S8 GIAO DUC VA PAO TAO KY THI CHON DOI TUYEN HQC SINH GIOI QUOC GIA
TINH THAI NGUYEN NAM HOC 2024 - 2025

Dé chinh thitic Moén thi: Toan

Thoi gian: 180 phit (khong ké thai gian phét de)
Ngay thi: 10/09/2024

Dé thi gom 01 trang, 05 cau
Cau 1. (6,0 diém)

a/ Cho day s6 (u,) dugc xac dinh béi u; = 0, us = 3 V& Upyo = i — 6u, v6i moi n > 1. Goi p

1a mot s6 nguyén t6 1é. Chiing minh rang u, chia hét cho p.

b/ Tim tat ci cdc ham s6 f : R — R sao cho
f(x =3f(xy)) =3z f(1 = f(y)) Vr,yeR.

Cau 2. (4,0 diém)

Cho a, b, ¢ 1a cac s6 thuyc 16n hon hodc bang 1. Chitng minh rang
(a® — 2a + 2)(b* — 2b + 2)(c* — 2¢ + 2) < (abc)? — 2abc + 2.

Cau 3. (4,0 diém)

Tim s6 nguyén duong n dé ton tai cac sb thuec a, b, ¢, d khac 0 sao cho trong khai trién ctia biéu
thiic (ax + b)?°?* — (cx + d)?*?* ¢6 ding n hé s6 khéc 0.

Cau 4. (4,0 diém)

Cho tam gidc nhon, khong can ABC, (I) 1a dudng tron noi tiép, H 1a tryc tam. Goi D, E, F theo
thtt tu 1a tiép diém ctia (1) va BC,CA, AB. Goi A, B',C" 1an lugt 1a diém déi xing ctia A, B,C
qua trung tric clia cac doan thang HD, HE, HF. Chitng minh ring cac dudng tron ngoai tiép cac
tam giac AIA’, BIB',CIC' ¢6 mot diém chung khéc I.

Cau 5. (2,0 diém)
Trén bang c6 hai s6 nguyén duong phan biet. Mai lan cho phép thay ddi cac s6 trén bang theo

quy tac sau: néu trén bang xuat hién hai s6 khac nhau z,y thi thay s6 bé hon trong hai sd béi s6
x

[z~ , o

han lan thi trén bang xuat hién hai so6 bang nhau.

va gitt nguyeén s6 con lai. Ching minh réng sau khi thue hién quy tac lién tuc mot sé hitu

Hét

Chi y: - Thi sinh khong dugc dung tai liéu.
- Giam thi khong gidi thich gi thém.



SO GIAO DUC VA DAO TAO
TINH THAI NGUYEN

(Hudng dan cham c6 06 trang)

HDC CHINH THUC Moén: TOAN

I. Huéng dan chung

TRUNG HOC PHO THONG NAM HOQC 2024 -

KY THI CHON POI TUYEN HSG QUOC GIA

2025

Thoi gian lam bai: 180 phit, khong ké thoi gian phdt deé

1) Néu hoc sinh lam bai khong theo cach néu trong dap an nhung diing thi cho d s6 diém ting

phan nhu huéng dan quy dinh.

2) Viéc chi tiét hoa (néu c6) thang diém trong huéng dan cham phai bdo ddm khong lam sai

lech huéng dan cham va phai duge théng nhat thuc hien trong to cham.

I1. Pap an va thang diém

Cau No6i dung Piém
la Phuong trinh A2 — 5\ + 6 = 0 ¢6 hai nghiém 1a \; = 2, \y = 3. 1,5
(3,0 | Suy ra s6 hang tong quét cta day (u,) c6 dang u, = A-2" + B - 3" v6i moi
diém)| n=1,2,...
-3
2A+3B =0 A=—
Vi u; = 0,us = 3 nén ta co s 2
4A+9B =3 B =1.
Suy ra u, = —3- 2" 1 4+ 3" v6i moi n > 1.
e Véi n = 3, ta c6: ug = 15. Suy ra us chia hét cho 3. 1,5
e V6in = p véi p 1a s6 nguyeén t6 18, khac 3, theo dinh 1y Fermat nho taco 21 =1
(mod p) va3"! =1 (mod p). Suyrau, = —3-2""143" = —-3-143 =0 (mod p).
Do d6 u, chia hét cho p.
1b Theo dé bai véi moi s6 thuc z,y ta co: 1,0
(3,0
2 fle=3f(xy)) =3z f(1 - fy). (1)
diem)

Thay y = 0 trong (1), ta dugc:
flz=3f(0)) =3z f(1=£(0). (2)
Thay x béi  + 3f(0) trong (2), ta dugc:

f(x) = 3(x +3f(0)) - f(1 = f(0)).




Cau Noi dung Piém

Do d6 f(x) c6 dang f(z) = ax + b v6i a,b € R. Thay vao (1), ta duge 1,0

a(z —3f(zy)) +b=3z- [a(l - f(y)) +b] Vz,y€eR.
Suy ra
ax — 3a*ry — 3ab + b = 3z(a + b — a*y — ab) Vz,y € R.
Do d6
(2a 4+ 3b — 3ab)x +3ab—b=0 VzeR.
1
Suy ra 2a 4+ 3b — 3ab =0 va 3ab— b =0. Do d6 a = 3 hoac b = 0.
) 1 —1 I I P .
e Néu a = 3 thi b = 5 Khi d6 f(z) = 3¥ 3 Tht lai thay thoa man. 1,0
e Néu b =0 thi a = 0. Khi d6 f(z) = 0. Thtt lai thay théa man.
1 1

Vay f(z) = 3%~ 3 hodc f(z) = 0.
2 Trudce tién, ta chi ra rang véi moi s6 thiic khong am z,y 1,0
(4,0

. @+ 1)+ 1) < (ay+a+y)?*+1 (1)

diém)

That vay,

(1) ex?y* +2° +y* + 1 < 2%y + 2% + ° + 227y + 229° + 22y + 1
0 < 22%y + 22y + 22y, (Dingvi z,y > 0)
Dau "=" xay ra khi v& chi khi 2y = 0.
Tré lai bai todn ban dau, dita —1=2,b—1=y,c— 1= 2. 2,0

Khi d6 x,y,z > 0.

Bét dang thtc can chitng minh tuong duong véi

(22 4+ 1) (2 +D(22+1) < (@ +1D)2(y+1)%(z4+1)? =2(x+ 1) (y+1D)(z+1)+2.

Ap dung bat ding thic (1) cho cac sb khong am z,y ta duge:
@+ D"+ 1) < (zy+a+y)* + 1.
Nhan hai vé véi (2% + 1) ta dugc

(@ + D"+ D"+ 1) < [(ay +a+y)° + 1" + 1)

(2)




Cau Noi dung Piém
Ap dung bat ding thitc (1) cho cac s6 khong am z, xy + = + y ta duge: 1,0
(ry+x+y)?+10EE+D) <[(zy+x+y)z+ (zy+x+y)+ 22+ 1.
Cha y rang [(zy+x+y)z+ (zy+z+y)+ 2P =[x+ Dy +1D(z+1) -1 ta
suy ra diéu phai chitng minh. Dau "=" x4y ra khi 2y = 0 va 2(zy + = +y) = 0.
Chang han, r =0,y =1,2=0. Khid6 a = 1,b = 2,c¢ = 1 va hai vé ciing bang 2.
3(4,0 | Dat S = (ax + b)** — (cx + d)**. 1,0
diém)| D& thay khai trién ctia S c6 t6i da 2025 hé s6. Do dé 1 < n < 2025. Ta c6:
2024 2024
S = Z 05024(ax)k PR Z 05024<C$>k @O
k=0 k=0
2024 N N
- Z Cho24 (g) PO — (E) . d2024] -k,
k=0
Do d6 hé sb cta 2 véi k = 0,...,2024 1a
o\ F N
Hy, = Coyyy (3) - <EZ) -d2024] .
e Néun = 2025, chona=b=2,c=d=1. Ta co: 1,0
S=(2r+2)" — (z+1)** va Hp=C5,, (2% —1) Vk=0,...,2024.
Khi d6 S ¢6 dang 2025 he s6 khac 0 (thdéa man).
e Néun = 2024, chon a =2,b=c=d = 1. Ta cé:
S=2c+1)* — (2 +1)** va Hy=0Ch,,(2"-1) Vk=0,...,2024.
Khi d6 Hy = 0 va H, # 0 v6i moi k = 1,...,2024. Do d6 S c6 dung 2024 hé s6
khac 0 (théa man).
e Néu 1 < n < 2023 thi ton tai cdc s6 tu nhien 7,7 (0 <7 < j < 2024) sao cho | 2,0

Ta co: ' 4 o
ad\'  (ad\’ (d 2024;$ ad\" _
be)  \be) —\b be -

ad

Do dé




Cau Noi dung Piém
. ad a ¢ _ [(d\""* . . )
Neu — =1thi-=-va | - = 1. Khi d6 Hy =0 v6i moi k£ =0, ...,2024.
bc b d b
Vay n = 0 (Loai).
ad a c . ' 2\ 2024 2\ 2024
2024
1 cac s6 chan. Do d6 <E> = 1. Khi d6
TR N -
H, = Ck,, (_C_l> 2024 _ (E) . 2024
- N N -
_Ck _E) 202 _ [ E) 202
2024 ( d) d
Khi d6 Hy, = 0 v6i moi k chdn. Vay Hj, # 0 v6i moi k 1é. Do d6 n = 2012.
Vay n = 2012, 2024, 2025.
4 Ta can c6 mot bo deé. 1,0
(4,0 | B6 dé. Cho tam giac ABC, D la mot diém tuy y (khac A, B,C) va AD khong
diém)| vuong goc véi BC. Duong trung tric cia doan thing AD cit BC tai M. Khi d6

MB  AB® - BD?

MC  AC?—(CD?

Chiing minh. Goi N 1a trung diém ctia AD. E, F theo thit tu la hinh chiéu vuong
goc ctia B, C trén AD.

Ta co:

AB? - BD?=EA*—ED*=FEA’~ED =DA-(EA+ED) = 2DA - EN.

Tuong tu, AC? —CD? =2DA-FN. Do d6

AB?>-BD?> NE MB

AC2—CD? _ NF MO




No6i dung

Diem

Tré lai bai toan ban dau.

Goi Ay, By, Cy tuong tng 1a giao diém thit hai ctia IA, IB,IC va dudng tron
(ABC). Goi X,Y, Z lan lugt 1a tam cta cac duong tron (ATA"), (BIB'), (CIC").
Ap dung bé dé tren cho tam giac DByCy va diém H, ta co:

XB, DB-HB?
XC, DC?}—-HC?

YCy EC? —HC’g' ZAy FA:— HA?
YA, FEA2-HAY 7B, FB}-HB}
Cha y rang EAy = F Ay, DBy = FBy; ECy = DCy, suy ra

Tuong tu,

XB, YC, ZA, _
XC, YA, ZB,

Ap dung dinh li Menelaus cho tam giac AqByCy, ta c6 X,Y, Z thing hang.
Vay cac duong tron (AIA’), (BIB'), (CIC") c6 diém chung khac 1.

3,0

(2,0

diém)

Gia st ban dau trén bang c6 hai s6 xg, yo véi 1y > yo > 0.
Sau lan thit n thyce hién quy téc, goi z, 1a s6 16n hon trén bang, v, 1a sé bé hon

trén bang. Khi d6 trén bang c6 hai s6 x,, y, véi x,, >y, > 0.

N . . £ o TnlYn
Trong lan thi (n + 1) thuc hién quy téac, ta thay so y, bdi %
Tn — Yn
) Tnln

Khi d6 trén bang c6 hai so x,, _Indn

. |Zn — Ynl
- Néu == > 2 thi 2, — ¥, > yn. Do d6 z,, > nn_

Yn Tpn — Yn

Tnl . Tpa1 T
nIN Taco 2L =T,
Tn — Yn Ynt1 Yn

Suy ra T, 1 = T, Va Ypa1 =

1,0




No6i dung

Diem

7 X 1
- Néu =% < 2 thi chitng minh tuong ti, ta co: ntl

Yn Yn+1 ﬁ — 1
Yn

Y . .
Dit a, = = v6i moi n > 0.
Yn

a, —1 néu a,>2
Khi d6 0 < ag # 1 va apyq =

néu 0<a, <?2.
Qp —

Xét cac truong hop sau.

e Néuay=m € Z* thi m > 2. Khi d6 a; = m — 1.

Gia st quy tac thye hien duge vo han lan. Khi d6 a,, # 1 v6i moi n > 0.
Vim — 114 sd nguyén duong viaa; =m —1#1néna; =m — 1> 2.
Khidéay=(m—1)—1=m—2.

Suy luan tuong ty, ta ¢6 a,,—; = 1. Quy tac ding (Mau thuan).

o Néuag € QT\Z*. Dt ap = % VOl my,ng € ZF, (mg,ng) = 1.

Khi do '

néu my > 2ng

néu my < 2n.
Chu y rang (Mpg1,Mkg1) = 1 va (my, — ng, ng) = (my, ng) = 1, ta suy ra

N néu mig Z an
Ng+1 = .

my — N, néu my < 2ng.
Do d6 ngy1 < ng v6i moi k. Suy ra day (ng) la day nguyén duong khong tang.
Vay ton tai gia tri nhé nhéat 1a ¢ (¢ € Z1). (1)
Gid st ny = q v a; = b voi p,q €ZT, (p,q) = 1.

q

Néug>1,tadaitp=sq+r (0<r<gq). V6is=1thip=qg+r <2¢ Khido

My Ty 4q q
Nt my — 1y p—q r

Suy ra iy =1 < ¢ (Mau thuan véi (1)). Vay s > 2. Khi d6 p > 2¢ va

a My my—ng  p—q _qs+r—q q(s—1)+r
41 = = = = = :
" N1 Uz q q q

+7r
Suy luan tuong tu nhu trén ta coé: apys 1 = g

. Khi d6 asys = 4 4an toi
r
nivs = r < ¢ (Mau thuan véi (1)).

Néu g = 1 thi a; = p. Chiing minh tuong ty truong hop trén, quy tac ding.

1,0







