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CAU 1. Giai phuong trinh sau trén tap sé thyc

23 — 22+ V23 —3x4+1=3z+ 1+ Va2 +2.

Loi giai.
Phuong trinh tuwong duong
20 — 3+ 1+ V23 -3z +1=a+2+ Va2 +2.
Dat f(t) =3+t (t €R). Tacod f/(t) = 3t>+1> 0, Vt € R nén f(t) dong bién trén R.
Khi d6 phuong trinh tré thanh
F(V2a3 =32 +1) = f (Va2 +2)
o V203 —3x+1= /a2 +2

23 —3r+1=22+2
S Rr+1) (2" —2-1)=0

r=—=

BINH LUAN

Bai toan trén 1a mot ing dung vé tinh don diéu ciia ham s6 dé giai phuong trinh. Ta st dung dinh 1§ "Cho ham sé
y = f(x) don dieu (ngdt) trén D. Khi do, vdi moiu,v € D thi f(u) = f(v) & u=v". Dang toan nay da kha quen
thuoc déi v6i hoc sinh, tuy nhién do phiic tap clia phuong trinh phu thuoc vao cach chon ham f(x), cAch dat u, v
va viéc st dung cac phép bién déi dai s6. Déi v6i bai toan trén thi viec phat hien v nhan dang dang toan kha don
gian, ta chi can chuyén vé 1a c6 thé dit duge ham sb va cac an phu tuong tng. Sau day 1a mot sb bai tap tuong tu.

@ vr+2-—-3 _ 1
Br+2-7 =+3

(2 272% — 2722+ 150 — 3= (92 + 1) V92 — 1.
B3 4z +2)Vae2+2+1+32v/922+ 3+ 10z +2 = 0.

FQ).£(3)... f(2n — 1)
f2)-1(4) ... f(2n)

CAU 2. Dat f(n) = (n2 +n+ 1)2 + 1. Cho a, = v6i n 1a s6 nguyén duong. Ching

minh rang limn./a, = \%
Loi giai.
Ta c6
)= +n+1)+1=02+1) (n®+2m+2) = (02 +1) [(n+1)+1].
Khi d6
f@en—1) [2n—12+1][2n)*+1] (@2n-1)2+1
f@n)  [@2n)2+1][2n+1)2 41 (2n+1)2+ 1
Suy ra
G fk-1) S k-1)241 2 B 1
a”*,g f(2Kk) 7,61;[1 (2k+1)2+1 (2n+1)2+1 2n2+2n+1
Vay
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CAU 3. Cho céc sé thyc duong x,y, z théa man 2z + 4y + 7z = 2zyz. Tim gia tri nhé nhét cia biéu thic
P=xz+y+z.

Loi giai.
Nhan xét. Day 1 dé thi Vietnam TST 2001. Duéi day xin trinh bay ba cach, sau phan 15i gidi sé c6 muc phan
tich § tudng.

Cach 1. Truéc hét ta nhic lai bat ddng thitc AM-GM suy rong, duge phat biéu nhu sau

"Cho x1, T2, ,Tpn la cdc s6 thuc khong am va aq, o, -+ , oy la cdc 56 thue duong. Dit o = o + g + -+ - + .
Khi dé ta co bat ding thitc

&1 &2 an

R R ol A e 7 O O N

D(ing thiic xdy ra khi va chi khi x1 = a9 =--- =x,."
Dé thay ring khi oy = o = -+ = a, = 1, ta dugc bat ding thite AM-GM thuong gap.

Trd lai bai todn. Dat a = 3,8 = g = 2. Ap dung béat déng thic AM-GM suy rong ta c6

r+yt+z=a-L4+8-4+v-2 > (a+B+7)- (2 ﬂ+ﬂ+~-(%)a+g+w.<5)a+3+w

)
(3 (3)° G

> (204—&—454—77).(%)%431%.(
1 RN

S GHC RO

Binh phuong hai vé bat ding thitc thit nhat, sau dé6 dem nhan vé theo vé cho bat dang thic thit hai, ta thu dugce

e
T

48
)2a+4ﬁ+7w . (3
B~

Ty
) 2a+4B+Ty

20+ 4y + Tz =205 +48 G+ Ty

2
wle

152
(x+y+2)%2x + 4y +72) > 5 Y2

N 15
Chﬁyr:ing2x+4y+7z:2xyztasuyraP:x+y+z2?.

15 5
Vay gia tri nhé nhét cta P 1a —, dat dugc khi x = 3,y = 5 =2.

2z +4
Céach 2. T gia thiét ta suy ra z = Tt :g Nhu vay ta can tim gid tri nhé nhat ctia biéu thiic
2z + 4y
P = ,
r+y+ D

trong do 2zy — 7 > 0. Ta c6

()2 ) ] (e ) (e B
16 2x 2oy — 7 16 4y 2oy — 7 32 16 2z 167 16 4y /"’

Ap dung bat déng thitc AM-GM cho titmg biéu thic trong ngoic, ta 6

9 <2xy — 7) 2z §
16 2 20y — 7 2’
2 (2:,;;, 7) o5
16 4y 20y — T — 2’

7 9 7 21
T+ R Z PV
32 16 2z — 16
25 7 35
16 16 4y =16

. T / ~ 5 .. sz _ 15 .

Cong veé theo vé cac bat dang thic trén ta thu duge P > 5 Vay gia tri nho nhat cia P la X dat dugc khi

)
x:3,y:§vaz:2.
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Céach 3. (Dua theo ’Loi gidi dé thi chon doi tuyén Quéc gia du thi IMO 2001° ciia tdc gid Lé Phic L) Ciing nhu
Céch 2, ta quy vé tim gia tri nhé nhét ctia biéu thic

2z + 4y
P:
x+y+2xy—77
trong d6 xz,y > 0 va 22y — 7 > 0.
Ta co
2 =7 7 14 14
2$+2< x +E> 2 + — 11 7\ 2t
P: = — 7%2 - <—7) 7'1:.
Try+ 2y — 7 TRyt ot mr TPy TV o) Ty
Ap dung bat déng thic AM-GM ta dugce
14
S B A N A
<y 2x)+21y77_ +x2
Theo bat ding thitc Cauchy-Schwarz ta lai cé
7 7\?
(32+7)(1+—2)2<3+—> :
x x
Do d6 ;
11 7 11 3+ £ 9 3 3 15
Poot—42/l+ oot —t2 2 py 242564222
R e S TR T R Sl

va z = 2.

N | Ot

. 15
Vay gia tri nho nhat cta P la CR Dat duge khi z = 3, tt d6 y =

PHAN TiCH Y TUONG

. . 5
Cai kho cia nhing loi gidi trén la lam sao tim duge "diém roi”, hay cu thé la x = 3,y = P E= 2. Sau day ching
ta sé di vao phan tich chi tiét con duong di tim 100 gidi cho méi cach gidi trén.
Céch 1. Ta sé phan tich tai sao lai ¢6 cac s6 (o, 8,7) = (3,3,2). Bai todn ¢6 thé duge viét dudi dang ching
minh mot bat ding thitc dong bac (bac ba)
(2% + 4y + 72)(x +y + 2)? > 2k xyz,

trong d6 k > 0 1a gia tri nhé nhat can tim. Gi st gia tri nhd ctia P dat dudc khi ¢ = o,y = 8,2 = =, trong d6
o, 3,7 1a cac s6 thyc duong duge xéc dinh sau. Ap dung bat déng thitc AM-GM suy rong ta co

B o4
z . T\ oS SFEF [ 2\ o
x+y+z:a.f+ﬁ.g+/y.72(a+ﬁ+,}/).(7) +B+7.(g) (7> 7 (1)
o B gl o B gl
T Y z T 20‘_&% Y % z M-&%
2x+4y+7z:204-—+4ﬂ-f+7'y~72(20¢+4[3+77)~(—) (7) (7) . @
o B Y ! B ¥

T (1) va (2) ta thu duge

(x+y+2)%(2x + 4y + 72)

aTETy tIaTasT (g) st H T i (i) ST T zaT T

B gl
Dé thu dugc bat déng thitc dong bac ba nhu mong mudn, cac liiy thita clia x,y, z trong (3) phai biang 1. Tir do ta
¢6 hé phuong trinh

> (a+8+7) 2a+48+77) () (3)

T
«

2a + 2a 1
a+B+y 2a+48+ 7y

24 4p _
a+ﬁ+’y+2a+4ﬁ+77 B

2y Ty _
a+B+y 2a+4B+Ty
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viéc gidi hé phuong trinh nay xin danh lai cho ban doc. Sau khi gidi hé phuong trinh trén, ta thu duge o = 3,

B:gva'y:Q.

Cach 2. Ta sé phan tich lam thé ndo dé c6 thé viét P dusi dang bén biéu thiic
ta quy vé tim gia tri nhdé nhat ciia biéu thiic

2z + 4y
20y — 7’

P=x+y+

trong d6 x,y > 0 va 2zy — 7 > 0.

2z + 4y

Ta thay ring bidu thic gay ’khé chiu’ nhét la ,
20y — 7

thitc nay truée.

Ta lam nhu sau. Gid st gia tri nhé nhat ctia P dat dudce khi 2 = o, y = 3, trong d6 a.

sau théa man 2a8 — 7 > 0. Ap dung bat ding thitc AM-GM ta c6

2
<2xy 7) ( 2a ) n 2z > 9. 2a 7
2z 2a68 -7 20y — 7 2a8 -7

(2333/—7)( 43 )2+ by ., 4B
4y 208 -7 20y —7 7 20817

2zy—7
2x

s 2zy—7
va 1y

Trong hai danh gi4 trén, luu ¥ ring cac biéu thiic

cac biéu thitc c6 chita «, B 1a dé ddm bao dau bing.

Nhu vay

trong ngodc. Nhic lai ring

do dé6 ta can c6 cac danh gia phit hop dé khit bidu

B 1a cac s6 thuc duong chon

xuét hien 1a dé xit 1y biéu thic ta can khit; con

s ) () (-t ) e () (- )

1402
T

_ 4o + 8« n 1
208 —7 ' 208-T ' (208 — 1)

L2 g2 g B85
+((208-17)* —88%) z + . +(

Tiép tuc ap dung bat déng thitc AM-GM ta c6

(208 —7)° — 4a2) y} .

1402

(208~ 7)? ~86%) & > 201/14 (208 — 7)° - 852,

2832
Yy

+ (208 -7)" —40?)y > 2ﬂ\/28 (2aB—17)" - 402).

Mat khéc, khi gia tri nhé nhat ctia P dat duge khi 2 = o vi iy = 8 ta ciing ¢ cac bat dang thitc sau

14 2832
@ 414z > 98; 2P

+ 28y > 288.

Do d6, dé "dam bao dau bing", cac ding thiic sau phai dugc théa man
(208 — 7)* — 832 = 14,
(208 — 7)* — 4a% = 28

Trit vé theo vé ddng thic thi hai cho ding thitc thi nhat ta thu duge 8 = 5

dau tién vi rat gon ta thu duge phuong trinh mot an
20 + 30 + 21 — 14y/2a% + Ta2 = 0.
Dit t = a2, binh phuong hai vé va thu gon ta thu duge phuong trinh

(t—9)(t+7) (46> +20t — 7) =0,

202 + 7

, sau d6 thay vao ding thic

El https://fb.com/m49.learning

Trang @



A M49 Learning Forum & Loi giai dé thi chon d6i tuyén Lam Ddong 2021

c6 hai nghiém duong lat =9 va t = . Ta loai nghiém tht hai vi n6é khéng thoa man 2af — 7 > 0.

—5+4v2
5 2
Nhu vay t =9 hay a = 3, suyraﬁzi.
Cach 3. Ta sé phan tich tai sao lai ¢c6 danh gia
7 7\
(3°+7) (1+—2) > (3+7) :
x T
Nhic lai ring theo 15i gidi da trinh bay, ta c6
11 7
P>z+—+2/1+— =Q.
2x x2

Gia stt Q dat gia tri nhé nhat khi 2 = o > 0. Sit dung bat dang thitc Cauchy-Schwarz ta cé

(1+9772) (m? +n?) > (m+n;ﬁ)2,

trong d6 m,n 1a cac sd thyc chon sau thda man diéu kien xay ra dang thiic clia bat dang thiic Cauchy-Schwarz,

do 1a
1 _ VT _ VT
m  nxr na
Nhu vay
11 m + 27 om 2nVT 11\ 1
o+ - +2 I = + +5 |-tz
N 2 Vm24+n? Vm? 4 n? (\/m2+n2 2)30

Ap dung bat ding thiic AM-GM cho hai s6 hang cubi trong danh gia trén, ta thu duge gia tri nhé nhat (ctia Q va
ctia P). Mit khac khi Q dat gid tri nhé nhat thi 2 = o, nén ta ciing c6 danh gia

2

x+a—22a.
T

T day ta thu duge phuong trinh
2n\/7 mn

\/m2+n2+3:a ’
lwu ¥ réng 2 = <% neén phuong trinh nay duge viét lai
4 u_
47 2

Gii phuong trinh nay tim duge o = 3. Tit d6, chdng han, ta c6 thé chon (m,n) = (3, \ﬁ)

BINH LUAN

Ki thuat hé s6 bat dinh 13 mot ki thuat hieu qui trong nhiéu bai toan dai s6. N6 doi hdi hoc sinh can hiéu ki
kién thiic (vi du: bat ding thitc AM-GM, AM-GM suy rong, Cauchy-Schwarz ciing nhu céc truong hop xay ra dau
"=’ clia cic bat ddng thiic nay) dé thiét lap duge cac dang thiic, cling nhu ki nang gidi phuong trinh, hé phuong trinh.
Sau day 1a mot s6 bai tap vé ki thuat hé sé bat dinh (ban doc ciing ¢6 thé thit tim nhitng 15i giai khac).

i) Cho céc sb thuc duong a, b, ¢ théa man abc = 1. Chitng minh ring

a'% + 00+ >a+b+e.

ii) Cho cac s6 thyc duong a, b, c. Chiing minh rang

1 1 1 1 1 1
> .
a+3b+b—|—30+c+3a - 2a—|—b+c+2b+c+a+26+a+b

iii) (Dé thi HKI I6p 10 chuyén todn Thang Long 2017- 2018) Cho céc s6 thic duong a, b, c. Chitng minh ring
1 n 1 n 1 S 1 n 1 n 1
a+5b b+b5c c+5s 3a+2b+c 3b+2c+a  3c+2a+b
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CAU 4.

a) Cho luc giac ABCDEF nai tiép duong tron (O; R) théa man AB = CD = EF = R. Goi M, N, P lan
lugt 1a trung diém BC, DE, FA. Chting minh ring tam giac MNP la tam gidc déu.

b) Cho tam gidc ABC c6 phan gidc trong AD (D thuoc BC) va théa mén céc diéu kien AC + AD = BC
v AB + AD = CD. Hay tinh cac géc cia tam giac ABC.

Lai giai.

2)

D& thiy ABEF 1a hinh thang can nén ZX || EB. Ma ZP | EAnen PZX = AEB = 60°. Tuong tu PNZ = 60°
nén tam gidac PXZ can tai P ¢c6 NPZ = 120°. Ta ciing thu dudc diéu tuong ti véi cac tam giac M XY vi tam
giac NY Z.

Céc dudng tron (P, PX) va (M, M X) cit nhau tai diém T khac X. Vi NPZ = XMY = 120° nén dé dang suy

o — -7

ra XTZ = XTY =120°. Do d6 YTZ = 120° va T thuoc (N, NY).

Nhut vay, ta ¢6 TX L PM,TZ | PN,NTZ = 120° nén MPN = 180° — 120° = 60°. Tuong tw PMN = 60°
nén tam giac MNP la tam giac déu. Chitng minh két thtc.

BiNH LUAN

i) Day chinh la dinh 1y Napoleon, dugc phét biéu nhu sau "Cho tam gidc XY Z. Dung ra phia ngoai cic tam
gide déu lan lugt ¢6 cic canh la Y Z,ZX, XY . Khi dé tam duong tron ngogi tiép cia cdc tam gidc deu nay
la ba dinh ciia mot tam gidc déu”. Ngoai chiing minh trén, phép chitng minh phd bién clia dinh 1y nay 1a
stt dung phép quay. Ban doc c¢6 thé d& dang tim thiy trén mang.

ii) Trong trudng hop tam gidc XY Z khong c6 goc nao vugt qua 120°, diém T dé cap trong 101 giai con dugc
goi 1a diém Toricelli ctia tam gidgc XY Z: la diém T ndm trong tam gidc sao cho tong TX +TY +TZ nhé
nhat. Két qua nay cé thé chitng minh bing vector hosic bing bat ding thiic Ptolemy.

iii) Diém T trong 15i gidi trén con duge biét dén véi tén goi diém Fermat duong: "Cho tam gidc XY Z. Dung ra
phia ngodi cic tam gigc déu Y ZTy, ZXTy, XYTs. Khi do XT,,Y Ty, ZT5 dong quy tai diém Fermat duong
ctia tam gidge XY Z". Khi dung cac tam giac déu vao trong, diém dong quy duge goi la diém Fermat am.
Hai diém Fermat c6 nhiéu két qua khoé va tha vi, chdng han nhu duong tron Lester: "Tam dudng tron ngoai
tiép, tam duong tron Euler va hai diém Fermat cia mot tam gidc cung ndm trén mot duong tron”. Ban doc
quan tam c6 thé tim thay chiing minh ctia két qua nay trong Tap chi Toan hoc va Tudi tré s6 420 (thang
6-2012).

El https://fb.com/m49.learning Trang (6)



A M49 Learning Forum & Loi giai dé thi chon d6i tuyén Lam Ddong 2021

b)

Lay diém K trén tia AB sao cho AK = AC.

Tt gia thiét, ta c6 AC — AB = BC — CD = BD. Mat khéc, ta c6 AC — AB = AK — AB = BK suy ra
BD = BK. Do d6, ZABC =2/BKD.

Xét tam gidc can AKC ¢6 AD la phan giac, dé dang suy ra dugec LZAKD = ZACD.

T d6 ta c6 LZABC =2/ACB.

Vi ZABC > ZACB nén ta c6 thé lay diém F thuoc doan BC sao cho AB = AE.

Khi d6 2/ACB = Z/ABC = /AEB = /FEAC + ZACB suy ra /ZEAC = ZACB. Do d6, AB = AF = CE.

C6 DC — EC = DC — AB = AD nén tam gidc ADE can tai D.

Suy ra /DAC = /DAE + /EAC = /DFEA+ ZACB = 3/ACB hay /BAC = 6/ACB.

Két hop véi LZABC = 2/ACB ta thu dugec ZBAC = 120°, ZABC = 40°, ZACB = 20°.

CAU 5. Tim tat ca cac ham s6 f : Z — Z théa man diéu kien

3f(x) —2f (f(x)) =, Va € Z.

Lai giai.

bat g(z) = f(z) — 2. Ta co
3f(x) —2f (f(x)) =x,Vr € Z
<2[f(f(@) - f@)]=f(z) —z,Vz €Z
< 29 (f(2)) = g(x),Vx € Z.

Do d6, v6i moi = € Z ta c¢6

g(z) =29 (f(x)) =229 (f (f(2))) = ... =2"g (F (f(f..)) = ...

Suy ra Vo € Z va Vn € N thi 27 | g(x).
Vay g(z) =0, Yz € Z hay f(z) ==z, Vz € Z. O

BINH LUAN

Thuc chét cach lam trén khong c¢6 nhiéu khac biét so v6i cdch ding cong thitc nghiém ctia phuong trinh sai phan.
That vay, ¢6 dinh z € Z va dat ag = z,a1 = f(z), an = f (- (f(z))---) (nlan f). Tu dé bai ta suy ra dugc he
thite truy hdi 2an42 — 3an41 + an, = 0,Vn € N. Tit hé thiic nay ta cé

1 1 1

Ap42 — Gpy1 = = (anJrl - an) ) (an - an71> == 5o (al - Cl()) ,V’I’L € N7

a; — a .
tu do ( 12n+10> 1& s6 nguyén v6i moi n € N nén a1 — ag = 0 hay f(z) = z.

Luu ¥ rang thay vi sit dung tryc tiép cong thitc nghiém ciia phuong trinh sai phan cap hai, ta vita st dung cach
xay dung cong thitc nghiém ctia né: dua vé phuong trinh sai phan cAp mot (dang chita lity thita phu thudc vao chi
s0).
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CAU 6. Trong qubc gia ¢6 n > 2 thanh phé. Gitta hai thanh phd bat ky c6 dudng bay truc tiép hai chiéu.
Ngudi ta mudn cap phép khai thac cho cic dudng bay trén cho mot sé6 hang hang khong véi cac didu kién
sau:

(1) Mbi dusng bay chi duge cip phép cho mot hang hang khong duy nhat.

(2) Di chuyén dudng bay ctia mot hang hang khong tity ¥, ngusi ta c6 thé di tit mot thanh phd bat ky t6i
céc thanh phd con lai. Héi c6 thé cap phép cho tbi da bao nhiéu hang hang khong?

Loi giai.
Ta chuyén bai todn vé graph, Cac thanh phd la céc dinh, cac dudng bay la canh, gia thiét sit dung duong bay
ctia mot hing hang khong c6 thé di dén hét cac thanh phd con lai chinh 1a su lien thong, nhu vay ta c6 bai toan sau:

C6 thé phan hoach méot graph diay du n dinh thanh téi da bao nhiéu graph con lién théng n
dinh?

B dé. Mot do tlzi n dinh lién thong cé it nhat n — 1 canh (n > 2).
Ta chitng minh b6 dé trén bang quy nap.
— Véi n = 2, b6 dé Ia hién nhién.
— Gia stt b dé da ding véi n — 1.
—— Xét graph G ¢6 n dinh. Do tinh lién thong, mdi dinh phai c6 it nhat mot canh xuat phat tit no.

PR s . £ b il , . 2n
(1) Néu mdi dinh déu c6 hai canh tré len xuat phat tir n6 thi sé6 canh ctia graph sé > - ="

(2) Néu c6 mot dinh chi c6 diing mot canh xuat phat tit né thi ta c6 thé bo dinh dé ciing canh xuat phét
tit n6 di, ta van thu duge mot graph G’ n — 1 dinh lién thong.

A A

B c D B c D

(vi du ta xét graph lién thong c6 5 dinh A, B, C, D, E, nhan xét F la mot dinh ma chi c6 duy nhat mot
canh xuat phét tit né (ED), khi d6 ta c6 thé bé di dinh E va canh ED va van thu duge graph lien
thong gom 4 dinh A, B,C, D.)

3 Ap dung gia thiét quy nap cho graph G’ (lien thong va ¢6 n — 1 dinh), ta c6 graph nay c6 it nhat n — 2
canh. Khoi phuc lai graph G bing cich thém dinh vd mot canh xuét phat tit né da bi bd, ta cé graph
G c6 it nhat n — 1 canh.

Vay bd dé diang véi n, theo nguyen 1y quy nap, ta c6 diéu phai ching minh.

(n—1)
2

2 N ” . n . 2 ~
Tré lai bai toan. Do s6 canh ciia mot graph day da n dinh la nén c6 thé phan hoach mdt graph

(n—1)

day dt n dinh thanh khong qua nT t(n—1) = g graph con lién thong n dinh. Tuy nhién s6 cAc phan hoach

phai 1 s6 tu nhién nén c6 thd phan hoach mét graph diy di n dinh thanh khong qué B} graph con lién théng n
dinh.

Ching ta can chitng minh gia tri nay c6 thé dat dudgc.

(@) V6i n = 2k ta chitng minh c6 thé xay dung dugec mot graph day dit ¢6 n dinh ma c6 thé phan hoach thanh
k graph con lién thong n dinh bang quy nap theo k£ nhu sau.

—— Khi k£ =1, bai toan hién nhieén.

— Gi4 st ménh dé ding cho k. (c6 nghia la c6 thé xay dung graph day di 2k dinh théa mén)
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— Xét 2k + 2 diém phan biét. Ta xét rieng 2k diém va hai diém A, B. Theo gia thiét quy nap, tit 2k diém
trén ta c6 thé xay dung dudc graph G’ day du va c6 thé phan hoach thanh k& dé thi con 2k dinh lien
thong. Bay gio ching ta xay dung graph G day dt 2k + 2 dinh va c¢6 thé phan hoach thanh k + 1 graph
con 2k + 2 dinh lién thong.

— Budc 1: ta chia 2k diém da xét rieng thanh hai nhém : 1 va 2, mbi nhém cé k diém.

— Bu6c 2: Thém cac canh néi tit dinh A dén k diém ciia nhém 1 kem theo canh AB. Khi d6 mdi graph
con trong k graph con lién thong ciia G’ sé sinh ra mot graph con lién thong 2k + 2 dinh.

— Buéde 3: Thém cac canh néi tit dinh B dén k diém ctia nhém 2. Budc lam nay bd sung thém mot
graph con 2k 4 2 dinh lién théng clia n6 bao gdm canh AB va cac canh ké thém & buée 2 . Cudi
ciing ké cac canh tit A dén cac diém nhém 2, ké cac canh tit B dén céc diém nhém 1. Nhu vay sé
hoan thanh garph day di G c6 thé phan hoach thanh k + 1 graph con 2k + 2 dinh lién thong.

Vay theo nguyén 1y qui nap, ta c6 ménh dé ding véi moi n = 2k.

(2) Véi trusng hgp n = 2k + 1, ta chi can xét 2k + 1 diém phan bigt, xét rieng 2k diém va diém A, ta xay dung
dugce ngay mot graph G’ day du 2k dinh duge phan hoach thanh k graph con 2k dinh lién théng. Ta chi can
b sung vao cac graph con trén mot trong cic canh canh ndi tit A dén 2k dinh da xét rieng.

PHAN TICH Y TUONG

Day 13 bai toan VN TST ngay thit nhat. Xem xét bai toan, ta c6 thé thiy y tudng vé sit dung ly thuyét graph
(Iy thuyét do thi) xuat hién tuong déi tu nhién. V6i cdc ddi tugng 1a cac thanh phd (n thanh phd), quan hé giita
ching 1& c6 duong bay hai chiéu, didu nay goi y cho chiing ta vé mot graph gom n dinh 1& cac thanh phd, cic canh
chinh 1a céc dudng bay gitta hai thanh phd.

Tuy nhién, dé chuyén bai todn vé bai todn graph, chiing ta can khai thac toan bo gia thuyét ciia bai toan va
chuyén chiing vé gia thuyét ctia graph. V6i gid thuyét "gicta hai thanh phé bat ky cé duong bay truc tiép va moi
duong bay chi duge cép phép cho mot hang hang khong duy nhat”, ta thiy dau hiéu ciia mot graph day da néu
xét tong thé cac dusng bay ciia tit ca cac hang hang khong duge cAp phép. Hon nita gia thuyét "di chuyén bing
duong bay ciia mot hang hang khong tuy 4, ngudi ta cé thé di tw mot thanh phé bat ky dén cac thanh phé con lai"
cho chiing ta thay: graph day du n dinh clia chiing ta dang thé hién cho mot "ban do" tat ci cac dudng bay clia
cac hang hang khong, tuy nhién néu ta chi xét cac dudng bay ctia mot hang hang khong thi sé nhan thiy day 1a
mot graph n dinh lién thong. Pé c¢6 mat hinh anh minh hoa cu thé, ching ta nén xét bai toan véi sé lieu nho,
vi du n = 4 nhu sau day:

D C

Ta c6 thé thay véi 4 thanh phd, hai loai dudng bay (dd, xanh) ciia hai hang hang khong théa man yéu cau bai
toan (xét tong thé ta mot graph day dii c6 4 dinh, xét rieng graph 4 dinh c6 cac canh 1a mau dé hoic xanh ta
dugce nhitng graph c¢6 4 dinh lién thong.)

Cau héi ctia bai toan 1a "cé thé cap phép cho toi da bao nhiéu hing hang khong 2" c¢6 thé hiéu theo ngon ngit graph
la c¢6 thé phan hoach mét graph day da n dinh thanh t6i da bao nhiéu graph con lién thong n dinh?.
Nhu vay chiing ta c¢6 thé chuyén bai toan dang xét vé bai toan graph nhu sau:

C6 thé phan hoach mét graph day dii n dinh thanh téi da bao nhiéu graph con lién théng n
dinh?

C6 thé thay ring mot graph n dinh mudn c6 tinh chat lien thong can c6 it nhat mot sb6 lugng canh nhat dinh, vi
du nhu trén mot graph c6 4 dinh, ta khong c6 cidch nao lam né trd thanh graph lién thong chi v6i 2 canh, can t6i
thidu 3 canh. T d6 ta c¢6 bd deé.

B6 dé. Mot do thi n dinh lién thong cé it nhdt n — 1 canh (n > 2).

Ching ta néu ra mot vi du cho viéc xay dung cho trudng hgp n = 6(k = 3) nhu sau:
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— B#t dau v6i mot graph day di 4 dinh théa méan.

— Xét thém hai diém E, F nita, chia 4 diém A, B,C, D thanh 2 nhém A, B va C, D. Sau d6 tit E ké cac canh
mau dé dén nhém A, mau xanh dén B , tit F ké cic canh mau xanh dén C, mau dé dén D. Ké canh EF
mau vang. Ké cac canh mau vang tit E dén C, D , tit F dén A, B. Ta sé xay dung dudc graph day dia G c6 6
dinh thoéa méan.

B

Chiing ta néu vi du cho viéc xay dung cho truong hop n =5, (k = 2).

— B#t dau v6i mot graph day di 4 dinh théa méan.

B
A
c
D
— Xét thém dinh E. Vé cac canh EA, EB mau xanh va EC, ED mau dé. Ta sé xay dung dugc graph day du
G c6 5 dinh théa man.

B

e
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