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1 Péthi

Bai I (4,0 diém).
1. Vi6i a, b, ¢ la nhimg s6 thuc théaman a + b+ ¢ # 0va (a+b)(b+¢)(c +a) = 1. Ching
minh rang
a a5 b _ 1+abc+ab(a+b+c)
a(a+b+c)+1+abc  P(a+b+c)+1+abc (a+b+c)?

2. Giai hé phuong trinh
¥+ 42 + 4wy + 207 =11
3xy(x +2y) +31 = 9x + 18y + 13xy.
Bai I1 (2,0 diém).
1. Tim x,y nguyén duong théa man: 3% + 29 = 2,
2. Vdia, b, c la céc sb thuc duong thoa méan diéu kién 2(a + b+ ¢) + ab + be + ca = 9. Tim
gia tri 1on nhat ctia bidu thic:
_ a+1 X b+1 c+1
T+ 10a+21 T B2 +10b+21 T 24 10c+21°

Bai III (3,0 diém). Cho hinh thoi ABCD (BAD < 90%) ¢6 dung tron ndi tiép (0). Cac
diém M, N lan luot thudc canh CB, CD sao cho MN tiép xtic (O) tai P, va tam gidgc CMN
nhon, khang can. Duding thang MN lan lugt cat cac dudng thang AB, AD tai E, F. Goi K, L
theo thit ty la tryc tam cta tam gidc BME, DNF.

1. Ching minh ring OP di qua trung diém I ctia KL.
2. Goi H la truc tim tam gisgc CMN. Chiing minh ring
o1 EF 1

CH ZMN~ 7
3. Goi giao diém ciia EK, FL vai BD lan luot 1a 5, T. © = giao diém cia NS va MT la
Q. Budng tron noi tiép ctia tam giac CMN tiép xt tai G. Chimg minh rang hai
duong thang PQ va GH song song.
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Bai IV (1,0 diém). Gid s ay, a2, . .., 4301 12 nhimg sb thye thda man

L3} a2 2021
o =0
1+a}  1+43 1+ a3y,
Chirng minh rﬁng ton tai s6 nguyén k (1 < k < 2021) sao cho
ay 2ay kay - 2k +1
1+a}  1+a3 1+a2|~ 8 °

2 Phan tich, 1¥i giai va binh luin cic bai toan

Bai I (4,0 diém).

1. Vi a, b, ¢ la nhimg s6 thuc thoa man a +b+¢ # 0va (a+b)(b+c)(c +a) = 1.

Chimg minh ring
a i+ b _ 14abc+abla+b+c)
a(a+b+c)+1+abc  Pla+b+c)+1+abc (a+b+c)? =

2. Giéi hé phuong trinh

2+ a2 =11
3xy(x + 2y) + 31 = 9x -+ 18y + 13xy.

Phan tich.
1. Mot ¥ tudng dé giai bai nay la sit dung gia thiét (a + b)(b + c)(c +a) = 1 dé quy hai
phan thitc vé ciing mau.
2. Nhan xét c6 thé thu gon hé b?mg cach dat an phu.
Loigiai. 1. Vi(a+b)(b+c)(c+a)=1nén
1+ abc = (a+ b)(b+c)(c + a) + abc = (ab + bc +ca) (a+ b +c).
Do do
a*(a+b+c)+1+abe = (a+b+c)(a® +ab+ b+ ca)
=(a+b+c)(a+b)(atc),
V(a4 b+c)+1+ abc = (a+ b+ c)(b? +ab+ be + ca)
=(@+b+c)(b+a)b+o),
1+abc+abla+b+c) = (a+b+c)(ab+ be + ca + ab)
=(a+b+ec)a(a+b)+bla+c).
Két hop vi gid thiéta + b+ ¢ # 0, suy ra

a b
at(a+b+c)+1 +nbc+bz(a+b+c)+l+abr
N (_+L) - @tb+blatd
(a4+b+c)(a+b) \at+c b+c (@a+b+c)(a+b)la+c)b+c)
_(a+b+c)a@a+b)+b(a+c)] _ 1+abc+abla+b+c)
(@+b+c)? N (a+b+c)? i
2
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KINH TE - DU’ LIEU KHOA HOC - CONG NGHE THE GIGI TRUYEN THONG SO CHUYEN DOANH NHAN  MULTIMEDIA
X 2. Datx +2y = a,xy = b, v6i a? > 8h.
Khi d6 hé phuong trinh tré thanh
Y4 2?4207 =11 (1)
3ab + 31 = 9a +13b (2)
Xét phuang trinh @), ¢6 3a(b — 3) = 13b — 31. Vi b = 3 khong phai la nghiém nén
136 —31
& ~36-9
Thay vao phuong trinh (), thu duge
1] 9b* — 54 + 11667 — 106b + 35 = 0 <= (b—1)*(3b —5)(3b — 7) = 0.

Vi b = 1, thay vao phuong trinh @) thi e = 3, khi d6

x+2y=3
xy =1

Tird(:t[nhduqcx=1;y=1ho§cx=2;y=%‘
7

Véib:;thia: S(logidoﬂz<8b).

Voi b = g thia = %(lﬂ@ido a* < 8b).

Viy tap nghiém ctia hé phuong trinh 1a § = {(1;1), (2; %) }

Bai I (2,0 diém).
1. Tim x, y nguyén duong thoa man: 3* 4 29 = 2¥.

2. Vdia, b, ¢ 1a cac s6 thue duong thoa man diéu kién 2(a +b +c) +ab + b + ca = 9.
Tim gid tri 16n nhat cta bidu thie:

a+1 b+1 c+1

M= iin+2 T Rrib+a @ ltcral

Phan tich. Y 1 ta sé nghi dén viéc xét s6 dur cia hai vé
Loi gidi.
1. Néeux=1thiy=5
Néux > 2thi2¥ =3 4+29=2 (mod 9)
suyray =1 (mod 6) ma2° =1 (mod 7) nén 2’ =2 (mod 7)
suyra3* =1 (mod 7) dandén x = 0 (mod 6)
suyra3* =1 (mod 13) (do3® =1 (mod 13)) nén 9 =4 (mod 13) (1)
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Matkhicy =1 (mod 6) ma2® = —1 (mod 13) ta suy ra dugc

2'=42 (mod 13)(2)
Tir (1) va (2) suy ra vo Ii.
Vay (v, y) = (1,5).

¢ a+1 _ a+1
aZ+10a+21 (a+3)(a+7)

1)

Xé

at+1 [ B t
(a+3)(a+7) ~ (t+2)(t+4)  (P+4)+8t+8
(F=2)2>0YF>0néns 44> 4f

Data+1=¢ voit >0, khidé

5 o t et _1343_1( 2
(P +4)+8+8 — 12t+8 12'3a+5 12 3a+5
a+1 1 2

Hﬂya2+10n+2lsﬁ'(l_3a+5)

o ST 1 1 1
.0 .. (WY A L
Tuong tytacs M < 7 6(30+5+3b+5+3c+5)
2 2
. 1+ 1+3
DG .
it 3a+6 3 a+2

i g « 5
Ap dung bat dang thiic Schwarz, cé ATEE

LT 1 e
3a+5~ 64'a+2 64
o 1 1 T 1 1 3
TuﬁnSM/com+ﬁ+m2@'(m+m+m)"a
Xeét
L.FL.'_ 1 ab+bc+ca+4(a+b+c)+12
a+2 b+2 c+2 abc+2(ab+be+ca)+4(atb+c)+8
o 21+2atbto)
T abcf26

Céab +bc+ca <
c>3

,khid69 < 2(a+b+c)+

2
% ,suyraa+b+

(a+b+c)?
3

COab + be + ca = 3¢/ (abe)?, 2(a+b+c) > 2.3V/abe, tir d6 abc < 1
2142(a+b+c)

Si >1

YT v s

1 124 3

G R

DuduM74 sed " 16
Dau” ="xayrakhia=b=c=1

Vay gié tri 16n nhat ctia M = % khia=b=c=1
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KINH TE - DU’ LIEU KHOA HOC - CONG NGHE THE GIGI TRUYEN THONG SO CHUYEN DOANH NHAN MULTIMEDIA  CAI CHINH
Dox>1nén2Y =3"429>3+4+29=32suyray > 5. Taco:
3(3 1) =32(2r*-1).
Datx—1=m, y—5=nthim,n > 0va phuong trinh tr& thanh:
3(3" —1) =32(2" - 1).
Tac6:3" —1:32,suyram:8.
Vi chia hét cho 8 nén 3" —113% — 1141, suy ra2” — 141, nén n'i 20.
Vin chia hét cho5nén2" —1:2% —1:31, suy ra3" — 131, nén m : 30.
Vi 1 chia hét cho 3nén 3" —1: 3% ~1: 13, suy ra 2" — 1} 13, kéo theo n : 12, tir do

2"—1126-119,5uyra3"-1:3.
Diéu nay chi xdy ra khi m = 0 va khi dé n = 0. Vay (x,y) = (1,5).

Bai I1I (3,0 diém). Cho hinh thoi ABCD (BAD < 90°) ¢ duiing tron néi tiép (O).
Céc diém M, N lan lugt thude canh CB, CD sao cho MN tiép xtic (O) tai P, va tam giac
CMN nhon, khéng can. Duéng thing MN 1an luet cit cac dubng thing AB, AD tai
E,F.Goi K, L theo thit ti Ia tryc tam ctia tam gidc BME, DNF.

1. Chitng minh ring OP di qua trung diém I ctia KL.
2. Goi H la truc tam tam gidc CMN. Chitng minh réng
o1 EF 1

CH 2MN 2

3. Goi giao diém ctia EK, FL véi BD lan luot 1a S, T. Goi giao diém ctia NS va MT
la Q. Pudng tron noi tiép ctia tam gidgc CMN tiép xide MN tai G. Chiing minh
rang hai duting thing PQ va GH song song.

Phan tich.

Loi giai.
1. Taco6 BK, DL cung vudng géc véi EF nén BK/ /DL.Ma OP LEF nén BK//OP//DL.
Ma BD 6 trung diém la O nén theo dinh Iy Thales “™~an Ihéng OP song song vdi 2

da’y ctia hinh thang va cat hai canh bén thi n6 dinh - "ai canh bén d6 nhung doan
thang tuong tng t 1¢.), ta ¢6 OP di qua trung diém KL.
5
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2. Tir cac quan hé song song, khang kho dé nhan ra ABEM ~ ACNM ~ ADNF ~ AAEF
(gde-goc). \ )
Tir d6, do quan hé dong dang bio toan cdc ti s0, nén ta cé

Ol _BK+DL_EM+FN

CH  2CH 2MN
Tir d6 suy ra
Ol 1 _EM+FN 1 _EM+FN+MN _ EF
CH"2” "2MN "2~ 2MN = 2MN"
3. Goi J; 1a giao diém ctia TF va QP, ], la giao diém ctia SE va QP
Ta chiing minh J; = J, bing cach chimg minh PT! = % *
- 1 2 B
Ap dung dinh Iy Menelaus, cho AQMP c6 T € OM, |; € OP, F € MP thang hang:
TQ P FM _ P TM FP
™M RO FP - ho~ o Y
Chuing minh tuong ty, ta ¢6
P JoN EP
2Q ~ SQEN

Tir (1) va (2), dé chimg minh (*), ta can chiing minh:
TM EP _ SNEP _ TMSQ_ EPFM
TQ'FM  SQ'EN TQ'SN  EN'FP
Ap dung dinh Iy Menelaus cho AQMN ¢6 T € QM, S € ON,R = BDIMN € MN va
ACMN c6Be CM,D e CN,R € MN
TM SQ _RM _ DC BM _ BM
TQ'SN RN DN BC DN

Dé chiing minh (1) ta cin ching minh

BM_EP M ooy
DN ~ ENFP
L I;?\'[ Do EO la phan gidc goc AEN, NO Ta phén gidc goc DNE ma

DN/ /AE nén OELON.
Tir d6 suy ra EP.PN = OP?, EN.PN = ON? Suy ra
EP _ OP?
EN ~ ON?
Chiing minh tuong ty, AOFM vuéng tai O va
FM_ oM
FP  OP2
Tir d6 suy ra
EP FM _OM? )
EN'FP ~ ONZ
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Ma MO la phin gidc cita BMN nén ABMO ~ AOMN (gée-g6c).
Chuing minh tuong tu, ta c6 ADON ~ AOMN (goc-géc).
Suy ra, ABMO ~ ADON. SUy ra

BM _ BO _OM
DO DN ON

Suy ra
BM BO _ OM:
DO'DN ~ ON?
Suy ra
BM _ OM?
on ~one®

Tir (3) va (4) suy ra (**#). Do d6, (*) diing. Tird6 ta ¢6 J; = Jo nén PQ, TF, SE déng quy.

Vi TFLAE, SELAF nén PQ di qua truc thm AAEF (i).

Mat khic, AAEF ~ ACNM (c6 cac canh déi song song) nén ti (i), ta 6 PQ//GH.

[m]

Binh ludn, Véiy 3, c6 vé sé hoi kho dé tim ra mdi quan hé gitra cac cap diém S, N va TM.
C6 1§, cdc don gian nhat dé xir Iy cdc bai ma chiing ta chua thé tim ra méi quan hé mét cich
dep dé gitia cic diém, do 14 ta sé sir dung céc dinh Iy thién vé mat tinh toan nhu Menelaus
hay Ceva.

Bai IV (1,0 diém). i
Gia st ay, a3, ..., a1 la nhing s6 thye thoa man

4 L) e 2021

s o =0.
1443 1+a3 1 fads

Ching minh ring ton tai s6 nguyén k (1 < k < 2021) sao cho

M 2ay kay 2k +1
3 7+ 3| = —5—
1+a; 1+a; 1+
Phan tich.
TR a a A0 T 11 -
Loigiai. Patyj= -——, x=-——, ..., x = .Décéx; € |—z;=|.Theo gia
g T @ T 1 a 2 g, ! {22 &

thiét, ta co:
X+ x4+ xn =0 (%)
Gid stt khong ton tai k sao cho
a 2ay kay | k1
B g B e J
1+ay 1+a; 1+nk‘ 3
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Tire la véi moi k, ta cé:
2k+1

ey + 2x2+ - -+ kx| > s

vai didu kién (*): x) + Xz + -+ - 4 X0z = 0.
Xét truong hop 1, x; > 0. Theo gid thiét phan ching, chiing ta ¢é:

1= [®] > g, kéo theo x; > 0.

2. |xy + 2% > g, kéo theo x; > 0. That véy, néu x; < 0, thi

1 3 5
‘Il+21’z‘—2.¥27}1<2'§7§<§,
. i 2 gpdia o " 2k+1
3. Sir dyng phuong phdp trén ta ¢ thé chiing minh duge (x; +2x2 +- - +kxy) > 5
Taco 2(k+1)+1
|Xl+2iz+'--+kxk+(k+1)xk+1\>%—_
Suy ra
x1+2xz+---+kx,,>2k5;1.
e 2(k-F1) +1
+
I-'(l+ZIZ+"'+kxk+(k+]Jxk+l‘>+—8“
bk 2(k+1)+1
x1+2.r;+~~+k1k+(k+‘1)xl.+]<7%'
i 2k+1 2k+3
(k+1)xk+1+—+ <——+ ,
8 8
kéo theo X;1 < —%,va 1i. Do d6
2(k+1) +1
x1+2:(1+~-+kx,(+(k+1)xk+,>-—(k—+8-i.

Khi d6 ta ¢ hé BDT va diéu kién sau:
X+ X244 X =0

S1=x0><

1 1 8 s

sz:x,+2x1>§

2% +1

sk:xl+2x2+---+kx,,>kT+

22021 41

Sy = X1+ 2o+ 202z > 2 H ]

Khi do,
_ S5k —Sk—1
Y=

8
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0=x+ X2+ +Xaon
- S2—8 Sk —Sk-1_ S22 — 52020
SRS e S o
$1 52 S3 Sk S2020 $2021
=ttt bt b+ o2 > 0.
tztastaat T ey T T 0 2oon) 202
Suy ra vo li.
Trudng hop x; < 0 tuong tu.
Ta c6 diéu phai chitng minh.

Binh ludn. Pay la mét bai toan hay, doi hoi tu duy sau.

Y €O PHAN GIAO DUC YA CONG NGHE MATHTECH
0946.20.18 81
e wivw. mathtech.va
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