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BAI DAP AN VA HUONG DAN CHAM BIEU
DPIEM
Bai 1 . _ , 1
(3,0 diém)| Bai 1: Cho day so (a,) xéc dinh boi a, =2022 vaa,  =a +——1 ¥Yn>0.
) n n a
Chung minh rang day sb (an) c6 gidi han va tim gidi han do.
Chimg minh day (a, ) giam va bi chin duéi boi 1 nén day (a,) c6 gioi s
han. ,
Gid str lima :a:>a:a+l—1:>a:1.
" a 1,5
Vay lima = 0.
Bai2 | Bai2: Cho a,b,c la cac s6 thuc duong thoa méin a + b + ¢ = 3. Ching minh ring
(3,0 di€m) | 3(ab + be + ca) < 7 + 2abe.

Diéu can chirng minh twong duong véi 3(a” + b* + ¢*) + 4abe > 13.

Dit f(a,b,c) = 3(a” +b° + *) +dabe — 13t = b;LC.

0,5

*Trudc hét ta chung minh f(a,b,c) > f(a,t,t). That vay,
do vai tro ctia a,b, ¢ nhu nhau nén ta c6 thé gia thiét « <b < ¢
=3a<a+b+c=3 hay a<1.

f(aa b7 C) - f(a7 ta t)
= 3(a® +b” +¢*) +4dabc —13 = 3(a®> +* + 1) — dat® +13
3(b° + ¢* —2t%) + da(bc — t°)

1,0

(b+c)

2
:3524—62—@ +4a|bc — ——=

_ 3(5_0)2_a EEPACI
_—2 (b )_

(3—2a)(b—c) >0 doa<1)

0,5

*Bay gid ta chi can chimg minh f(a,t,t) >0 véi a+ 2t = 3.
Tacod f(a,t,t) = 3(a’ +t* +t*) + 4at’ — 13

=3((3—2t) + +t*) + 43 —2t)t* —13

=2t —1)*(7T—4t) >0 (do 2t =b+c < 3).

1,0




\ . T . ~ . BIEU
BAI DAP AN VA HUONG DAN CHAM PIEM
Bai3 | Bai 3: Tim tat ca cdc by ba so thyc doi mot phan biét (x;9;2) théa man hé

(3,0 di€m)| phyong trinh
[ 1
By + = —prtytde
4y =—r+2y+2z2
P = l T+z
i 2
[ 2 2 2 1
T4yt = —E:v—i—y—i—élz (1)
Pit {2 +9° = —2 4+ 2y + 22 (2)
1
— 57 + 2z (3) 0,5
Phuong trinh (1) trir phuong trinh (3) vé theo vé, ta duoc
P4t =—z+y+32 (4)
Phuong trinh (2) trir phuong trinh (4) vé theo vé, ta duoc
y' =2 =y-2Yy-2)(y+z-1)=0
Doy=znény+z—-1=0 (5).
. . 0,5
Phuong trinh (3) trir phuong trinh (4) vé theo ve, ta dugc
Y —1' =222y (z—y)(z+y+2)=0.
Do x#ynéntacoz+y+2=0 (6).
T=—y—2
Tu (5) va (6) ta suy ra L thay vao phuong trinh (2) ta dugc
z=—
=0 0,5
(y+2P+9" =y+24+2y+2(—y+1) =2/ +3y=0< 3.
T
Véi y = 0, ta dugc (z,y,2) = (—2,0,1). 0,5
: 3 1 35
V61 y = ——, tadugc (z,y,2) =|——,——,—|.
y=-3 (,y,2) [ 5 55 0,5
Thir lai ta thdy cac bo sb trén thoa méin hé phuong trinh. Do d6 tat ca cac
bd s6 thoa man yéu cau bai toan la
0,5
1 35 ’
T,Y,2) = _27071 s 1T & aral
(z,,2) = ( ) [ 55 2]
Bai4 | Baj 4: Tim tAt ca cac ham f:N" — N' théa man
(3,0 diém)

f (f(x) + f(y)) = 4z + 4y + 5, v6i moi s6 nguyén duong ., .
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BAI DAP AN VA HUONG DAN CHAM ggﬁ
* Gia sir ton tai ham sé f(x) thoa yéu cau bai ra.
*Thay z = y vao ding thirc trén ta duoc f(2f(ac)): 8y +5.
0,5

Xeét f(z,)=f(z,) = F(2f (%)) = 1 (2 (z,))

= 8z, +5=28z,+5= 1 =x,.Dodd f don anh.
Ta co f(f(x—1)+f(x+1)) = 8x+5:f<f(x)—|—f(x)).
Ma f don anh nén 0.5

f(x—l)—i—f(x—i—l):Qf(x) ’
:>f(x+1)—f(x):f(:v)—f(x—l), Ve >2.
Tuwdo f(z)—flz—1)=f(z—1)-f(z—2)=...= f(2) - f(1) =a
suy ra

f(a:):a+f(:r—1):a+a+f(:z:—2)
:2a+f(:x—2):2a+a+f(:z:—3) 0,5
=30+ f(z-3)=..=
— (1)+(m—1)a:aa;+b,trongdé b:f(l)—a.
Thay f (x) = az +b vao phuong trinh diéu kién ¢ gia thiét, ta duoc
f(ax~|—b~|—ay—|—b):4x~l—4y+5
®f<a<x+y>+2b):4:z:+4y—|—5 0,5
@a[a(z+y)+2b]+b:4x+4y+5
®a2<m+y)+2ab+b:4x+4y+5
Déng nhét hé thiec ta duoc:

a=2

a’ =4 b=1 f(l‘)ZQQT—l-l 0,5

2ab+b=5" |[a=—2  |f(s)=—20-5/3()
b=-5/3
vi f(x)eN nén f(x)=2x+1, VxeN". 0,5
Bai 5 | Bai 5: Cho hai duong tron (0) va (0') ¢6 ban kinh khong bang nhau va cét nhau
(5,0 diém)

tai hai diém phan biét 4, B.Goi CD va EF 1a cic tiép tuyén chung ngoai cta hai

duong tron (O) va (O'), trong d6 C va E thudc dudng tron (O); D va F thudc

duong tron (O'); cic diém A va C nam cung phia ddi v6i duong thing

00'.Chung minh rang tiép tuyén cua dudng tron ngoai tiép tam gidc AEF tai A

di qua giao diém ctia CD va 00".




BAI DAP AN VA HUONG DAN CHAM BIEU
PIEM
1,0
Gia st A, 1a duong thang qua A tiép xuc véi dudng tron ngoai tiép tam
gidc AEF Goi M la diém dbi xtmg cua B qua EF .
Tac6 EMF — EBF .
Ma EBF + FAF = EBF + EAB + BAF = EBF + BEF + BFE = 180".
Nén EMF + EAF = 180" 1,0
Viy t giac MEAF ndi tiép duong tron (go)
Goi N 1a giao diém cia céc tiép tuyén tai 4 va M cua (go) .
Ta chimg minh ba diém N, E, F thang hang. That vy, goi F'
a giao diém th hai ciia NE v6i (). Tac6 ANAE ~ ANF'A(g.g)
AE NA
Suyra — =—.
AF' NF'

S ME _ NM _ NA

MF' NF' NF' 1.0
Turdo, taco AL — ME (en AE _AF" )

AF' MF' ME  MF'
Goi [ la giao diémcua AB va EF'.
Tacod [E* = JAIB = [F* dod6 IE = IF .
Ma AIEB ~ AIAFE (g.g) nén EB _IF _ E
AE IA IA

Tuong tu EZE Suy ra @:ﬁ

AF A AE AF L0

~ ME MF AE AF ’
Do vay = hay = (2).
AF ME  MF
Tir (1) va (2), tacéd 2~ AE qyra p=p,
MF' MF

Vi vdy ba diém N, E,F thang hang. Pong thoi, N 1a cach déu cac diém
A B M. 1,0

Do d6 N thudc trung truc AB, suy ra diéu phai chirng minh.
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BAI DAP AN VA HUONG DAN CHAM BIEM
Bai6 | Bai 6: Cho sO nguyén duong n co it nhat hai udc nguyén t6. Ching minh rang

(3,0 diém)| luén ton tai cic sd nguyén dwong a,b,c khoéng 16n hon n sao cho da thirc
. . : 1
az’ + bz + ¢ co hai nghiém thuc phan biét x,,x, thoa ‘:1:1 — a:Q‘ < —.
n
A n—1 )
Ta can tim &k < sao cho k(k+1):n
Goi n = r.s voi (r,s):l va l<r<ml<s<mn.
o AL . 0,5
Theo dinh Iy Trung Hoa, ton tai £ € N sao cho
k=0(modr) (k1 1):
nén TS ="n.
k = —1(mod s) (k+1)irs =n
+Néu k < n_l,ch(_)n a=mnb=2k+1c _BEED ghido
n
a,b,c € N thoa a,b,c <n va az’ +bz +c co6 hai nghiém thuc phan | 1,0
biét x,x, thoa |r, — z,| < = (dpem).
n
e n—1 , n—1
+ Néu k > ,chonk:(n—l)—k<
Khi d6 k'=—1(modr) E(E1): 0.5
1do suy ra TS =n.
k'= 0(mod s) Y ( Jirs=n
! !
1
Chon a =n,b =2k + 1,c = m
n
RO rang a,b,c € N thoéa a,b,c < n va az’ + bz + ¢ c6 hai nghiém 1,0

thyc phan biét ., théa |s, — 2, < — (dpem).
n

Lwu y khi chAm: (GOI Y)

- Giam khao cham diém thanh phan r6i cong lai thanh Diém bai thi.

- Piém bai thi khong 1am tron, ma giit nguyén den hai chir s6 thap phan.

- Néu thi sinh ¢6 cach giai khac ma dung thi van cho diém twong tng véi thang diém
ctia hudng dan chim.




