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Bai Pap 4n Pié¢m
a) Véi a, b, ¢ 1a d0 dai ba canh cia mdt tam gidc. Chung minh ré‘mg
5 1 1 1 3

5 5 + 5 > .
a +bc b +ca c +ab ab+bc+ca

Ap dung bat dang thirc Cauchy-Schwarz, ta c6
1 1 1 9
>

a’ +bc b2+ca+cz+ab_a2+b2+cz+ab+bc+ca M
Tacd c<a+b nén ¢’ <ac+bc.
Tuong tu, ta c6 a’ < ab+ac va b*> < ab + bc. 3,0
Khi d6 a*> +b° +¢* <2ab+ 2bc + 2ca.
Nén az+b2+cz+ab+bc+ca<3(ab+bc+ca) (2)

1 1 3
2

Tu (1) va (2), suy ra + + > .
(Dva (2), suy a’+bc b*+ca c*+ab ab+bc+ca

b) Tim tat ca cac sb thuc a sao cho ton tai ham sd f:R >R thod man
f (2024) =2024 va

a(f(x)—f(f(y)))ﬁx—y v6imoi x, yeR (1).

Thay x boi f(y) vao (1), ta dugc f(y) >y, VyelR.

Khido f(f(x))= f(x), VxeR (2). 0>
Khi a =0, thi (1) tré thanh x— y >0, Vx, y € R (diéu nay vo li) 0,5
Khi a <0, thay x =y vao (1), ta dugc a(f(x)—f(f(x)))s 0, Vx e R.
Suyra f(x)= f(f(x)), vxeR 3).
Tir (2) va (3), taduoe f(x)=f(f(x)), VxeR.

Két hop véi (1), ta dugc

a(f(x)—f(y))ﬁx—y, Vx,y eR hay af (x)-x<af (y)-y, Vx,yeR. Lo

Poi vai tro x, y trong danh gia trén, ta duoc
af(x)—x:af(y)—y, vx,yeR (4).
Thay x boi f(x), y bdi f(y) vao (4), ta duogc
af (f (x))=f(x)=af (f(¥))-f (7). ¥x.y €R.
Hay (a—l)f(x)z(a—l)f(y), Vx,y e R.
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Via<0néna-1#0, suyra f(x)=f(»), Vx,y €R hay f la ham hing.
Thay vao dé thi 0<x—y, Vx, y e R (diéu vo 1y).
Do d6 a>0.
Thay y = 2024 vao gia thiét thi a( f(x)—2024)<x—2024, VxeR.
Ma f(x)—2024>x-2024, Vx € R nén a(x—2024)<x-2024, VxeR.
Diéu nay chi ¢ thé xay ra khi a=1. 1,0
Véi a=1, ta chon f(x)=x, VxeR thi danh gia ban du tré thanh ding
thirc nén thod man.
Vaytatca gidtricantimla a=1.
a) Co bao nhiéu cach chon ra hai s6 phan biét tr 2024 s6 nguyén duong dau
tién sao cho hai s6 dugc chon hon kém nhau khong qua 5 don vi?
Goi hai sb duoc chon 1a n, n + x.
n,xeN n,xeN
DPiukién: {1<n<n+x<2024 < 1<n<2024—x.
x<5 x<5 2,0
Vi moi gid tri x e {1; 2; 3; 4; 5} 6 dung 2024 —x cach chon n.
5
Do d9, ta c6 s6 cach chon 1a ) (2024 —x) =10105.
x=1

b) Mot 16p hoc ¢6 45 hoc sinh. Cac hoc sinh tham gia vao tong cong m cau
lac bo. Chuing minh rang néu moi cau lac bd c6 dung 5 hoc sinh va hai hoc
sinh bat ky tham gia chung nhi€u nhat mét cau lac bd thi m <99.
Goi S 1a s6 bod ({A; B} , C) ma trong d6 hoc sinh 4, B cung tham gia vao
cau lac bo C.
Chon cau lac bo trudce, co6 m cach, chon cap hoc sinh cung tham gia cau lac
b9 d6 c6 C2 =10 cachnén S =10m. 2.0
Chon cdp hoc sinh trude, co Cfs cach, chon cau lac ma hai hoc sinh d6 cung
tham gia, c6 khong qué 1 cach nén S < C;..
Tur d6 suy ra 10m < Cj; <> m < 99.
¢) Véi sé nguyén duong n (n > 2), xét tap hop A4 gdém 7 sd nguyén duong.
Ky hiéu f(4) 1a s cac gid tri phan biét tao thanh tir viéc lay téng hai phan
tir ty y ctia 4. Chimng minh rdng f(4)>2n—3. Tim tat ca c4c tap hop A4
sao cho dang thirc xay ra.
Dat x, <x, <...<x, 1a cic phan tir co trong 4. Ta sap thir ty
XX, <X AX <X 4X, <X X <o <X X, <X, +X, <X +Xx <-e<X X, L0
Khi d6, co tt ca n—1+n—2=2n-3 téng phan biét co thé dugc tao thanh ’
nén f(A) >2n-3.
Ta lai xét céc $0

XX, <X AX <X X <X, X, <o<Xy X <X HX | <-e<X L, +X <X +X
RO rang ¢ day cling ¢6 2+n—-2+n—-3=2n-3 s6 nén dé dang thirc xay ra, | 1,0
ta phai c6 hai day so & trén 1a trung nhau theo dung thir tu d6. Khi do, ta cé

XX, =X+ X, DX, =X, =X, — Xy, X, +X, =X, +X, = X, — X, =X, — X,.
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Cu thé, suyra x, +x, =x, +x,_,, Vk=3,4,....,n nén x, —x,_, = x, —x, =d.
Cubi ciing, ta cd x, +x, =x, +x, , nén x, —x, =d, suy ra cac so ciia tap 4
1ap thanh cap sb cong.
Kiém tra lai, ta thdy rang néu c6 4 = {a +md|1<m<n; mde Z*} thi tong
hai sb trong A déu c6 dang

2a+(i+j)d véil<i<j<n. 1.0
Chu y cac tong i + j c6 thé nhan dugc moi gia tri tor 3 dén 2n—3 nén s€ cod
tat ca 2n—3 tong dugc tao thanh, thoa mén dé bai. Vay dang thirc xay ra khi
va chi khi A 1a cap so cong.
Cho hai duong tron (O,), (0,) cung bén kinh R, cat nhau tai 4, B va
0,0, > R. Duong thang qua 4, vudng goc véi 4B, cit lai (0,), (0,) theo
lan luot tai C, D. Trén nira mat phéng bo CD chira B, xét tia Ax tao voi
tia AC goc 60° vatia Ax cit (O,) tai E, cat (O,) tai F.
a) Chirng minh réng 0, O,, E, F cung thuéc mot dudng tron, déng thoi
DE, CF ciat nhau tai mot diém nam trén dudng thing qua B va vudng goc
voi Ax.

B
N o
E
C A D
T

Vi AB 1 CD nén dé thdy B, C, O, va B, D, O, thang hang.
Ta co O/ll§7 = CBF = CAF =60° nén AO,BF déu, suyra BF =0,B=R.
Ta cling co BAE =90°—60°=30° nén B/O_Z\E = 2BAE =60° nén AO,BF 2.0
déu, suy ra BE =0,B =R.
Do d6 BO,=BO, =BE=BF =R nén O, O,, E, F cung thuoc duong tron
tam B, ban kinh R.
Vi AB L AD nén BD la dudng kinh cta (O,), Suy ra BE L ED. Vi thé
DE tiép xuc v6i dudng tron (B). 2,0
Tuong tu thi CF ciing tiép xuc (B).
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Goi X la giao diém cua DE, CF thi XE = XF.
Ma BE = BF nén XB L EF ,tacla DE, CF catnhau tai mot diém nam trén
duong thang qua B va vudng goc voi Ax.

b) Trén ntra duong tron duong kinh C4, khac phia vo1 O,, dung T sao cho
CT = R. Chting minh rang O,E + O,F > 2TA.

Vi O,E =OF =R nén O,EO,F 14 hinh thang can va EF = 0,0,.

Ngoaira BC =BD =2R nén ABCD cantai B va AC = AD. 2,0
Do 0,0, 1a duong trung binh cua ABCD nén O,0, = AC.
Theo dinh 1y Ptolemy cho tir gidc O,EO,F thi
O,E.O,F =0,0,.EF —OF.O,E = AC* =R’ = AC* -CT* =TA".
1,0

Theo bt ding thirc AM-GM thi \/O,E.O,F < %.

Do d6 O.E + O,F > 2TA.
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