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Bai 1. (1,5 diém)

1) Rat gon biéu thuc P= xoVx+2 x ) Ax-l VOl x>0,x# L,x# 4
-2 x—2dx ) Ji—2
2) Tim m dé ba dudng thing (d):y=2x+1,(d,):y=—x+7va (dy): y=mx+m—4

déng quy
Bai 2.(1,5 diém)
1. Ching minh ring n* +2n® —n* —2nchia hét cho 24 véi moi s6 nguyén n
2. Tim tat ca cac s6 nguyén duong nsao cho 254> +10n+4814 tich cta hai sd
nguyén duong chin lién tiép
Bai 3. (2,5 diém)

2
1. Giai hé phuong trinh {x
x+y=xy-5

—2x—xy+2y=0

2. Cho phuong trinh x* -2(m—1)x+m’ -3=0(m1a tham s0). Tim m dé phuong
trinh c6 hai nghi€ém phan biét x,, x, thoa man (xl2 —2mx, +m’ )(xz2 —2mx, + mz):l
3. Cho bdn sb thuc a,b,c,dthbaman a+b+c+d=10va a’ +b* +c* +d* =28. Tim
gi4 tri 16n nhat cia biéu thic T =ab+ac+ad
Bai 4. (3,5 diém) Cho duong tron tam O, ban kinh R va hai di€ém B,C c6 dinh trén
(0), BC=R. Piém A thay doi trén cung lon BCciia (O) sao cho 4B < AC . Puong
thang qua B va vudng goc véi AC tai K cit duong tron (O)sao cho AB< AC.
Puong thing qua B va vudng goc voi ACtai K cit dudng tron (O) tai P (P khac B).
K¢ POvudng goc voi du:ong thiang BCtai Q. Tia phan giac trong clia /BAC cit
canh BC tai D. Tiép tuyén tai A cta (O)cua duong thiang BCtai M.

MC \ DC
b) Khi A déi xtng véi C qua O, tinh dién tich t&r gidc AMDO theo R
¢) Tia AD cét duong tron (O) tai E (khac 4).Lay diém I trén doan thing AE
sao cho EI = EB.Pudng thiang BI cit dudng tron (0)tai L (khac B). Qua Bké
duong thing vudng goc v6i LE cit dudng thing LC tai F. Xac dinh vi tri
diém A d¢ do dai BF 16n nhét
Bai 5. (1,0 diém) Mot sb nguyén duong duoc goi 1a « sb dic biét” néu no6 théa man
d6ng thoi cac diéu kién sau
1) Céc chir s6 cua né déu khac 0
ii) S d6 chia hét cho 12, va néu d6i chd cac chir s6 ctia n6 mot cach tuy y,
ta van thu dugc mot sb chia hét cho 12
a) Chimg to rang sb dic biét chi co thé chira cac chit s6 4 hoic 8
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a) Chung minh Z4BK = ZKQPva MB =(%j



b) Co tat ca bao nhiéu “sd dic biét”,c() 5 chit s&
DPAP AN
Bai 1. (1,5 diém)

. o X . —Jx+2 X -1 _,.
3) Rt gon biéu thie P=| * - : voi 0,x#Lx#4
) gQ (x—\/;—2 PP ol Lo x>0,x#1,x#
P x—x/;+2_ x _«/;—1
x—VJx-2 x-2Jx ) Jx-2
(x—x/;+2 x—2\/;)»(x—\/;—2)x Jx =2
) (= -2 )(x-2x) Jx-1
2V (x-2)Vx-1) o2 2
= 2 . =
G Wr)Wro2) Vel 1=
4) Tim m dé ba dwong thiang (d):y=2x+1(d,):y=—x+7va (d,): y=mx+m—4
df“)ngquy
Xét phuong trinh hoanh d6 giao diém cua (d,)va (d,)taco :
2x+l=—x+7x=2=>y=5
Dé (d,).(d,),(d,)dong quy thi (d,): y = mx+m—4phai di qua diém (2;5)khi d6 :
5=2m+m—4<:>m=§
Vay m=3thi thoa dé
Bai 2.(1,5 diém) _ ) )
1. Chitng minh rang »* +2»’ —n*> —2nchia hét cho 24 véi moi so6 nguyén »
Taco: n4+2n3—n2—2n:(n3—n)(n+2)=(n—l)n(n+l)(n+2)
Ta thay (n—=1)n(n+1)(n+2)la tich 4 sd nguyén lién tiép nén chia hét cho 8

Pong thoi, trong 4 s lién tiép c6 1 sd chia hét cho 3 nén tich chia hét cho 3
Ma (3,8)=1nén tich trén ludn chia hét cho 24 (dpcm)

2. Tim tat ca cac s6 nguyén dwong nsao cho 251> +10n +481a tich ciia hai s6
nguyén dwong chin lién tiép

Goi hai s6 chin lién tiép 1an luot 13 2k va 2k +2v6i ke 7. Theo dé bai ta c6
phuong trinh sau :

250% +10n+48 = 2k (2k +2) = 5n(5n+2)+ 48 = 4k (k +1)

Vi k(k+1)la tich hai s6 nguyén lién tiép nén

k(k+1):2=> 4k(k+1):8=5n(5n+2)+48:8ma 48:8nén ta c6 5n(5n+2):8ma 5n va
5n+2 cach nhau 2 don vi nén cung chan hodc cung I¢. nén dé chia hét cho 8 thi chi
c6 thé 1a cung chan. Do d6 5n chan hay n chan

Dt n=2m(me ). T d6 ta co (1)tuong duong voi



10m (10m +2)+48 =4k (k+1) = 5m(5m+1)+12 = k(k+1)
& 25m* +5m+12 =k’ +k & (Sm—k)(5m+k)+(5m—k)+12=0
o (5m—k)(5m+k+1):—12

Vi Sm—k <5m+k+1nén ta co cac truong hop sau :

{Sm—k:—4 m=—l(kzm)
& 5

Sm+k+1=3 r=3

3
{Sm—k:—Z m == (ktm) {Sm—k:—l {mzl(tm)
3 &

=
Sm+k+1=6 k—z Sm+k+1=12 k=6
2

Trong 3 trudong hop, chi co truong hop (3) thoa man, do dé6 n=2m=2.1=2
Vay n=2
Bai 3. (2,5 diém)

' =2x—xy+2y=0

4. Giai h¢ phuong trinh {
x+y=xy-5

x’ —2x—xy+2y=0(1)
x+y=xy-35 (2)
Xét phuong trinh (1) ta thdy :
X =2x—xy+2y=0& (x—y)(x—Z)zO
x:y:1+\/g
x:y:I—\/g
x=2=2+y=2y-5y=7
Vay hé c6 nghiém (x;y)= <K1—\/6;1—\/8);(1+\/8;1+\/6)(2;7)}

5. Cho phuong trinh x* —2(m—1)x+m* -3 =0(m1a tham s6). Tim m dé

x:y:>2x=x2—5<:>|:

phuong trinh cé hai nghiém phan biét x ,x, théa man
(xl2 —2mx, +m’ )(x22 —2mx, +m’ ): 1
Tacod: x*—2(m—1)x+m*-3=0(1)

Pé phuong trinh c¢6 hai nghiém phan biét x,,x,thi A'=—2m+4>0< m<2



. i x +x,=2(m-1
Theo hé thttc Vi-ettaco: { ' (m=1)
xx, =m’ =3
Vi x,x,1a hai nghiém cua phuong trinh nén ta c6 :
{xlz—Z(m—l)xl+m2—3:0 {xf—2mxl+m2=3—2xl
=

x22—2(m—1)x2+m2—3=0 x22—2mx2+m2:3—2x2'

Theo dé bai, ta c6 :
(xl2 —2mx, +m’ )(xz2 —2mx, + mz)zl
= (3—2x1)(3—2x2)=1<:> 8—6(x1 +x2)+4x1x2 =0

m =1(tm)
m = 2(ktm)

@8—12(m—1)+4(m2—3):0<:>m2—3m+220<:>[
Vay m=1

6. Cho bon sb thuc a,b,c,dthéa man a+b+c+d=10va o’ +b° +c’ +d* =28.

Tim gia tri 16n nhat cia biéu thire 7 =ab+ac+ad

Xét b* +c* +d?, ap dung bdt Cauchy-Schwartz ta duoc :
(b+c+d)2£3(b2+c2+d2). D4u bang xay ra khi b=c=d
 (10-a) <3(28-a’ )’ —S5a+4=(a-1)(a—4)< 0
& 1<a<4
Mit khac, ta thiy :
T:ab+ac+ad:a(b+c+a’):a(lO—a)lea—a2
=(10a—a’ —24 )+ 24 =(a—4)(6-a)+24
< (4—4)(6—1)+ 24 =24
Déu bang xdy ra khi a =4

Vay T, =24khi a=4,b=c=d =2

ax



Bai 4. (3,5 diém) Cho dwdng tron tim O, ban kinh R va hai diém B8,C ¢6 dinh
trén (0), BC= R.Piém A thay d6i trén cung lén ﬁc cia (O) sao cho 4B< AC.
Duong thing qua B va vudng géc v6i AC tai K cit duwong tron (O)sao cho

AB < AC . Puong thing qua B va vudng géc voi ACtai K cit duwdng tron (O) tai
P (P khac B). Ké PO vuong géc véi duwong thing BC tai Q. Tia phan gidc trong
clia /BAC ciit canh BC tai D. Tiép tuyén tai A ciia (0)ciia dwong thing BC tai
M.

A

DC

Tacé PO LOCva PK 1L KC(gt)nén tr gidc POCK noi tiép

= /KQP = /PCK (cung chan cung PK)(1)

Ta thay tr gidc ABCPdi tiép (O;R)nén £ABP = ZACP (cung chin cung 4P) (2)
Tu (1) va (2) suy ra ZKQP = ZABK (= ZPCK )(dfcm)

Dé ching minh dugc AMAB - AMCA (g.g)néntacod:

2
d) Chiémg minh £4BK = ZKOPva % _ ( DBJ



MA AB  MA* A4B* MBMC DB* MB ( DBY
MC_AC  MC  4ACC . MC  DC . MC :(ch
~ MB (DBY

Vay e (ch (dfem)

e) Khi A déi xirng véi C qua O, tinh dién tich t gidc 4AMDO theo R
Khi A d61 xting vdi C qua O thi 4AC 1a dudng kinh cua (O), do d6 4C =2R,
A0 =0C = CB = R,AACBvuONg tai B nén AB=AC* -CB* =V4R* —R* = R3(dinh Iy
Pytago). Pong thdi AC =2R=2BC = LACB = 60°
= ZACB = Z/MAB = 60°(cung phu v61 ZBAC). Ta cd :
AB _ DB _ AB+AC _ BC
AC  DC AC  DC

RV3+2R BC DC 2
= ‘/;R N TR TN =4-23=DC =R(4-213)
Goi DN la duong cao trong ACOD(N € 0C). Ta co :

AB.MB

SAMDO = SAMB + SABDO = > + SABC - SODC

_AB’.tan ZMAB ABBC DN.OC _3R’.tan60° R'N/3 _sin ZDCN.DC.R

2 2 2 2 2 2
_3\/§R2 +R2\/§_sin60°.R(4—2\/§)R —2\/§+3R2
2 2 2 2
Véy SAMD0:2\/§2+3R2

f) Tia AD cit dwong tron (O) tai E (khac 4). LAy diém 7 trén doan thing
AE sao cho EI = EB.Dwong thing BI ciit dwong tron (0)tai L (khac B).
Qua Bké dudng thang vudng goc véi LE cat dudng thang LC tai F. Xac
dinh vi tri diem A dé do dai BF 16n nhat
Ta cé LE L BF(gr)(*)
Xét (O): £BAE = #BLE (hai goc noi tiép cung chin cung EB, Z/EAC = ZELC (hai goc
ndi tiép cung chdan cung EC) ma ZBAE = ZEAC (AE 1a phan gidc /BAC)
Nén ZBLE = ZELCva EB=EC (1) = LE1a phan gidc clia ZBLF (**)
Tu (*) va (**) suy ra LE 1a duong trung truc clla BF = EB = EF (2)
Tu (1) va (2) va gt = EB = EI = EC = EF = B,1,C, Fndi tiép (E; EB)va BF la day
cung cua (E;EB)
Do d6 dé BF__ < BF la duong kinh cua (E;EB), xdy ra khi va chi khi BP1a duong
kinh cua (O;R). Khi d6 K e OBma Z4KB=90°(gt)nén OB L AC(3)
Xét (O;R) ta thdy AC 1a day cung khong di qua O, vay nén K 14 trung diém 4C 4)
Tir (3) va (4) suy ra B1a diém nam chinh giita cung AC hay 4B =BC



Vay v6i 4B = BChay diém B ndm chinh giita cung 4C thi 46 dai BF dat gia tri 16n
nhat.
Bai 5. (1,0 diém) Mot s6 nguyén dwong dwoc goi 1a “ s6 dic biét” néu né thoa
man dong thoi cac dleu kién sau

iii) Cac chir s6 ciia n6 déu khac 0

iv)  S6 d6 chia hét cho 12, va néu d6i chd cac chir s6 ciia n6 mot cach tiuy

¥, ta vin thu dwoc mot s chia hét cho 12

) Chirng t6 ring sé dic biét chi c6 thé chira cac chir so 4 hoic 8
Vi s6 dic biét nén n6 s& chia hét cho 3 va 4
Ta thdy rang dé mot s6 khi doi cac chir s cho nhau ma chia hét cho 4 thi cac chir
s6 éy chi ¢6 thé 1a s chin, ma s diic biét 1a s c6 chit sb khac 0 nén cac chit sd
ctia nd chi c6 thé 1a 2:4;6;8 (1)
Tur cac s6 2;4:6:8, ta 1ap duoc cac s6 ¢6 2 chit sb sao cho khi d6i chd cac chit sb
cho nhau thi chung van chia hét cho 4, ta théy chi 1ap dugc mot sb duy nhét thoa
man diéu kién 13 48 (2)
Tu (1) va (2) suy ra chi lap duge s6 dic biét” tir sd 4 va 8 (dpem)
d) Co tat ¢4 bao nhiéu “sé dac biét” ¢6 S chir 50
Ta thay sb dic biét” chi chtra s6 4 va 8 nén ta dat x1a sd chit s6 4 con yla sb chit
s6 8 dé tao nén “sb dic biét” c6 5 chit sb (x,ye 0,1<x,y< 4)
Pong thoi, ta suy dugc phuong trinh nghiém nguyén x+y =5
Ciing tir phwong trinh trén , ta tim duoc cac cip sé nguyén (xp)]a (1;4),(2:3).(3:2),
(4;1). Vi “sb dic biét” chia hét cho 3 nén téng cac chir sd cuia ching ciing chia hét
cho 3 hay 3|(4x+8y)< 3|(B3x+9y)+(x—»)
Ma (3x+9y)3= (x—p)3= (x:y) e {(14):(41)}
thl:x =1,y = 4= Céac 6 12 : 48888;84888;83488;88848;88884(5 s6)
Th2: x=4, y=1 céc sO 1a 44448;44484; 44844; 48444;84444 (5 s0)
Vay ta tim dugc 10 “sd dic biet” co 5 chit sb



