"+3n +2)2 +(n+2) 12 s6 chinh phuong
Tacd A=(n+2) ((n+1) +1)
Xét n+2=0< n=-2,tacd 4=01a so chinh phuong
Xét n+2# 0 n#-2,dé A la s6 chinh phuong khi (n+1Y +1=d*(a e ')

18 ° 6

1+\/§.1+«/§)}

Do do,tacod (n+1) —a* =1 (n+1-a)(n+1+a)=-1. Ta cd cac truong hop :

n+l-a=-1 n+l-a=1

< n=-2(tm); < n=-1(tm)

n+l+a-1 n+l+a=-1

Vay n=-2hodc n=-1thi A 1a s6 chinh phuong
d) Cho a,b,c,d 1a cac s0 nguyén théa man |a —b|+|b—c|+|c—d|+|d —a| = a®* +2023.
Tim s6 dw khi chia 4" cho 16

Ta co |x|+x=2xneu x2 0, |x|+x=0neu x<0,do d6 |x|+x:2voi moi so nguyén x. Ta cd

‘a—b‘+‘b—c‘+‘c—d‘+‘d—a‘
:Qa—b‘+a—b)+(‘b—c‘+b—c)+(\c—d\+c—d)+(‘d—a‘+d—a)§2(Va,b,c,de D)
Do d6 |a—b|+|b—c|+|c—d|+|d —a| = a®* +2023 chia hét cho 2

Suy ra ¢**1¢, do d6 alé, nén «°chia 8 du 1

Suy ra (a*~1)8va (a®+1)2

Vay a” =(a*~1)(a" +1)+1chia cho 16 du 1



Ciu 4. (2,5 diém) Cho hai dwong tron (0)va (0')cit nhau tai hai diém phan bi¢t 4
va B. Trén tia ddi cia tia 4B lz“iy diém M, ké cac tiép tuyén ME, MF v@i duwdng tron
(0'), trong do6 E,F thugc duwong tron (0'),F nim trong dwong tron (O). Hai duwong
thing AEva AF cit dwong tron (0)lan lugt tai Pva O (P, Q khic A). Tia EF cit
PQ tai K

M

d) Chirng minh tam giac BKP dong dang véi tam giac BrA4
Ta co £ZBPQ = 2/BAQ (gbdc noi tiép cung chan PQ)
ZBAQ = /BEK (gbc ndi tiép cung chin BF)
— /BPQ = /BEK = t0 gidc BKPE 1ndi tiép

Do AEBF & BKPE 14 cac tir giac noi tiép nén £AFB = /BKP (cung bl vOi LAEB)
= ABKP -~ ABFA(dfcm)



e) Goi 7va Jlan luot 1a giao diém ciia 4B véi 00'va EF.Chirng minh
LIJE = ZIFM

Do £0'IM = Z0'FM = Z0'EM =90°nén cac diém O',1, F,M, E cung nam trén duong tron
duong kinh 0'M.Suy ra ZIEJ = ZIMF (goc ndi tiép cung chin IF)
Va ZELJ = ZJIF (goc 1ndi tiép cung chin hai cung ME va MF biang nhau)
— AIJE ~ AIFM,tix 36 suy ra ZIJE = ZIFM (dfcm)

f) Chitng minh PQ =204’ -0OK”
Ta co /BAE = /BQP (Vi tlt gidc ABOP ndi tiép) (1)
Va ZAEB = /BKQ (Vi tir giac BKPE ndi tiép), suy ra AAEB - AQKB = ;B AE( 2)
Ta c6 LOBP = £QAP = /EBF VA /EBF = ZEFM (goc ndi tiép cung chin EF)
Mit khéc, ta ¢6 : ZEFM = ZEIM = ZEIA(Vi tG gidc EIFM ndi tiép)
Suy ra ZQBP = ZEIA(3)

Al AE AB  AE

Tu (1) va (3), tacod : AIAE -~ ABQP = 30 QP 280 QP( )
Tu (2) va (4), ta co 2‘2‘2 g]ED 20K = QP = K 1a trung diém QP = AOKQ vudng tai K

2
Vay, ta cd QK> = 00" -OK* < Pf = 00" - OK* & PQ =2 04> - OK* (dfem)

Céau 5. (1,0 diém) Cho céc s6 thwe dwong a,b,c théa min a+b+c=3abc
1 1 1
+ +
l+a+2bc 1+b+2ac 1+c+2ab
Ap dung bat dang thuc Cosi, ta c6 3abc=a+b+c > 33/abc = abc > 1
Mat khac, ta cd a+b+c :3abc:i+i+i =3
ab bc ca

Ap dung bét dang thic Co — si , ta co:
1+a+2be > Wa +2be > 2 23a2be = 4Jabe > 4Jbe

Tim gia tri 16n nhat cia biéu thicc : P=

-t ot 1yt rif 1 <11+1(1+1j _1(3+1j
I+a+2bc g4 fJpe 4\Nbe ~ 420 be) 8L 20U bc)] 1607 be

Tuong ty, ta co :

IN

1 1 1 1 1 1
<3< 34—
1+b+2ac 16( acj l+c+2ab 16 ab]
Suy ra P< 1(9+1 1+1] E; Piang thire xay rakhi a=b=c=1

16 ab bc ca) 4

Céu 6. (0,5 diém) Lop 94 ¢6 34 hoc sinh, cac hoc sinh 16p nay déu tham gia mot so
cau lac bg cia truedng. Moi hoc sinh cia l6p tham gia ding mot cau lac by. Neu
chon ra 10 hoc sinh bat ky cta 16p nay thi ludon c¢6 it nhat 3 hoc sinh tham gia cung



mot ciu lac bd. Chirng minh ring c6 1 ciu lac b gom it nhét 9 hoc sinh 16p 9A
tham gia
Gia str cac cu lac bd déu khong c6 qua 8 hoc sinh cta 16p 94 tham gia
Goi N 14 s6 cau lac bd c6 hon 1 hoc sinh cua 16p 9A
Néu N>4thitr 5 trong s6 cac cau lac bo ndy, ta chon mdi cau lac bd 2 hoc sinh cua 1op
9A, khi d6 10 hoc sinh nay s& khong thoa man bai toan
- Néu N <4thi tong sd hoc sinh ciia 16p 9A tham gia cac cdu lac bd nay khoéng qua
3.8 =24,nghia la con co it nhét 34-24 =10 hoc sinh cua 16p 9A, mdi hoc sinh tham
gia 1 cau lac b0 ma mdi cau lac bod nay chi cé 1 hoc sinh cua 16p 9A. Chon 10
hoc sinh nay thi khong thoa man diéu kién bai toan
- Néu N =4thi sb hoc sinh cua 16p 9A tham gia 4 cu lac bo nay khong qué
4.8 =32, nghia 1a con c6 it nhat 2 hoc sinh cta 16p 9A, mdi hoc sinh nay tham gia
1 cau lac bd ma mdi cau lac bd nay chi co 1 hoc sinh 16p 9A. Chon 2 hoc sinh
trong ) nhitng hoc sinh con lai nay va 4 cu lac bo trén mdi cau lac bo chon 2
hoc sinh cua 16p 9A, khi d6 10hoc sinh cua 16p 9A dugce chon khong thoa man
diéu kién
Vay diéu gia st & trén sai, nghia 13 ton tai mot cau lac bd ¢o it nhat 9 hoc sinh
cua l6p 9A tham gia



