UBND TINH THAI NGUYEN KY THI CHON POI TUYEN DU THI HSG

SO GIAO DUC VA DAO TAO QUOC GIA LOP 12 THPT NAM HOC 2022 - 2023
DE THI CHINH THUC Moén: TOAN
(Dé thi c¢6 01 trang) Thoi gian lam bai: 180 phit, khong ké thoi gian phat deé

Cau 1. (5,0 diém) Goi .7 la tap tat ca cdc ham s6 f : R — R thod man
flx+mf(y)) —x = f(2023f(y)) Vz,y € R (m la tham s6 thuc).

Chiing minh rang .7 khac réng khi va chi khi m = 2023.

Cau 2. (5,0 diém) Cho z,y la cac sd nguyén duong 16n hon 2 va A = y (43/ + g) — 5 + x. Biét
rang A la mot s6 nguyén duong. Chitng minh rang A 1 s6 chinh phuong.

Cau 3. (3,0 diém) Cho a, b, c,n la cac s6 nguyén duong va a, b, ¢ khong vugt quéa n. Gia sit phuong
trinh bac hai az? + bx + ¢ = 0 ¢6 hai nghiém phan biét 21, x9 thod man |z, — 25| < % Chiing minh
rang n c6 it nhat hai wéc s6 1a sd6 nguyéen to.

Cau 4. (5,0 diém) Cho tam gisc nhon khong can ABC, (I) 1a duong tron noi tiép. Goi D, E, F theo
thit tu 1 tiép diém cta (1) va BC,CA, AB. Goi A, B',C" 1an lugt 1a diém déi xing ctia A, B, C
qua EF, FD,DFE. K la tryc tam cta tam giac DEF.

a) Chiing minh rang cac tam giac DEF, A'B'C" ¢6 dien tich bang nhau.

b) Gia sit ba duong thang DA, EB’, FC' d6i mot cat nhau tao thanh tam gidc XY Z. Chitng minh

rang tric tam clia tam giac XY Z 1a trung diém cia K1.
Cau 5. (2,0 diém) Cho day s6 nguyén duong (u,) thod man dong thdi cic didu kién sau:
(1) up < Upyq v6i moi n > 1.
(2) uq — up > ue — ug V6i a, b, c,d 1a cic sd nguyen duong thod man 1 <a <b<c<d.

Tim gia tri nho nhat clia uggos.

Hét

Thi sinh khong duoc s dung tai lieu. Can bo coi thi khong gidi thich gi thém.



UBND TINH THAI NGUYEN
SO GIAO DUC VA DAO TAO

(Hudng dan cham cé 0/ trang)

I. Huéng dan chung

KY THI CHON DOI TUYEN DU THI HSG

QUOC GIA LGP 12 THPT NAM HOC 2022 - 2023
HDC CHINH THUC Mon: TOAN

Thoi gian lam bai: 180 phit, khong ké thoi gian phdt deé

1) Néu hoc sinh lam bai khong theo cach néu trong dap an nhung diing thi cho d s6 diém ting

phan nhu huéng dan quy dinh.

2) Viéc chi tiét hoa (néu c6) thang diém trong huéng dan cham phai bdo ddm khong lam sai

lech huéng dan cham va phai duge théng nhat thuc hien trong to cham.

I1. Pap an va thang diém

Cau | No6i dung Piém
1 Trude tien, ta chi ra ring néu f € .7, thi f 1a toan 4nh. That vay, gid st f € 7. | 2,5
(5,0 | Khid6 f(z+mf(y)) =x+ f(2023f(y)) v6i moi s6 z,y € R. (1)
diém)| Thay y = 0, ta dugc f(x + mf(0)) = x + f(2023£(0)) véi moi z € R. Véi moi
keR, dit e = k— £(2023£(0)) va b = k— f(2023£(0)) +mf(0). Khi d6 f(h) = k.
Vay f la toan anh.
Néu m = 2023 thi chon f(z) = z, ta c6 f € 7. Ddo lai, gid st 7 # 0. Lay | 2,5
f € 7, thi f la toan anh. Khi do, ton tai m dé f(m) = 0. Thay y = m, ta dugc
f(x)=x+ f(0) v6imoizeR.
Tu d6 f(x) =z + ¢, véi ¢ la hdang s6. Thay vao (1), ta duge
z+m(y+c)+c=a+2023(y +c) +c< (m—2023)y = (2023 — m)c
v6i moi x,y € R. Do d6 m = 2023.
5y° — . .
2 Ta co: A =4y*> +x+ 7% Vi Ala mot s6 nguyén duong nén 5y* — zizy (1). | 2,5
Ty
(5,0 Suy ra 5y* — xiy. Vay ziy. Do d6 xyiy?. Két hop véi (1), ta co: by? — ziy?.
diem) Vay ziy?. Dat o = k- y? v6i k 1a sd nguyen duong.
Thay vao (1), ta c¢6: (5 — k) - y?iky3. Ta suy ra 5 — kiky (2). Do d6 5:k. Suy ra | 2,5

k =1 hoac k = 5.

oNéu k =1 thi z =% Khido6 A = 5y*+ % Ta c6: 4:y. Cha § rang y > 2, ta
suy ra y = 4. Khi d6 A = 81. !

o Néu k =5 thi x = 5y Khi d6 A = (3y)2. Vay A 1a mot s6 chinh phuong.




Cau | Noi dung Piém
3 Dé thay n # 1. Vi az?+bx+c = 0 6 hai nghiém phan biét x,, xo, nén b*—4ac > 0. | 1,0
(3,0 | Mat khac, a,b, c 1a cac s6 nguyen, ta suy ra b*> — 4ac > 1
diém)| Ta co: é < w = o1 — 20| < % Do d6 a > n. Theo dé bai, a < n, ta suy

ra a = n.

Ta co: \/b%zlac < % Suy ra b? — 4ac < 1. Vay b* — 4ac = 1. 2,0

Dé thay blasolé va b > 1. Dat b =2k + 1 v6i k € N*,

Ta c6: (2k +1)* — 4nc = 1. Suy ra k(k + 1) = nc.

Gia st n chi c6 mot uée so 1a s6 nguyen td. Khi d6 n = p® véi p 1a sd nguyen to

va s la s6 nguyén duong.

Ta ¢6 k(k+ 1):p*. Vi (k,k+ 1) = 1 nén k:p® hodc k + 1:p°.

Dodép* <k+1.Suyran=p°* <k+1<2k+1=>(Mau thudn véi gia thiét).

Vay n ¢6 it nhat hai wéc s6 14 s6 nguyeén to.
4 Ky hieu S, p, R theo tht tu la dién tich, nita chu vi, ban kinh dudng tron ngoai | 2,5
(5,0 | tiép cta tam gidc ABC.
diém)| a) Ta c6: LIEA = LAIE — /IA'E = 90° — % - % = 90° — ZA. Suy ra

IA"  sin/ZIEA  sin(90° — ZA IB

4 Si;én]EA[ Z’ I j(BSﬁn 90° ) cos A. Tuong tu, T = cos B.

Ta co: S.. 1A 1B =cosA-cosB. (1)

Vi SAIIB = % va Sppr = % (két qua quen thuoc), nén 52;? = % = 4@—]?)2 =

STEREY

Tit (1) va (2), ta c6: 22220 = cot A - cot B.

Spricr o Scriar PRI
Tuong tu, = cot B - cot C, = cotC - cot A. De y rang cot A -

SDEF SDEF

S / ’ S 1TV S 1T A’
cot B+ cot B -cot C'+cot C'-cot A = 1, suy ra AR+ Sprier + Scrra

SDEF

=1. Vay
Sarpicr = SpEF-

b) Goi M, N, P lan lugt 1a trung diém ctia EF, FD,DE. D', E', F' theo thi tu
1 hinh chiéu vuong géc ctia D, E, F trén EF, FD, DE. Goi G la trung diém ctia
I K. Ta dinh nghia lai cac diem X, Y, Z nhu sau: X la giao diém ctia NP va E'F';
Y la giao diém ctia MP va D'F’; Z la giao diém ctia M N va D'E’. Ta ching
minh X, Y, Z chinh 14 ba dinh ctia tam gidc tao béi cac duong DA', EB', FC'.
Qua diém A’, ké dudng thang ¢ song song véi EF. Goi L la giao diém ciia M A’
va NP.




No6i dung

Diem

Dé thiy D'(ZYDM) = D'(E'F'DF) = —1 va M(ZYDD') = M(NPDE) =
—1. Suy ra Z,D,Y thang hang (3). Vi D'Y || A'F,D'Z || AAE,D'M || t, nén
(D'Y,D'Z,D'A',D'M) = (AF,A'E, A'D’.t). Suy rta D'(Y ZA'M) = (FED') =

D'F 2
LN’

——Taco M(YZA'D') = M(PNLD') = (PNL) =

Dé ¥ ri ac t idc MNP, DEF dong d Lp D'r Do dé
¢ v rang cac tam giac : ong dang, suy ra — = ——. Do d6
§ ring g 5 dang, suy 1 =5 = oo
D'(YZA'M) = M(YZA'D'). Diéu d6 c6 nghia Y, Z, A’ thang hang (4).
T (3) va (4), ta suy ra DA’ = YZ. Tuong tu, EB' = ZX,FC' = XY. Vay
X, Y, Z chinh la ba dinh clia tam giac tao béi cac duong DA’ EB', FC'. Goi H
1a giao diém ctia E'P va NF'. Ap dung dinh If Pascal cho bo diém (MEL), ta
c6: H,Y,Z thing hang. Ap dung dinh li Brocard cho ti gidc NE'PE’, ta co:
GX 1L HD. Do dé GX L YZ. Tuong tu, GY L. XZ. Vay G la tryc tam cta tam

giac XY Z.

2,5

(2,0

diém)

Chona=1,b=c=k,d=k+1v6ik>2 Tacét: 1< k=k<k+ 1 v6i moi
k > 2. Theo dé bai u; — uy > up — Up41. SUY Ta Upyq + Uy > Up +up +1 = 2uy, + 1
vl moi k > 2.

Do d6 ugy1 —ug > 2(ug — ug) + 1 v6i moi k > 2. (1)

Ta chtimg minh u,, —u; > 2""1 — 1 (2) v6i moi n > 2 bang quy nap.

o Vi n =2, ta co: ug —uy > 1=22"1—1. Vay (2) dung véi n = 2.

o Gia sit (2) ding véi n = k, tic 1a up — uq > k=1 _ 1 v6i k > 2.

1,0




No6i dung

Diem

o Ta chitng minh (2) dtng véi n = k+1. Theo gid thiét quy nap, up—u; > 2¥1—1,
cha § t6i (1), ta co:

Upyr —up > 221 —1)+1=2F—1. Do d6 (2) ding véi n = k+ 1. Vay (2) ding
v6i moi n > 2.

Suy ra U023 2 22022 + uy — 1 Z 22022.

Tiép theo, ta chi ra mot day s6 (u,,) thod man diéu kien dé bai va c6 uggez = 22022,

Goi (u,) 1a day s6 c6 u,, = 2""! v6i moi n > 1.

e RO rang u, < uy4q v6i moi n > 1. (3)

e VGi a,b,c,d la cac s6 nguyen duong thod man 1 <a<b<c<d. (4)

Ta cO: Ug — Up — Ue+ug = 2071 =207 —9¢=1 4 9d=1 — ga=1.(]_gb=a_ gc—a 4 9d-a)
Vi 2004 9c-a < ge—aj ge—a — ge—atl < 9d-a < gd—a | pap]_9b-a_ge-ayod—a
0. Do d6 g — up — e + ug > 0 v6i moi a, b, ¢, d 1a cac s6 nguyén duong thod man
1<a<b<c<d Tu(3)va(4), ta cé day s6 (u,) thod man cac diéu kién ctia

— 92022

dé bai va cb uggas . Vay gia tri nhé nhat clia usgs bang 22922,

1,0

Hét




