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SO GIAO DUYC VA PAO TAO PE TUYEN SINH VAO LOP 10
HANOI NAM HQC: 2023-2024
—— , MON: TOAN CHUYEN
[ PE CHINH THUC | Ngay thi: 12/06/2023

Thoi gian lam bai: 150 phat

Cau 1. (2,0 diém)
1) Giai phuong trinh v/x—3-+/2x—7 =2x-8
2) Cho a,b va c 14 cac sé thuc khac 0 thoa man diéu kién a>-c’=c,c>-b>=b Vi
b?-a’=a. Chting minh (a-b)(b-c)(c-a)=1.
Cau 2. (2,0 diém) ,
1) Cho ba so nguyén a,b va ¢ thoa mén a®+b*+c® —2abc chia hét cho 6. Chirng minh
abc chia hét cho 54.
2) Tim tat ca cap so nguyén duong (x,y) théa man x*y—x*y —4x* +5xy — y* =0.
Cau 3. (2,0 diem) , ,
1) Tim tat ca cap so nguyén (x,y) sao cho xy la so chinh phuong va x*+xy+y? la so
nguyén to. ’
2) Vi cac so thuc khdng am a,b va ¢ théa man a+2b+3c=1, tim gia tri lo6n nhat va
gid tri nhé nhat ciia biéu thic P =(a+6b+6c)(a+b+c).
Cau 4. (3,0 diém) Cho tam gidc ABC c6 ba goc nhon (AB< AC), noi tiép duong tron
(0).Ba dudng cao AD,BE va CF chia tam gidc ABC cling di qua diém H. Puong thang
EF cat duong thing AD tai diém Q. Goi M va | lan luot 12 trung diém cua cac doan
thang BCva AH. Puong thang IM cit dudng thang EF tai diém K.

1) Ching minh tam giac AEK dong dang vei tam giac ABM. , v
2) Puong thang EF cat duong thang BC tai diém s, duong thang SI cat duong thang

MQ tai diém T. Chang minh bbn diém AT,H va M clng thuoc mot duong tron.
3) Tia TH cat duong tron (O) tai diém P. Chang minh ba diém A K va P la ba diém
thang hang.
Cau 5. (1,0 diém) Cho 2023 diém nam trong mot hinh vuong canh 1. M6t tam giac déu
duoc goi 12 pha diém M néu diém M nam trong tam giac hoiac nam trén canh cuaa tam
giac.

1) Chitng minh tn tai tam giac d&u canh —— phu it nhit 253 diém trong 2023 diém

NG

da cho.
2) Chirng minh ton tai tam gi4c déu canh % phu it nhat 506 diém trong 2023 diém da

cho.
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] HUONG DAN GIAI CHI TIET
Cau 1. (2,0 diem)
1) Giai phuong trinh /x—-3 -+/2x-7 =2x-8
Lo giai
biéu kién: xz%.

X—3-2X+7

1) < =2(x-4
@) IX=3++/2x-7 (x=4)
4—X
= =2(x-4
\/x—3+\/2x—7 ( )
X =4 (TMDK) x =4 (TMDK)
g 1 = -1
=-2 X—=34+~/2x-7=— (2
IX=3+/2x-7 \/ \/ 2 2)
, | vXx=32>0 L. ) N L. ]
Taco véi moi x> N8N VX=3+2x—7 0> -2 V6i moi x>
J2x-7>0 2 2

Vay phuong trinh ban dau c6 nghiém x = 4. ‘
2) Cho a,b va ¢ la cac so thuc khac 0 thoa mén diéu kién a*-c’>=c,c>-b’=b va
b?-a®=a. Chting minh (a-b)(b—c)(c-a)=1.
Loi giai

a’-c’=c
Tacd i c’-b*=b=a+b+c=0

b*-a’=a
Taco a’-c*=ce(a-c)(a+c)=c=>(a—c)(-b)=c<b(c-a)
Tuong tuta €O c>-b*=b=a(b-c)=b;b*-a’*=a=c(a-b)=a
Do d6 b(c-a)a(b—c)c(a—b)=abc=(a-b)(b-c)(c—a)=1 (do abc =0).
Cau 2. (2,0 diém) ,
1) Cho ba so0 nguyén a,b va c¢ thoa man a”+b*+c*—2abc chia hét cho 6. Ching minh
abc chia hét cho 54.

c

Léi gidi
e Neéu a,b,c déeu khong chia hét cho 3 thi a®,b?,¢* chia cho 3 du 1.
2 2 ZZ o
o DS s voly)
abc/3
e Né&u a,b,c c6 mot hoic hai s6 khdng chia hét cho 3 va céc sé con lai chia hét cho 3
2 2 ZZ o
-8 +,b e 3:>|\/|Z3 (VO ly)
abc:3
Vay a,b,ci3= abci27 (1)
- 7 A A 9 N 2 2 2/2 A ’,
e Laico, néu a,b,c deu lé thi a +P TR M2 (vo ly)
2abc:2

Vay a,b,c €0 it nhat mot s6 chdn = abci2 (2)
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Tu (1) va (2) = abcis4 vi (2,27) =1.
2) Tim tat ca cip sé nguyén duong (x,y) thoa man x*y —x*y —4x* +5xy — y* =0.
Loi giai
Xy —x°y—4x> +5xy -y’ =0 xy(x2 —x+l):(2x—y)2 )]
Goi d=(x;y)=x=da;y=db V&i (a;b)=1va a,b,d nguyén duong.
Khi d6 (1) tro thanh d’ab(d’a’ —da+1)=d*(2a-b)’ < ab(d’a’—da+1)=(2a-b)".
Suy ra (2a-b)*ia va (2a-b)*ib
Taco (2a—b)*ia ma (a;b):1:>(2a—b;a):1:>((2a—b)2;a):l do d6 a=1.

b=1
Tur (2a-b)’ b = 4a*b ma (a;b)=1=4:b=|b=2 (do b>0)
b=4
+) TH1: a=b=1=x=y=d.
Thay vao gia thiét ta duoc d*-d*=0=d =1 (do d nguyén du’ong):{);j.
+) TH2: a=1b=2 khong théa mén.
+) TH3: a=Lb=4 suyra x=d;y=4d
Thay vao gia thiét ta dugc d*—d*=0=d =1(do d nguyén du’@ng):{;i.

Thir lai ta thay cap so (xy) e {(%1);(1,4)} théa man yéu cau bai toan.
Cau 3. (2,0 diem) , ,
1) Tim tat ca cap so nguyén (x,y) sao cho xy la so chinh phuong va x*+xy+y? la so
nguyeén to.

Loi gii

bat d :(x;y):{xizg V6i (a;h)=1

Suy ra M =x*+xy+y? :dz(a2+ab+b2)
Vi a*+ab+b?>3 nén d =1, suy ra (x;y)=1.
Ma xy 1a sé chinh phuong nén xy > 0;[x[,|y| déu 1a s6 chinh phuong = [x|=m?;|y|=n* Véi
m,neN.
M =m*+m’n’ +n* =(m*+mn+n”)(m* —mn+n?)
Néu x=0 hoac y=0 thi M khdng Ia s nguyén té nén x;ye N = mneN’
Do d6 m* +mn+n”>3
Ma M 14 s6 nguy@n t6 nén m’>—mn+n’ =1< m®+n’ +(m-n)’=2=m=n=1
Vay (xy) e{(£1);(-L-1)}.
2) V&i cac sé thuc khdng am a,b va ¢ théa man a+2b+3c=1, tim gié tri 16n nhat va gia
tri nhé nhét cua biéu thirc P =(a+6b+6c)(a+b+c).
Loi giai
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bat x=b+c
2x=1-a-c<l-a

{3x:1+b—a21—a

- Tim GTLN cua P

2
Ps(a+3)(1—a)(a+l_7aj:%(B—Za)(2+2a)s%.(3_2a22+2a) :%
Vay GTLN cia P :f_g.

Déu “=" xay ra khi va chi khi c:O,a:%,bzg

- Tim GTNN cua P
Pz[a+2(—a)}[a+1_—a}:l(2a2+5a+2)2g.
3 3 3

Déu “=" xay ra khi va chi khi a:b:O,c:%.

Cau 4. (3,0 diém) Cho tam gidc ABC c6 ba goc nhon (AB < AC), noi tiép dudng tron
(0).Ba duong cao AD,BE va CF clia tam gidc ABC cling di qua diém H. Duong thang
EF cit duong thang AD tai diém Q. Goi M va 1 lan luot 14 trung diém cua cac doan
thang BCva AH. Puong thang IM cat duong thang EF tai diém K.
1) Churng minh tam giac AEK dong dang véi tam giac ABM.

Loi gidi

I 12 tAm dudng tron ngoai tiép AFHE (noi tiép)
M la tdm duong tron ngoai tiep BFEC (ndi tiep)
IM L EF
=
EK = KF
= AAEF # AABC (BFEC (nt))

(duong ndi tam)
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AE EF 2KE KE
—JAB BC 2BM BM
AEF = ABC

— AAEK # AABM
2) Puong thang EF cat duong thang BC tai diém s, duong thang SI cat duong thang
MQ tai diém T. Chang minh bbn diém AT,H va M clng thuoc mot dudng tron.

Loi gidi

C6 AEH = AFH =90° suy ra tir gidc AEHF noi tiép duong tron tdm 1 duong kinh AH.
C6 BEC =BFC =90° suy ra t&r gidc BFEC noi tiép duong tron tdm M duong kinh BC.

Suy ra IM LEF tai K hay SK L IM.

Suy ra Q la truc tm cta AISM = MT L ST tai T.

Ta cd MTI =MDI =90° = T gi4c ITDM noi tiép dudng tron duong kinh IM ()

Taco IA=IE = AIEA can tai | = MEC = MCE.

Ma TAE + MCE =90° suy ra IEA+MEC =90° suy ra MEI = 90°.

Tuong tu ta ciing ¢ MFI =90° do d6 E,F clng thudc dudng tron duong kinh M. (2)
Tur (1) va (2) suy ra cac diém 1,T,F, M, E clng thudc duong tron duong kinh 1M,

Suy ra QT.QM =QE.QF.

Lai c6 tr gidc AFHE noi tiép suy ra QF.QE = QH.QA.

Tir d6 suy ra QT.QM =QH.QA suy ra ta gidc ATHM noi tiép.

3) Tia TH cét duong tron (0) tai diém P. Chang minh ba diém A,K va P 14 ba diem
thang hang.
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TacO AO L EF
AAEF # AABC

= KAO = DAM = DAK = MAO = AMI (IM || AO)

C6 AMI = AMT —TMI = AHT - IDT =DTH (do ATHM ndi tiép; TIMD nédi tiép)
Trén tia d6i HT lay diém P sao cho ATDP' noi tiép = DAP'= DTH = AMI = DAK
= A, K,P' thang hang (1)

Do ATDP' ndi tiép = HT.HP' = HD.HA = HB.HE = HC.HF

— BP'ET ndi tiép = TP'B=TEH

Tuong tu: TP'C =TFH

Ta co: FTE = FIE =2BAC (do FTIE ndi tiép)

= TEH + TFH =360’ — FTE - FHE =360’ — 2.BAC —(180° - BAC ) =180° - BAC

— BP'C=TP'C+TP'B=180"-BAC

= BP'C + BAC =180"

— ABP'C Nnoi tiép = P'c(0)=P'=P (2).

Tur (1) va (2) tasuy ra A K,P thang hang.

Cau 5. (1,0 diém) Cho 2023 diém nam trong mot hinh vudng canh 1. Mot tam giac déu
duoc goi la phu diém M néu diém M nam trong tam gidc hoac nam trén canh cua tam
giac.

1) Chiing minh ton tai tam gi4c déu canh % phi it nhét 253 diém trong 2023 diém da
cho.
Loi giai
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a) Dung 8 tam giac déu cd canh bang % phi hoan toan hinh vudng nhu hinh vé duéi do

2023=252.8+7 nén cO it nhat mot tam giac déu phu it nhat 253 diém.

2) Chting minh ton tai tam giac déu canh % phu it nhat 506 diém trong 2023 diém da
cho.

Lo giai
Dung MNP tam gi4c déu c6 canh bing % di qua thm ocua hinh vuéng nhu hinh vé duéi
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Taco: INc—— —nNB=2__1 \a AQ=MA.\/§=[E—1—L}/§ ta thdy AQ>NB nén

23 2 243 12 2 23
bén tam giac déu cd canh bang % pha kin hinh vudng cé canh bang 1. Mt khéc ta c6

2023 =4.505+3 Nén c6 it nhat mot tam giac déu pha it nhat 506 diém.
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH LOP 10 THPT
HA NOI NAM HOQC 2023 - 2024
Mon thi: TOAN (chuyén Toan)
PE CHINH THUC Ngay thi: 12/6/2023

Thaoi gian lam bai: 150 phat

Cau | (2,0 diém)
1) Giai phuong trinh +/x-3-+/2x-7 =2x-8
2) Cho a,b,c la cac so thuc khac 0 thoa man diéu kién a® —c* =c,c® —b® =b,b’ —a’ =a

Chang minh (a-b)(b-c)(c-a)=1.
Cau Il (2,0 dgiém) , ,
1) Cho 3 s0 hguyén to a,b,c thoa mén a* +b* +c¢* —2abc chia hét cho 6. Chirtng minh
abc chia hétcho54.
2) Tim tat ca cac cap so nguyén duong (x,y)thoa man x°y —x*y —4x* +5xy — y* = 0.
Cau 111 (2,0 diém) , ,
1) Tim tat ca cac cap so nguyén (x,y) sao cho xy la so chinh phuong va x* + xy + y*
la 56 nguyén to. ,
2) Vi céc so thuc khdng &m a,b,c thoa man a+2b+3c=1.Tim gia tri I6n nhat va
gid tri nhé nhat cia biéu thic P = (a+6b+6c)(a+b+c).
Cau IV (3,0 diém) ’
Cho tam giac ABC c6 3 goc nhon (AB < AC), noi tiep duong tron (0) . Ba duong
cao AD,BE,CF catnhautai H. EFAAD=Q. M,I lan luot 12 trung diém cua BC, AH .
IM NEF =K. ‘
1) Chtrtng minh AAEK dong dang voi AABM. ‘
2) EF nBC =SSl "MQ=T. Ching minh A,T,H,M dong vién.
3) Tia TH cat (O) tai P. Chiing minh A K,P thang hang.
cauV (1,0diem) ‘
v Cho 2023 diém nam trong 1 hinh vudng canh 1.Mot tam giac déu dugc goi la phu
diém M néu diém M nam trong tam giac hoac nam trén canh cua tam giac.

1) Chang minh rang ton tai 1 tam giac déu canh % phu it nhat 253 diém trong 2023
diém da cho.
2) Chting minh rang ton tai 1 tam giac déu canh % phu it nhat 506 diém trong 2023

diém da cho.

Thi sinh khong dwgc sir dung tai li€u. Can b coi thi khong gidi thich gi thém.
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2. PHAN LOI GIAI

Cau 1 (2,0 diém)
1) biéu kién xac dinh x z%

Str dung nhan lién hop, ta c6 phuong trinh ban dau twong duong véi

X—3—=2X+7

=2X—-8
IX=3++/2x-7

Chuyén vé, rdt nhan tir chung ta duoc

(x—4)(2+ L j:o

IX=3++/2x-7

Tacd Vx—-3>0,4/2x—-7 >0 nén 2+ L >0 V&I mol xzz,kéotheox=4(
JX=3++/2x-7 2

thoa man diéu kién xac dinh )
Viy phuong trinh da cho c6 nghiém duy nhét x = 4

2) Theo dé baitacod a® —c*+c*—b°=c+b va a,b,c20nén a’*-b*=c+b.Néua+b=
0 thi a = -b. Tuy nhién khi d6 a=b*—a* =0 la trai gia thiét. Do d0, ta phai c6 a+b =0

X - c+b
dantéi a—b=——
a+b
s . c+a . a+b
Hoan toan tuong tutacO b—-c=——vac—-a=——
b+c c+a
Tu day ta suy ra

c+b c+a a+b
—b)(b- —-a)= . . =1
(a )( C)(C a) a+b b+c c+a

Pay chinh 13 diéu phai chirmg minh
Cau 2 (2,0 diém)

1) Néu ca bas6 a,b,c déu lé thi a® +b? +c? - 2ab s& I¢ va do d6 a* +b” +¢* — 2ab khdng
chia het cho 6, trai gia thi€t. Do do, trong ba so a.b.c phai co it nhat mot s6 chan, nghia la
abc chia hét cho 2
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Néu abc khdng chia hét cho 3 tac 1 trong 3 s6 a,b,c khdng c6 sb nao chia hét cho 3, dan
t6i a®=h?=c*=1 (mod 3). Vi @’ +b* +¢” — 2ab chia hét cho 3 nén -2ab ciing chia hét
cho 3, vo li vi a.b.c déu khéng chia hét cho 3. Do d6, ta phai cé abc chia hét cho 3. Tur day
ta c6 ngay a*+b’ +¢? chia hét cho 3. Vi s6 chinh phwong khi chia 3 thi du chi ¢6 thé la
0,1 ca 3s6 a%b?,c? phai chia hét cho 3 kéo theo a,b,c déu chia hét cho 3. Khi d6 abc chia
hét cho 27

Vi (27,2) = 1 nén abc chia hét cho 27.2 = 54. Phép chang minh hoan tat
2) Phuong trinh dé cho dugc viét lai thanh

yz—(x3’—x2+5x)y+4x2 =0
Coi phuong trinh trén 1a phuong trinh bac hai an y, tinh biét thic

A:(x3 —x? —5x)2 ~16x* = xz(x2 - x+1)(x2 -~ x+9)
Diéu kién can dé phuong trinh c6 nghiém y nguyén 1a A 1a s6 chinh phuwong. Suy ra
(x2 — X +1)(x2 — x+9) la s6 chinh phuong ( do X nguyén duong nén x2>0). Vi
X* = x+1=x(x—-1)+11as lé vanéu goi d =ged(x* —x+1,x* - x+9) thid I¢ va
d(x* - x+9)—(x’ —x+1)=8 néntaphai co d = 1. Suy ra x* - x+1,x* - x+9 déu la cac
s6 chinh phuong. Ma
(x—l)2 <X —x+1<(x+1)2

nén x> —x+1=x* va tim duwoc x = 1. Thay x = I tim dugc y = 1, y = 4. Vay phuong trinh
da cho c6 hai nghiém nguyén duong (x,y ) la(1,1)va(1,4)
Cau 3 (2,0 diém)
1) Bt xy =2 véi zeN thi x®+xy+y?=x*+y?+ 22 =(x+y) -2 =(x+y—2z)(x+y+z) Ch
y 12 xy = z2 >0 nén x,y ¢ cling phia vai 0. Va néu cap ( x,y ) thoa man thi cip (-x,-y ) ciing
thoa man, do d6 ta chi can xét x,y>0.Khido x+y+z>x+y—z vado x®+ y? +z2 lasd
nguyén t nén ta phai co x+y+z=1x>+y?+z2=x+y+z. D0 x,y,ze N nén
X*>X,y°>Y,2° > 7 nén dé c6 ding thiac x>+ y> + 2> =x+ y + z thi
X*=X,y*=Y,2° =2.Vay, c6 hai cap (xy) 1a (1,1),(-1,1)

2) Theo bat dang thic Cauchy-Schwarz, ta c6
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2
gP2(%a+3b+3cj(3a+3b+30)2(\/§a+3b+3c] 2(a+2b+3c)2=1

Suyra P 2% Dau bang xay rakhi a=b=0, ¢ =%. Vay gié tri nho nhat caa P 14 %

Lai c6, theo bat dang thirc AM-GM thi

4P=(a+6b+6c)(4a+4b+4c)<(a+6b+60+4a+4b+4c)2 3 25(a+2b+3c)’ 25

4 B 4 4

kéo theo P <22
16

Dau bang xay ra khi va chi khi a:%,b :g,c:o. Vay gia 16n nhat caa P 14 %

Cau 4 (3,0 diém)

1) Xét cac tam giac BFC va BEC lan lugt vudng tai F va E véi cac trung tuyén twong tng
la FM va EM, khi d6 ta dwgc FM = EM = %BC. Tuong tu, xét cac tam giac AFH va AEH

lan luot vudng tai F va E véi cac trung tuyén twong tng la FI va El, khi d6 ta ciing dugc FI
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=El = % AH. Nhu vay, Ml 1a duong trung truc caa EF, vi thé K 1a trung diém cua EF. Mat

khéc, lai chl y ring AAEB~AAFC(g.g) nén ta dugc %zﬁ_z, kéo theo

AAEF ~AABC (c.g.c). Tir d6 ta thu dugc AEF =ABC va AE _EF _2EK _EK p, g4,
AB BC 2BM BM

AAEK ~AABM (c.g.c)

2) Xét AIsM vai ID L SMvaSK L IM (vi Ml Iatrung truc cua EF) vi thé Q la truc tim
cua AIsM . Nhu vay, MQ = MT L Sl va tur @6 ta duoc ITM =90°= IEM = IEM . Do do,

nam diém I TEFM cung thuoc mot duong ;ron va dan dén QT.QM = QE.QF. Mit khac,
lai chi'y rang tur giac AEFH la ta giac ndi ti€p, ta cling c6 QE.QF = QA.QH. Nhu vay,
QT.QM = QA.QH, vi vay bon diem A, T,H,M cung thuoc mot duong tron

3) Trén tia TH lay mot diém P’ sao cho HT.HP” = HA.HD. Khi do, ta ciing dugc HT.HP” =
HB.HE = HC.HF va do d6 cac tt giac TBP’E va TCP’F 1a cac tt giac noi tiép. Khi do, ta
c6 BP'T =BET =HET va CP'T =CFT = HFT . Tir d9, cha ¥ ring t& giac TIEF noi tiép
nén EFT = EIF = 2BAC , ta thu duoc

L — — e~ e~

BP'C=BP'T +CP'T = HET + HFT =360° — EHF — EFT
= 360° - (180° — BAC ) - 2BAC =180° - BAC

Do d6 P'e (O) va kéo theo P'=P. Nhu vay, HA.HD = HT.HP nén t& giac ATDP noi tiép
va DAP = DTH . Mit khéc, ta c6 cac két <t qua quen thuoc BAO =CAH va AO L EF, két

— — e~ e~

hop véi AAEK ~AABM | ta thu dugc OAM = BAO — BAM =CAH + EAK = DAK vaIM //
AO (L EF). Lai chay ring céc tir gihc ATHM va ITDM Ia cac tt gidc noi tiép, ta duoc

DTH = AHT — IDT = AMT — IMT = AMI = OAM = DAK
Do d¢, DAP = W,tl‘r do suy ra A,P,Kthéng hang
Céu 5 (1,0 diém)

X A s s 1
1) Moi mot phan déu la tam gidc vubng can vai do dai canh bén bang >

Theo nguyén 1y Dirichlet, ¢6 2023,diém duoc phan b vao trong 8 phan nhu hinh vé trén
nén ton tai mot phan cé chaa it nhat

[2(;23} +1=253 diém
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7 = 7 7 A - A -7 A A s S 1 y ’ A « R \
NGi cach khéc, ton tai mot tam giac vudng can co canh bang > chura it nhat 253 diém. Ma
-7 A A 7 A N 1 N o~ I A .7 A z M
tam giac vudng can c6 canh bén bang Ethl sé chura trong mot tam giac déu ¢ canh bang

1 ) . .
—, ta ¢ diéu phai ching minh
NG p g
2) Goi hinh vudng dugc cho la ABCD véi tam O. Ta st dung hai duong vuong goc IF,EG
di qua O va tao vai cac canh mot géc 60° dé chia hinh vudng thanh 4 tir giac AIOG, BIOE,
CEOF, DFOG nhu hinh vé

N A H 1 p
o
G
0
E
M s
D F C

Theo nguyén 1y Dirichlet, c6 2023 diém duoc phan bd vao trong 4 phan nhu hinh vé& trén
nén ton tai mot phan phu it nhat
[%} +1=506 diém

Khong mat tinh tong quaét, gia st t giac AIOG phu it nhat 506 diém. Ta dung tam giac déu
IMN sao cho Ae IN,Oe IM va G e MN nhu hinh vé. Ké OH L AB. Tacé

Ol = _OH = 1/2 = L .TlIO’l’lgtl_IOG=i.TalaiCCl) OM = OG =1/\/§=1.
sin60° /372 3 J3 tan60° /3 3
Suy ra
IM =01 +OM :i+1<E
J3 31
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Nhu vay tam giac déu IMN c6 canh nho hon % suy ra ton tai tam giac déu phu toan bo

tam giac déu IMN. Tam giac déu ay do d6 phu toan bo tir giac AIOG, suy ra nd ciing phu it
nhat 506 diém d
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