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Cau 1. (2,0 diém)
23— 1+\/_ 2xx +x—=x ( \/;)(1_‘/;) . ]

—1,vor x20,x#Lx#—.
l—% xx +1 2Wx —1 4

-1
Tim céc gia tri cua x sao cho 4<—

7
2. Cho a,b,c 14 cac sb thuc duong théa man a+b+c+2Vabc =1. Tinh gia tri biéu thirc

P=\Ja(1-b)(1-c)+b(1-c)(1-a) +Jc(1-a)(1-b) —abc +2024
Cau 2. (2,0 diém)

1. Cho biéu thitc 4=

X +3x +4x+2=y+y

4x+63x—1+7=(4x-1)y
2. Cho x,y,z 14 cac so thuc thoa méan diéu kién x+ y+z=0. Chirng minh rang;:
2x-1 2y 1 22 1 -3
X +2 Y +2 z +2 2
Cau 3. (2,0 diém)
l. Tim tat ca cac so nguyén duong x, y thoa mén (x2 —x—l)(y2 +xy—9) =2x+1.

1. Giai hé phuong trinh: - 2* -2

2. Cho s6 nguyén to 1& p va s6 nguyén duong a thoa man: a” —1 chia hét cho p’. Chimg minh ring
a—1 chia hét cho p*.
Cau 4. (3,0 diém) Cho dudng tron (0) ¢6 dinh va diém 4 cd dinh trén (0), cac diém B,C thay doi trén

(0) sao cho B,C khong tring 4 va AC<BC.Piém M trén doan BC sao cho MAC = ABC. Goi I 1a tam
duong tron ndi tiép tam gidc ABC va BI cat AC tai D. Goi J la tim duong tron ndi tiép tam gidc MAC .
1. Chirng minh réng hai tam giac CJM va CI4 dong dang.
2. Got P la giao diém khac / cia duong thang CI va duong tron ngoat tiép tam giac AID, duong
thang PM cat duong thang JD tai N . Chimg minh rang bon diém N,M,J,C thudc mot duong tron.

3. Goi T la tm duong tron ngoai tiép tam giac BNC. Chitng minh khi B,C thay doi trén (0) thi T

ludn thudc mot duong cd dinh.

Cau 5. (1,0 diém)

Cho bang vudng 7x7 gom 49 6 vudng don vi nhu hinh v&. C6 37 con robot dug dit vao tAm cuaa cac 6 vuong
don vi sao cho khong c¢6 2 con robot cting nam trong mot 0 . Cac con robot dugce 1ap trinh dé di chuyén dong
loat, v6i cung toc do, theo nguyén tac nhu sau: Ban dau, mdi con déu di chuyén sang tim ciia mot 6 vudng
don vi bat ky chung canh véi 0 Vu6ng n6 dang dimg. Sau d6, mdi khi cham vao tAm ciia 6 vudng dén, no sé
quay mot goc 90" va di chuyen tiép theo hudng d6 sang tam cua 6 tiép theo va cu tiép tuc di chuyén nhu thé
(mot vi du vé cach di chuyen ctia mdt con robot nhu hinh v&). Chtrng minh rang du ban dau c¢6 dit cac con
robot nhu thé ndo thi van ludn c6 mot thoi diém ma co hai con robot & chung mot 6 vudng.



Loi giai dé thi tuyén sinh vao 10 chuyén toan Nguyén Trii nim 2024-2025

Cau 1: (2 diém)

2r — 1+\/_ 2r\/_+x \/_ ( ‘/;)(1_‘/;)
1—x xx +1 2Jx -1
-1

tr1 cua x sao cho 4< 7

1. Cho biéu thitc 4=

. b s wm on
-1 wi xZO,x;tl,x;tZ. Tim cac gia

2. Cho a,b,c 1a céc sb thuc duong thoa man a+b+c+2abc =1. Tinh gia tri cua biéu thirc

P=Ja(1-b)(1-c)+b(1-c)(1-a)+Jc(1-a)(1-b) —fab, +2024.

Lo1 giai:
| 2x- 1+J§ 2x\x +x—+x ( -\/;)(1-\/;)

1. Ta co: A—— . o : i -1
(o) () (adee) | (s (i-vx)
__(1—\/;)(1+\/;) (x/;+l)(x—x/;+1)d 2\x -1

_ E 1
:_1—1\/;+x—\/;+1 (emfe)li=ae)
B x—\/;+1+\/;—x B \/_ B —1
_(1“‘/;)(X—\/§+1).(x—\/;)(l—\/;)—l x—/x +1 R %
—1 —1 —1 1 1
DodoA<— — \/_+1< x+1>;<:>x—\/;+1<7<:>x—\/;—6<0

<:>(\/;—3)(\/;+2)<O<:>\/;—3<0<:>x<0.



& #e L4 & , .7 . 9 9 ~ \ l
Két hop vo1 DKXD ta két luan cac gid tri cua x thoamanla 0<x<9,x#1,x # 3

2. Ta co: a(l—b)(l—c):a(l—b—c+lc):a°(a+2\/abc +bc):a2 +2a'\/@+abc.

:>a(l—b)(l—r):(a+\/%)2 :>\/a(l—b)(l—c) =a++/alc.

Tuong tu ta co: \/b(l—c)(l—a)=b+ u, . vin \/c(l—a)(l—b):c+ abc .

Khido P=a+b+c+3Vabc —+alu +2021=a+b+c+2Jabc +2024 =2025.
Vay P=2025.
Cau 2: (2 diém)

43 +Ax+2=y 4y

1. Giai hé phuong trinh : <
& : k4x+6\/x—1+7=(4x—1)y

2. Cho x,y,z lacac so thuc thoa man diéu kién x+ y+z=0. Ching minh rang:

2x-1 2y-1 2:-1_-3
2 T 2 T 2 2
X+2 y'+2 z°+2 2

Lot giai:
I. TacdDKXD: x>1,khido (1) & (x+1)’ +(x+1)=y"+y
<:>(x+1—y)[(x+l)2—y(x+1)+y2+1]:0
Do(x+1)2—y(x+1)+y2+1>0 nén x+1-y=0 hay y=x+1.

Thay vao (2) ta dugc: 4x+6+/x—1+7=(4x—-1)(x+1)

S 4x+6/x—1+7=4x +3x-1
Sofx—1=4x*—x-86Jx-1-6=4x"—x—14

6(x—2) 6
& =(x-2)4x+7)=(x=-2) 4x+T— =0
Jx—1+1 ( )( ) ( )( \/x—1+1j
Ma x>1nén 4x+72>211>6> : nen 4x+7- : 2l = g=2= y=3,
Jx—1+1 x—1+1

Vay hé phuong trinh c6 nghiém duy nhat (x,y)=(2,3).

2. Cong tirng s6 hang bén vé trai ciia bat dang thuc véi 1 ta thu dugce bat dang thirc méi nhu sau:

(x+1)2+(y+1)2+(z+1)2>§
X4+2 y4+2 £+2 2




Theo nguyén li Dirichlet trong 3 s6 x, y,z ludn ton tai 2 s0 cuing dau. Ta c6 thé gia s 2 s6 d6 1a y va z.

2 2 2
Ap dung bat dang thirc Cauchy-Schuarz ta co: 9 2+1) +(Zz+1) 2(y2+2j2) ,
y+2 z %2 y+z+4
(y+2z+2)° _ (y+z+2)

Do yz>0 nan y*+z°+4<y’+2yz+z° +4=(y+z) ' +4=>-5——> —.
y'+z°+4 (y+z) +4

» (x+1)° +(y+z+2)2 >i

Khi d6 ta chi can chimg min > —
x4+2 (p+z)y +1 2

2 2 A2 2
<:>(x2+1) Jr(22 X) Z3<:>()c2 2) 23_(xz+1)
x+2 x'+4 2 x’+4 2 x"+2

<:>()C—2)2> (x—2)2)<:>(x_2)2{ ] 1 )JZO

x*+4 —2(x2+2 x2+1_2(x2+2

(x—2)"x’
SR )

Dat bang xay ra khi (x,»,2)=(0,0,0) hodc (x,y,z)=(2,-1,-1) va cdc hoan vi clia no.
Ta c6 diéu phai chimg minh.
Cau 3: (2 diém)
1. Tim tat ca cac so nguyén duong x,y thda mén (x2 —x—l)(y2 +xy—9) =2x+1.
2. Cho so nguyén to 1& p va so nguyén duong a thoa man: a” —1: p*. Chirng minh rang a—1: p°.
Lo1 giai:
1. Xet x:1:>—(y2 +y—9):33(y—2)(y+3)=02>y=2:>(x,y):(1,2).
Xét x>2,néu y>3 thitacd 2x+1 :(x2 —x—l)(y2 +xy—9)2 1. 9+3y-9)=3x=x<1 (vo li).
Do d6 y<2= ye{l,2}. Ta xét hai truong hop nhu sau:
TH, : Vo1 y=1= (xz —x—l)(x—S): 2x+1=x - 9x* +5x-7=0.
Néu phuong trinh trén c6 nghiém nguyén thi nghiém d6 phai 1a wéc nguyén dwong cia 7.
Nhung dé thay 1 va 7 déu khong 1a nghiém cuia phuong trinh trén nén trudng hop nay vo nghiém.

TH2:V6i y=2= (2’ -x-1)(2x-5)=2x+1=> 2" -T2’ + x+4=0=> (x-1)(2x* - 3x-4) =0.

Dé thay phuong trinh 2x* —5x—4=0 khong c6 nghiém nguyén dwong nén ta thu dugc x=1.



Vay phuong trinh c6 nghiém nguyén duong duy nhét (x,y)=(1,2).

2. Trudc héttasé chiraa-1: p.That vay gia st phan ching a—11 p.

a? -1

Khi do =a”" +a"7 +....+a+1. Mit khac do pl| a” -1 nén (a,p)zl.

a—1

/4 p—l—
Theo dinh li Fermat, ta c6 p| o’ -1, két hop voi a-1L;,p= p = llza”'2+...+a+1.
a_
Thay vao (2) ta dugc: 4x+6vx—1+7=(4x—1)(x+1)
S 4x+63x—-1+7=4x"+3x-1
S6yx—1=4x" —x-8 & 6yx—1-6=4x"—x-14
6(x—2
) =(x—2)(4x+7)<:>(x—2)(4x+7— : j:o
x—1+1 vx—1+1
; : 6 2 6
Ma x>1nén 4x+7211>6> nen 4x+7- >N = x=2=y=3.
Jvx—1+1 x—1+1

Vay hé phuong trinh c¢6 nghiém duy nhat (x,y)=(2,3).

2. Cong ting s6 hang bén vé trai cua bat dang thirc voi mot ta thu duogc bat dang thirc méi nhu sau

(x+1)2+(y+1)2+(z+1)2>§
P“+2 §¥+2 42 2

Theo nguyén 1y Dirichlet Trong ba s6 x,y,z ludn ton tai hai so ciing dau.Ta c6 thé gia sir hai s6 d6 lay va z

2 2 2
Ap dung bat dang thirc Cauchy-Schwar z ta co: S 2+ ) - (Z;r ) > (y;z:rz) :
Y42 242 yr+zi+4

(y+2z+2)° _ (y+z+2)’
Vv +22+4  (y+2)°+4

Do yz>0 nén y* +z° +4<y* +2yz+ 22 +4=(y+2)’ +4 =

b (x+1)° +(y+z+2)2 .3

Khi d6 ta can di chimg minh: -~ >,
x+2 (p+z) +1 2

2 a2 _7\2 2
c>(x2+1) +(22 X) Z§C>(x2 2) Zi_(x2+1)
xX+2 x"+4 2 X +4 2 x"+2

(-2, (x-2)

1 1
T4 _2(x2+2)<:>(x—2)2-[x2+1—2(x2+2)]20

Error! Objects cannot be created from editing field codes. (luon diung)



Dau bang xay ra khi (x,»,2)=(0,0,0) hoac (x,y,z)=(2,-1,-1) va cac hoan vi cua no.

Ta c6 dpecm

Cau 3: (2 diém)

1. Tim tat ca cac so nguyén duong x,y thoa man (x2 —x—l)(y2 +xy—9) =2x+1.

2. Cho ba s6 nguyén t0 1& p va so6 nguyén duong a thoa man a” —1: p*. Chitng minh rang a—1: p*.
Lo1 giai:

1. Xétx:1:>—(y2+y—9):3:>(y—2)(y+3):02>y:2:>(x,y):(1,2).
Xét x>2, néu y>3 thitaco 2x+1:(x2—x—1)(y2+xy—9)21. 9+3y—9)=3x:>xﬁl (vo 1i).

Do d6 y<2= ye{l,2}. Ta xét hai trudng hop nho sau:
TH, : Vbi y=l:>(x2—x—l)(x—8)22x+1:>x3—9x2+5x—7:0.

Néu phuong trinh trén c6 nghiém nguyen thi nghiem do phai la woc nguyen duong cua 7
Nhung dé thay mot va bay déu khong 1a nghiém ctia phuong trinh trén nén truong hop ndy vo nghiém.

TH2: Vo y—2:>(x —X— 1)(2x 5)—2x+1:>2x -7x° +x+4—0:(x 1)(2x —3x— 4)—0.
Dé thay phuong trinh 2x* —5x—4=0 khong c6 nghiém nguyén dwong nén ta thu duoc x=1.
Vay phuong trinh c6 nghiém nguyén duong duy nhat (x,y)=(1,2).

2. Trudc héttasé chiraa-1: p. That vay gia st phan chimg a—1 khong chia hét cho p.
a” -1

a—1

Khi do

=a"" +a"? +...+a+1. Méatkhic do pl a” -1 nén (a,p)=1.

-1
a7 =]

a—1

Theo dinh li Fermat, ta c6 pl a”" -1, két hop véi a—1khong chia hét cho p = p

Do d6 pl a*™, dicu nay vo li do (a,p)=1.Suyra a-1:p.
Gié sira—1khong chia hét p*, khi d6 a—1=kp véi k 1a s0 nguyén duong thoa man (k,p)=1.

Ta c6 a”’-1 khong chia hét cho p ma a-1'p nhung a-1 khong chia hét cho
a’ -1

a—1

= =g? ™t gt 4 at],

V61 mo1 so tu nhién, theo khai trién Newton co:

d' = (kp+1) = (kp) +i-(kp)” +---+i(i2_ ).ty +ikp+12dp 1o



Ap dung vé6i i =0,1,..., p—1 16i cong vé ta thu duoc:

p(p-1)

2

a’ +a" +. +a+l=(142+...+ p-1)-kp+p= kp+ p = p(modp?)

Suy ra a’” +a”” +...+a+1khong chia hét cho p* diéu ndy mau thuan
Do d6 gia st 1a sai nén p’| a—1. Ta c6 dpecm

Cau 4: (3 diém) Cho duong tron (0) cd dinh va diém a ¢ dinh trén (O) ,cac diém B, C thay dbi trén (O) sao

cho B, C khong trung A va AC <BC. Dlem M trén doan BC sao cho goc MAC = goc ABC . Goi I la tam
duong tron nd1 tlep tam gidac ABC va BH cat AC tai D. Goi J 1a tim duong tron ndi tiép tam giac MAC.

a) Chung minh rang hai tam giac CJM va CIA dong dang

b) Goi P la giao diém khac Y cua duong thang CI va duong tron ngoai tiép tam giac AID, duong thang
PM cat duong thang JD tai N. Ching minh rang bon diém N,M,J,C thudc mot duong tron.
¢) Goi T la tam duong tron ngoat tiép tam giac BNC. Chirng minh khi B,C thay doi trén (O) thi T ludn thudc
mot duong tron co dinh

Lo1 giai;

a) Tir gia thiét ta cd MAC = ABC va ACM = BCA=>aMAC ~aABC (g.8).

Lai c6 J,I 1an luot 1a tAim duong tron noi tiép AMAC AABC =aCJIM ~aCAI .

b) Do aCIA ~aCJM nén 62;[ g;l Ma tr gitac AJPD noi tlep nén CI-CP=CD-CA= P = 2,

CD CI

Do dé (?J/[ = g; , lai c0 MCP = CDD =sMCP ~2JCD(c.gc)= CPM =CDJ .

Suy ra tir giac NCDP néi tiép = PWD = PCD = MCJ = bon diém N,M,J,C dong vién.

c) Kéo dai AJ cat BC tai H va goi T la diém chinh giita cung BAC.



Ta co: HAD = %ABC = HBD =t gidc ABHD ndi tiép. Két hop voi t giac AHPD ndi tiép ta co:

APJ =180"- API =180" - ADI =180" - AHB = CHJ
Suy ra APHC 1a tir giac ndi tiép = J4JH = JC.JP ma NPDC la tir giac ndi tiép = JD.JN = JC.JP.
Do d6 JAJH =JD.JN = tir gidc ADHN 1a ttr giac noi tiep. Két hop véi tr gidc ABHD noi tiép
— Nim diém A,D,H,N,B d@)ng vien = tu giac ABND nd1 tiép — BND =180" — BAC.

Hon nita, CDN = CMJ = %CMA = %CAB nén ta co:

BNC:BND+CND:180°.BAC+%BAC:180° %BAC=180° —%BTC

Tu do, ta co BNC:180°.%BTC. Ma TB=TC nén N nam trén dudng tron tAm 7 ban kinh 7B. =7 14 tim

dudng tron ( BNC ). Ma T thuge (O) co dinh nén tim ( BNC ) di chuyén trén 1 duong c6 dinh. K&t thic

chirng minh.

Cau 5: (1 diém) Cho bang vudng 7x7 gom 9 6 vudng don vi nhu hinh v&. C6 37 con robot duoc dit vao
tam cua cac 0 vuong don vi sao cho khong c6 2 con robot cung nam trong mot 0. Cac con robot dugc lap
trinh dé di chuyén dong loat, vdi cuing toc do theo nguyén tic nhu sau: Ban dau, moi con déu di chuyén sang
tim cua mot 6 vudng don vi bat ky chung canh véi 6 vuong no dang dtmg. Sau d6, moi kh1 cham vao tam cua
6 vudng dén, nd s& quay mot géc 90° va di chnyén tiép theo hudng d6 sang tim ctia 6 tiép theo va ctr tiép tuc
di chuyén nhu thé (mot vi du vé cach di chuyén cta mot con robot nhu hinh v&). Chimg minh rang du ban
dau c6 dit cac con robot nhu thé nao thi van ludn c6 mot thoi diém ma cé hai con robot & cung mQt 0 vudng
khong.

. v B - v . v v
+ + 4 4 4 + + 4
+ 4 + L 4 4 4 4
83 82 8l
To 7 -0
+ + + 4 + —L 4 4
iu..+
+ ' + 4 +——4 4 4
de:
+ 4 + 4 + ! 4 4
[ 2 K 4 4+ 2 4 + 4 : |

Lot giai:
Gia st ton ta1 mot cach xép ma va1 moi thot diém thi khong ton tai 2 con robot ding cung 1 0.

Ta dién cach s6 1,2,3,4 cho béng 7x7 nhu sau:




e Nhan xét 1. Sau mdi bude di chuyén thi d6 1a 6 con robot dimg luc sau khac tinh chin 1& vdi s0 ¢ 6
con robot dirng luc trudc.

Chung minh. Do cac 6 chung canh voi cac 0 s6 1& (1,3) déu 1a cac 6 sb chan (2,4) va nguoc lai, néu sau moi
budc s0 ¢ 6 con robot ding sau thay doi tinh chan 1é.

o Nhan xét 2. Sau 2 budc di chuyén thi s0 ¢ 6 con robot dimg lic sau s& bang 2 cong vdi so & con robot
dung luc trude theo mod 4 .

Chitng minh. Xét hinhh vuong 3x3 ma c6 1 con robot lam tim, sau 2 bude di chuyén thi con robot d6 chi ¢6
thé di chuyén dén cac 0 ¢ goc cua hinh vuong 3 x 3. Ta thay cac s0 ¢ cac 6 goc do khong bang vé1 s6 ¢ tam.
Theo Nhan xét 1 thi sau 2 budcc sO ¢ 0 sau va truede cung tinh chan 1€, tue do ta c6 Nhan xét 2.

e Nhén xét 3. Sau luot dau tién (luot dau tién nay cac con robot di khong c6 quy ludt) c6 khong qua 9
con robot cung dtmg ¢ cac 650 1 .
Chitng minh. Gia st sau luot dau co 16n hon hoic bang 10 con robot cung dimg & cac 6 ¢ duge dien so 1 .
Xét 2 luot tiép theo va sir dung Nhan xét 2 thi 16n hon bang 10 con robot d6 sé& cung di vao cac 6 s0 3. e y
rang trén bang 7 x 7 ta chi c6 dung 9 6 dugc dién s6 3 nén theo nguyén li Dirichlet thi ton tai mot 6 s6 3 ma
c6 2 con robot, mau thun voi gia sir ban dau. Nén gia sit ¢ trén 1a sai, suy ra Nhan xét 3

e Nhén xét 4. Sau luot dau tién c6 khong quéa 18 con robot dimg & vi tri cac 6 s0 6.

Ching minh. Ap dung Nhén xét 3 thi chi c6 nho hon hoac bang 9 robot dimg ¢ vi tri dugc dienso 1, dé y
thém rang chi co tat ca 9 6 duoc dien so 2 nén khi két hop lai ta thay co khong qué 18 con robot dimg & vi tri
cac 0 so le.

e Nhén xét 5. Sau luot dau tién c6 16n hon hodc bang 19 con robot dting & vi tri cac 6 so chan.
Chitng minh. Ap dung Nhén xét 4 va chi ¢ 37 con robot nén c6 16n hon hodc bang 19 con robot ding & vi
tri cac 6 sO chan.

Quay tro lai bai toan

Sau lugt dau tién, ket hop Nhan xét 5 va Nhan xét 1 thi ngay ¢ luot thir 2, ¢6 16n hon hodc bang 19 con robot
& vi tri cac 6 s0 1€. Tuy nhién dieu nay lai mau thuan v6i Nhan xét 4 nén suy ra gia str & dau 10i giai 1a sai. Tur
d6 rut ra két luan rang voi moi cach xép thi ton tai mot thoi diém



