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Cau L. (2,0 diém)

1. Cho a,b,cla ba sb thuc thoa man diéu kién a+b+c=0va a* = 2(a+c+2)(a+b-2).
Tinh gia tri cta biéu thitc 4 =™ + 5™+
2. Cho cac s6 thuc x, y,zkhac 0, d61 mot khac nhau va thoa man

x’ —xy=y’—yz=2z"—zx. Chung minh LI
X y z

Cau IL. (2,0 diém)
1) Giai phuong trinh (\/x+3 —\/x+1Xx2 +4 X +4x+3): 4x

+xy—y =5x+y+2=0
2) Giai hé phuong trinh 26 +xp =y =Sx+y
X+ +x+y—4=0

Cau III. (2,0 diém)

1. Tim tat ca cac cip s6 nguyén duong (x;y)sao cho x*+y* —2(x+y)=xy
2. Cho pla sb nguyén té 1é. Tim tat ca cac s6 nguyén duong ndé n* —np1a binh
phuong ctia mot s6 nguyén duong

Cau IV. (3,0 diém) Cho tam giac ABCcO AB<ACva £BAC=60°. Duong tron tdm 7 ban
kinh rnoi tlep tam giac 4BC tlep xuc véi cac canh BC,CA4, AB 1an luot tai D,E,F . Puong

thing /D cét EF tai K, dudng thing qua K va song song v4i BC cit 4B, AC theo tht ty tai
M,N

1) Ching minh rang cac tir gidc IFMK va IMAN ndi tiép

2) Goi J 1a giao diém ctia 4K va BC. Chung minh J1a trung diém ctia BCva
AC—-AB=2DJ

3) Goi S la dién tich tir gidc IEAF . Tinh S theo r va ching minh §,,,, > %)(trong do
S, 12 dién tich tam giac IMN)

Cau V. (1,0 diém) Xét ba s thyc duong x, y,zthoa man x* + y* +z* < 14.. Tim gia trj nho

1 1
+
Vx+z \/y+2J

nhét cta biéu thic P=2x+y+ 48{



PAP AN
Ciu L. (2,0 diém)
3. Cho a,b,cla ba so thue théa min dieu kién a+b+c=0va o’ =2(a+c+2)(a+b-2).
Tinh gia tri ciia biéu thirc A =a>> +5* +

a=—(b+c)
Tacd a+b+c=0& b:—(a+c)
c:—(a+b)

Thay vao diéu kién a* =2 (a+c+2)(a+b-2)tacod:
(b+c) =2(=b+2)(~c—2) & b* +2bc+c* =(-2b+4)(~c-2)
& b +2bc+c? =2bc+4b—dc -8 = (b-2) +(c+2) zoz{iii =a=0
Vay A= a®? + 52 4+ =22 4 ()" =22 )
4. Cho cac so thue x, y,zkhac 0, doi mgt khac nhau va th6a man

x*—xy=y’—yz=z"—zx. Chirng minh LI

X y z
Giasttaco: x’—xy=y'—yz=z"-zx=a
xz—xy=a<:>x(x—y)=ac>x= a <:>1=x_y
xX—y X a
Chimng minh tuong tu ta ¢6 : l:y_z;lzz_x
y a z a
Khi d6 ta co L4t Lo ¥TYFYZIRZTX o ap
X y z a
Cau IL (2,0 diém)
3) Giai phwong trinh (\/x +3—+/x+1 sz +4x +4x+3 ): 4x
PK: x>0

Khi d6 : (\/m-\/Esz +44/x +4x+3):4x



2 x2+4\/x2+4x+3)

=4x & x? +4Ux7 +4x+3 =2xJx +3 +2xx +1
Jx+3+x+1

& X +4(x+1)(x+3) = 2xvx +3 + 2xy/x +1
N x(x—2\/x+3)+2\/x+l(2x/x+3 —x):O

=

5 x=2+2
x" =4x+4

& x—2\/x+1Xx—2\/x+3):Oc>{ i &|x=6
Kdxrl2 |

Doi chiéu diéu kién = x e {6;2++2 }
4) Giai h¢ phwong trinh {zfz B FSxay2=0()
X +y +x+y—4:0(2)

Taco: (1)e y’ —xp—y—2x"+5x-2=0

&y —(x+1)y-2x"+5x-2=0 y’ —(x+1)y+(x—2)(1-2x) =0
<:>y2—(2x—1—x+2)y+(x—2)(l—2x):0
@yz—(2x—1)y+(x—2)y+(x—2)(l—Zx):0
<:>y(y—2x+1)+(x—2)(y—2x+1):0<—>(y+x—2)(y—2x+l)=0

y:2—x:>(2)<:> x2+(2—x)2+x+2—x—4:0<:>x:y=1

PN x=y=1
y=2x-1=(2)e 2 +(2x-1) +x+2x-1-4=0& 4 13
X=-_y=-—

5 5
Vay (x;y)e{(l;l);(—:;—ljj}
Céau II1. (2,0 diém) ,
3. Tim tat ca cac cip so nguyén duwong (x;y)sao cho x’+)’ —2(x+y)=xy
Taco:
X +y=2(x+y)=xy e x+y —2x-2y-xy=0
X =(2+y)x+y*-2y=0(*)
Xem phuong trinh da cho 1a phuong trinh bac hai an x
A :(2+y)2 —4(y2 —2y): Y +4y+4-4y* +8y=-3y" +12y+4
Pé ton tai cip s6 nguyén duong (x:;y) thoa man x* + 5 —2(x+y)=xythi pt (*) phai c
6-4/3 . _6+43
3

3

IN

nghiém = A>0< -3)" +12y+4> 0 <

y

Ma y nguyén duong nén y e {1;2;3;4}



(ktm)

x = 0(ktm)
x =4(tm)

5+ J_

3+413
2

*)y:1:>x2+1—2(x+1):x<:>x=
*)y:2:>x2+4—2(x+2):2x<:>{

*)y:3:>x2+9—2(x+3):3xc>x

(ktm)

* 2 x=2
)y=4=x +16—2(x+4):4x<:> x:4(tm)

Vay ¢6 2 cip s6 nguyén duong (x;y) thoa man yéu cau bai toan (2:4):(4:4)
4. Cho pla so nguyén to 1é. Tim tat ca cac s6 nguyén dwong »dé »*> —npla binh

phuong cia mjt s0 nguyén dwong

(BI)
CaulV. (3,0 dlem) Cho tam giac ABC €0 AB< ACva Z/BAC=60°. Du’O’ng tron tam 7/
ban kinh r noi tlep tam gidc 4BCtiép xiic véi cac canh BC,C4, AB1an lwot tai D, E, F.
Dudng thang ID cit EF tai K, duwong thang qua K va song song voi BC ciit 4B, AC theo
thir tu tai M, N

A

B D J
4) Chirng minh rang cic tir giac /FMK va IMAN ndi tiép
, {MN//BC
Ta co

= KD | MN = ZIKM = ZIKN =90°
KD 1 BC

Xét thr gidc IFMK cO ZIFM + ZIKM =90°+90° =180°, ma 2 goc nay ddi nhau

Nén tir gidc IFMK ndi tiep = ZIMF = ZIKF (hai goc ndi tiép cung chan cung 7F)(1)

Xét ttr gidc INEK ¢& ZIKN = ZIEN =90°, ma 2 gbc ndy ndm & hai dinh ké nhau nén tir gic
INEK ndi ti€p = ZENI = ZIKF (gbc ngoai va goc trong tai dinh doi di¢n) (2)



Tur (1) va (2) suy ra ZIMF = ZENI = ZANI nén t& gidc AMIN ndi tiép (tr giac co goc ngoai
va goc trong tai dinh d6i dién bang nhau)

5) Goi J 1a giao diém ciia 4K va BC. Chirng minh J 13 trung diém ciia BCva
AC—-AB=2DJ

*Chirng minh J 1a trung diém ciia BC
T gidc IFMK ndi tlep (cmt)= ZIMK = ZIFK (cing chin cung IK)
T gidc INEK ndi tlep (cmt)= ZINK = ZIEK (cung chan cung IK)
Ma IE = IF (cing bang ban kinh dudng tron ndi tiép tam gidc 4BC) = AIEF cin tai
= /IEK = Z/IFK = ZIMK = ZINK = AIMN can tai K
Ma IK L MN (cmt)= K 1a trung diém ctua MN (trong tam giac can duong cao dong thoi 1a
duong trung tuyén)= MK = NK
MK AK NK

Vi MN//BC (gt), nén &p dung dinh 1i Ta-let ta c6 ="——=—"—ma MK = KN(cmt)
BJ A CJ

— BJ =CJ = J la trung diém cta BC

*Chung minh AC-4B=2DJ
CE=CD

Ap dung tinh chét hai tiép tuyén cit nhau ta c¢6 : { 4E = 4F . Khi d6 ta co :
BF =BD

AC~AB = AE +CE —(AF + BF )= (AE — AF)+CD —BD = CD — BD
=(CJ+DJ)—(BJ-DJ)=(CJ-BJ)+2DJ

Ma J 1a trung diém cia BC(cmt)= CJ=BJ = CJ-BJ =0

Vay AC - AB =2DJ(dfcm)

6) Goi S 1a dién tich tir gidc /EAF . Tinh S theo r va chirng minh 5, > %)(trong do

S, 12 di€n tich tam giac /MN)
*Tinh di€én tich /EAF theo r
Ap dung tinh chat 2 ti€p tuyén cat nhau nén ta c6 : Al la phan giac cia ZBAC
= LIAF = ZIAE = ;.60O =30°. X¢ét tam giac vudng I4EcO :

2
Lipap=t, =03

AE = IE.cot30°=r\3=AF =S, = JIEAE = S = Sur

= Sipar = Spp +Spp = 3

Vay S=r*3

*Chung minh S, > %)(trong do S,, 1a dién tich tam giac /MN)
Goi H 1a giao diém cua AI va EF. Ta ¢6

AE = AF (tinh chat hai ti€p tuyén cat nhau)= 4 thudc trung truc cua EF

IE = IF =r = [ etrung truc cua EF
= AI'la trung tryc cila EF = Al | EFtai H



T gidc AEIF c& LAEI + ZAFI =180°ma 2 goc nay ddi nhau nén AEIF 13 t& giac ndi tiép
= LEAF + ZEIF =180° = 60° + LEIF =180° = ZLEIF =120°
Ma 141a phan giac cia ZEIF (tinh chat 2 tiép tuyén cat nhau)= LEIH = ZFIH = 60°
Xét tam gidc IHE ¢& HE = IH.tan 60° = IH/3 = EF =2HE = 2IH/3(3)
T gidc AMIN noi tiép (cm cu a) = LEAF + Z/NIM =180°(tinh chat tr giac noi tiép)
= ANIM =180°-60°=120°
Tam gidc IMN can tai I (cmt) nén dudng cao 7K dong thoi 1a phan giac
= ZNIK = ZMIK =60°
Xét tam gidc vudng NIK ¢ NK = IK.tan 60° = IK\/3 = MN =2NK =2IK~/3(4)
Lai c6 IH < IK (quan h¢ vudng goc, duong xién)

2 en \ , 1 1 M. MN* _ EF?
Dodotu(3)va(4)suyra EF<MN.Taco S,, = EIK.MN _LMN - MN

PEN RN N1

LEAF = 60° (gt ‘
(), auprF ddu ~ EF=AE =13

Xét tam giac AEF cO
AE = AF (cmt)

2
3 2
= S,y = (4 ﬁ) =L f Ma S =r3(emt) = S, > i(dfcm)

Céu V. (1,0 diém) Xét ba s6 thwe dwong x, y,zthéa man x* + * +z> < 14, Tim gia tri

K, . X . 1 1
nho nhat cua biéu thirc P=2x+y+48 +
d [\/ X+z Jy+2 J
Phé cin bang AM-GM va ap dung don bién bang cong mau, ta c6 :
1 4 4

= >
Jx+z 2\/4(x+z) x+z+4 - 1 N 1 S 16
1 4 4 4 Nx+z 1/y+2_x+y+z+10

Jy+2 B 2\/4(y+2) ’ y+2+4 - y+6

Pua x*+ )+ 2> <14 tlr bac 2 vé bac 1 béng BDT Bunhia copxki cho 3 sb, ta duoc :

(x+2y+3z) <(P+2°+3 )’ + )7 +27)< 14

Bién do61 béu thic P vé md hinh 1 bién nghich dao :
768 48.16

P>22x+y+———=3(x+y+z+10)+——
4 x+y+z+10 ( 4 )x+y+z+10

P2>2+43.48.16 -14-30=52

3(x+y+z+10)=

:(x+2y+3z)—30

48.16
x+y+z+10

> MinP=52<x+2y+3z=14x+z=4,y+2=6=>x=1Ly=2;z=3

=X:
2

X
d z
1 3



