LO1 GIAI PE THI CHON PQI QUANG TRI 2023 — 2024
Vong 1

Cau 1. Cho day sb (u,) duoc xédc dinh bai u, =§ vau,, = ,/Zuﬁ — 2”3*2 voi moi n>1.

a) Tim cong thirc s6 hang tong quat cua day sé (u,).

b) Tinh limg/u,.

Loi giai. a) Tur gia thiét ta co
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Suy raday (v,) véi v, =u; o 1a cap s6 nhan cong bdi 2. Nén

2 1

i
2n+1

1 1
=v,=2""y, =2 = |=2" =l =2
4 2"

Vay u, = 2”+%,Vn21.

b) Twr cau a) suy ra Q/E: n,/2” + 2n1+1 ,vn>1,

V&imoi n>1, taco n2“+%<\”/2”+2” =242 va n/2“+%>%/27“:2, nén 2<Q/E<2.Q@.

Mit khac, tir 1SQ/§=V”J§~\/§~1---1<M véi n du lén, va Iimmzl, ta suy ra
n n
lim¥2 =1 = limgfu? =2 = limgfu, =2.

Cau 2. Cho tam giac ABC (AB < AC)c6 I 1atam duong tron noi tiép. Al cat BC tai D, cit dudng
tron ngoai tiép tam giac ABC tai E# A Goi @ la duong tron qua C va tiép xdc véi AD tai D. @
cat duong tron ngoai tiep tam giac BIC tai F =C.

a) Chang minh EF*=ED.EA.

b) Chung minh CF di qua trung diém cua AD.
Loi giai. a) Tacdé ZEIC =%4A+%AC =/ECI nén El =EC.

Tuong tu, El = EB nén E chinh 1a tim dudng tron ngoai tiép tam

giac BIC.

Hai tam gi4c EDC va ECA ddng dang véi nhau nén
E:E: ED-EA=EC”.
EC EA

Do E latam cua (BIC) nén EF = EC. Suyra

EF2=EC?=ED-EA
b) Cach 1. Tir cAu a) suy ra EF 1a tiép tuyén caa duong tron =~
(ADF), nén ZFAE = /DFE.
Theo tinh chat goc ngoai cua tam giéc, ta co

/DFE = Z/FDA - ZFEl = ZFAE = Z/FDA - ZFEl.

Péy ring ZFDA= ZFCD (do DA la tiép tuyén cua (CDF)) va ZFEIl =2/FCI (tinh chat géc ¢
tam) nén

ZFAE = Z/FCD —2/FClI
= /ICD - ZFCIl = ZICA- ZFCI = ZFCA.



Suy ra ZFAE = ZFCA, nén AD ciing la tiép tuyén cia (AFC).

Goi M 1a giao diém cua CF va AD. Do AD Ila tiép tuyén chung cua (CFD) va (CFA) nén
MD? = MF - MC = MA? = MA = MD, hay CF di qua trung diém M cia AD.

Céch 2. Goi J 1a tam bang tiép géc A ciia tam gidc ABC. Do CI L. CJ nén (AD;1J)=-1.

Goi M latrung didm cua AD thi theo hé thicc Newton, MA? = MD? = M1 - MJ. Ma MD la tiép tuyén
cua (CDF) nén suy ra P(micor)) = P(urgicay SUY 1 M thudc truc dang phuong ciia (ICJ) va

(CDF), tic M eCF. Vay, CF di qua trung diém M cta AD.

Céu 3. Quanh mét cai ao hinh tron, ¢6 =2 vj tri, duoc danh s6 tir 1 dén n theo chiéu kim ddng hd.
Cac chu ech tinh nghich F,F,,...,F, ngoi vao n vi tri d6 sao cho chu éch F, ngoi ¢ vi tri thu i. Cac
cht éch lan lugt nhay xudng ao theo quy tac sau: chli éch F, nhay dau tién, sau d6 theo chiéu kim dong
ho ¢t cach mot ch éch thi chi éch tiép theo nhay. Qua trinh tiép tuc cho dén khi chi con lai mot chu
éch trén bo. Hay xac dinh chd éch con lai cudi cung do trong moi truong hop sau:

a) n=16.

b) n = 2023.
Lo giai. a) Theo quy tic, thir tw nhay cua cac chl éch 1a

F->FE->K—>.->F->F->FK->F->F,>F >F, >R

Vay chu éch con lai cudi ciing trén bo la F.
b) Ta chirng minh nhan dinh sau:
Néu c6 2" chti éch F,F,,...,F,, thuc hi¢n nhay xudng ao theo quy tac trén thi cha éch con lgi cudi
cung trén bo'la F,,.

Ta chitng minh nhan dinh trén bang phwong phap quy nap, theo n.
Véi n =1, nhan dinh ding. Gia sir nhan dinh ding véi n=k >1.
V6i n=k+1. RG rang, theo quy tic, cac chl éch c6 chi so lé nhay trude, cho dén khi tit ca cac ch
éch chi so Ié nhay hét thi mai dén cac chd éch chi so6 chan nhay.
Ma sau khi cac chi éch chi sé 1é nhay hét, trén bo con lai cac chd éch chi s6 chin, véi sé luong la
24— 2% = 2. Khong mat tong quat, ta dat tén lai cac chd éch nay béi G, = F,.

Do chi éch chi s6 I¢ cudi cting nhay xuéng I F., | nén theo quy tic, chi éch nhay tiép theo la
F,, tic G,. Llc nay, tinh hudng tré vé truong hop 2% chu éch. Theo gia thiét quy nap, chi éch con
lai cudi cung trénbo 1a G, tic F,... Nhén dinh duoc chimg minh.
Quay lai bai toan. Ta c6 2023 =999 + 2'°. Nhur vay, sau khi c6 999 chi éch nhay xudng ao ké tir chu
éch mang 40 s6 1 thi s6 éch con lai 1a 2'°. Ma chd éch nhay lan thir 999 1a F,,, do 2x 999 —1=1997,
nén sau lugt d6, chu éch F,,, nhay xudng va déng vai tro 1a chli éch nhay dau tién trong 2'° cha éch
con lai. RG rang trong s6 cac chi éch con lai, chi éch ké véi Fg theo chiéu ngugc kim dong ho la
Fees: NEN theo nhan dinh & trén, chd éch con lai cudi cing trén b 1a Fgg.

Cau 4. Cho k 1a mot sb nguyén dwong. Mot sé nguyén tb p duoc goi la k —tét néu ton tai cac sb

R . ca+b _a+bc ., X ‘ VR
nguyén duong a,b sao cho ca hai so6 va >— déu la cac s6 nguyén duong va nguyén t6 cling
p p

nhau vai p.
a) Chang minh rang khong ton tai s6 4 — tét, va ton tai vo han sé 2 — tét.
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b) Ky hiéu f (k) lasé cac s k —tét. Ching minh rang néu m,n 13 cac s6 nguyén duong 1¢ nguyén
to ciing nhau, thi f (mn)= f (m)+ f (n).

Loi giai. a) Trude hét, ta ching minh khdng ton tai s6 4 —tét. That vay, gia st p 1a mot s6 4 —tét.
4 4
. a +b

Néu pla thido pla+b nén plb. Suyra a*+b*ip*, nén ——— la mot sé nguyén chia hét cho

p?, tréi gid thiét. Do d¢, (a, p) =1. Tuong tu, (b, p)=1.

T a+b

€Z, suyra a=-b (modp)=a‘+b*=2b* (modp). Ma a*+b*ip, nén p| 2b*. Theo

trén, (b,p)=1 nén p=2.
4 4

Khi d6, a,b phai la céc s6 I¢, dan dén a*+b* =2 (mod4), tic la a +b ¢ 7, trai gia thiét. Vay,

khong ton tai sb 4 —tdt .
Tiép theo, ta chizng minh moi s6 nguyén t6 p déu la s 2 —tét. That vay, chon a= p,b = p® Khi
a+b a’+b’
d6 —=1+p,—
p

. . A2 . a+b Al N .
b) Trudce hét, f(1)=0,do véi moiso nguyén to p, néu —— nguyén va nguyén to cing nhau véi p
p

=1+ p* déu la cac s6 nguyén va nguyén té cling nhau véi p.

a+b
2

thi

¢ 7. Do d6, néu m hogc n bang 1, thi hién nhiéntaco f(mn)= f(m)+ f(n).
Vé&i m,n Ié >3, tacan bo dé sau.
B6 dé. Vi n 1é >3, f(n) chinh bing luc lwong cia tap hop S, = { pePlv,(n) :1}.

Chitng minh B6 dé. Gia st p 1a mot s6 n—tdt. Khi d6, a+b:p. Hon nita, bang lap luan nhu &
phan dau cia cau a), ta ciing co (a,p)=(b,p)=1. Cung véi n I¢, theo dinh ly Nang lity thira (LTE),
v, (a"+b")=v, (a+b)+v,(n).

Ma v, (a+b)=1, vp(an +b”):2 nén v, (n)=1.

Nguoc lai, néu p 1as6 nguyén té thoa man v, (n) =1. Chon a=Lb=p-1thiv,(a+b)=v, (p)=1
v, (a"+b")=v,(a+h)+v,(n)=2 nén p lamotsé n—tét. B dé duoc ching minh.

Vo (m) :1’Vp (I’l) =0
v, () =1, (m) =0
Suyra S, =S, US,. Hon nia, ta ciing ¢6 S, NS, =& do (m,n)=1, nén |S

f(mn)=f(m)+ f(n).

Tr6 lai bai toan. Do (m,n)=1nén peS < v, (mn)=1< < peS,us,.

|S,| +[S,|, hay

mn|_



