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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Dé ngay 30/8

Bai 1. (5,0 diém)

Z 1
Cho day s6 (z,,) xac dinh béi 1 = 2 va x,,41 = 2, + — v6i (n € N¥).
Ln
a) Tim : lim In

N

b) Tim tat cd cac s6 tu nhién k sao cho day s6 (y,) xac dinh bdi:

1\ 1\ 1"
Yp = (_> + (-) + -t (—) v6i n > 1, la day bi chan.
1 o Tn

Bai 2. (5,0 diém)

Tim tat ca cdc ham s6 f : R — R thod man:

f@)f(yf(z)—1) = f (z%y) — f(z) v6i moi z,y € R.

Bai 3. (5,0 diem)

a) Cho p 1a mot s6 nguyen t6 1¢. Chiing minh rang:
(202 —1)" (¢! —2) — 2=1* 4 9 chia hét cho p?

b) Cho n la mot s6 nguyén 16n hon 7. Chiing minh rang ton tai s6 nguyén duong
a sao cho 2a < n va 4a® 4+ n 14 mdt hgp sob.
Bai 4. (5,0 diém)
Cho tam gidc nhon ABC' (véi AB < AC') noi tiép duong tron (O), ¢6 I 1a tam duong
tron noi tiép. Duong tron bang tiép géc A clia tam giac ABC c6 tam 1a J va tiép
xtc v6i duong thang BC tai diém D. Goi E, F theo thit ty 1a trung diém cta ID, JD.
Duong tron c6 dudng kinh 13 AF cit dudng tron (O) tai diém thit hai G khac A. Chiing
minh rang: IDB = AGE.

e Thi sinh KHONG dugc st dung tai lieu va méy tinh cam tay..

e Giam thi KHONG giai thich gi them.
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Dé ngay 31/8
Bai 5. (7,0 diém)
Cho 2023 sb thue ay, as, ..., a3 thoa méan

a; + ag + -+ - + aspe3 = 0.

a) Chiing minh rang, ton tai cac s6 nguyén duong i < j < 2023 sao cho:

af 4 a3 + - - - + a9
2023

CLZ'CL]‘ S —
b) Gid stt rang by, ba, . . ., bagas 1 céc s6 thuc sao cho bat dang thiic

(x1 — CL1)2 + - 4 (2023 — CL2023)2 < (x1 — 51)2 + -+ (w9023 — 52023)2

ding v6i moi bo 2023 s6 thuc (1, ..., T2023) thod man x; < 9 < -+ < Toge3. Chiing
minh rang:
ay+---+ap <b+---+b,véimoi k=1,2,...,2023.

Bai 6. (6,0 diém)
Cho s6 nguyéen duong n va mot bang 6 vuong (2n+1) x (2n+1). Tim s6 nguyén duong
k 16n nhat sao cho: ¢6 thé dit k vien bi vio k 6 clia bang da cho, mbi 6 khong qua 1
vién bi va dong thoi trong mdi bang con 2 x 2 clia bang 6 vuong da cho luon c6 khong
qua 2 vién bi.
Bai 7. (7,0 diem)
Cho tam giac nhon ABC' (v6i AB < AC) noi tiép dudng tron (O) va c6 tryc tam 1a H.
Goi M la diém chinh gitta cung BAC ciia duong tron (O). Duong thang qua O song
song voi AM cat HM tai K. Goi E, F tuong ting 1a hinh chiéu vuong goc clia K trén
AC, AB. Goi N la trung diém H M. Chitng minh rang:

a) B,C,0, K cung nam trén mot duong tron.

b) K, E, N, F la cac dinh ciia mot hinh binh hanh.

e Thi sinh KHONG dugc sit dung tai lieu vi may tinh cam tay.
e Giam thi KHONG giai thich gi them.
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Dap an ngay 30/8

Bai 1. (5,0 diém)

Z 1
Cho day s6 (z,,) xac dinh béi 1 = 2 va x,,41 = 2, + — v6i (n € N¥).
Ln
a) Tim : lim

NG

b) Tim tat cd cac s6 tu nhién k sao cho day s6 (y,) xac dinh bdi:

1\ 1\ 1"
Yp = (_) + (-) + -t (—) v6i n > 1, la day bi chan.
1 o Tn

Loi gidi.

a) Cach 1: (dung nguyén lyj kep)
1 .

bat f(x) =x+ —, ta c6 x,41 = f(x,). Xét ham s6 f(x) trén khodng (1, +00).
x

) 1 r? —1
Ta c6: f'(x )—1—?: o
Suy ra ham f dong bién tren (1, +00).

> 0, Vz € (1,400).

Gio ta sé di chitng minh v/2n < z, < v/2n + 1, v6i moi n € N* (I) bang phuong
phép quy nap.

Véin =1:tacé V2 <z =2 <2+ 1, suy ra ménh dé (I) dang v6i n = 1.

Gia st ménh dé (I) dang véi n = k > 1, hay v2k < x;, < v/2k + 1, ta chiing minh
meénh dé (I) ding v6i n =k + 1, titc 1a \/2(k + 1) < 241 < /2(k + 1) + 1.

That vay, ta c6 zp1 = f(xp), v6i V2k < xp < V/2k+1. D& thay (V2k,vV2k + 1) C

(1,4+00). Ma ham s6 f dong bién trén (1, +o0c) nén ta biét rang:

f(V2k) <xps < f(V2k+1)
Nén ta chi can chitng minh f(v/2k) > 1/2(k + 1) va f(V2k +1) < /2(k+1) + 1
la du.
Ta co:

F(V2k) > \/2(k + 1)

1 2k +1
S V2k+—>\V/2k+1) & >
vV 2k ( ) v 2k

& (2k +1)? > 4k(k 4+ 1) < 1 > 0 (hién nhién ding)

2(k + 1)
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Va

<V2k+1)+1

1
S V2%k+ — <20k + 1
V2k 4+ 1 ( )

@2k+\/ﬂ+1 _
V2k +1
&2k +14+V2%k < 2Vk(k+1) +/2(k+ 1)

& WVE+1-VE)? -V2(VE+1-Vk) <0
o (VE+1-VE)VE+1-VE—-V2) <0

@(\/ﬁ—\/%)( —f2)<o (1)

2(k + 1)

1
VE+1+VE

Bat déng thic (1) luon dang vi vVE + 1 — vk > 0 va

1
mwﬁﬂ—f

Vay ta c¢6 f(v2k) > /2(k +1) va f(vV2k +1) < 1/2(k + 1) + 1, dan t6i meénh dé

(I) ding v6i n = k + 1. Theo nguyén 1y quy nap ta dugc v/ 2n < x, < V2n+ 1, véi
moi n € N*,

Khi do, v6i moi n € N*, ta co

\/§ Ty V 2n + 1
\/_ \/_
Ma
V2 1
lim v2= lim Y20 5
n—-+o00 n—-+o00 \/ﬁ

Vay theo nguyén 1y kep ta thu dugc lim In V2.

Vn
Cadch 2: (dung dinh ly Stolz-Cezaro)
Dé thay rang (z,) la day tdng ngat, ta gid st rang (z,) c6 chin tren.
Khi d6, theo Weierstrass, thi (z,,) sé c6 gi6i han hitu han. Goi limz,, = L € R, thi
L phai thoa: ,

1
L=L+====0(vol§
-|—L=>L 0 (vo 1y)
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Vay theo nguyén 1y phén ching, (z,) khong bi chan trén, tic limz, = +o00.
1 1 1
Ta lai ¢6: 2., = ($n—|——> :$%+2+_2 :>:B%+1—a:%:2—|——2
n Xy, Ty,
1
= lim(22,, — 22) = lim (2 + —2> =2 (do limz,, = +00)
xn
2
= lim (%) = lim(z2_, — 22) = 2 (theo bo dé trung binh Cezaro)
Ln

b) Dau tién, ta sé chiing minh bo dé sau (Su hoi tu ciia ham zeta Riemann):

Goi ham zeta Riemann cta s, v6i s > 0 la ham dugc dinh nghia nhu sau:
=1
((s) = Z =
n=1

Khi d6, ¢(s) bi chan trén, tic hoi tu khi va chi khi s > 1

Chiing minh: Xét s > 1, ta c6 bién doi:

1

)

V6i 0 < s <1, thi ta lai co6:

d)—14—1+ SR Y R L
AR TR TN ETRVE 5 6 T s )

N TTREE (S B (I S IS I S I S
2 " \171 8 8878 T Ty Ty e

= ((s) < , Vs > 1, titc {(s) bi chan trén, dan dén viéc hoi tu.
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

= ((s) = 400, Vs <1, tic ((s) phan ky, khong bi chan trén.
Ta chitng minh xong b dé.
V6i bo dé da chitng minh xong, ta bat tay vao bai.

Tu cau a, ta co: limﬁ:ﬁjﬂNeNdﬁléndé:

N

1 1
1<—<2<:>—<—< Vn > N

Vn 2vn Vi’

Khi do6, xét k > 2, v6in > N, ta dugc:

0 2GS0 S0 56

i=1
. k _ PN )
Vik>2< 3 > 1, nén theo bo de, ta co:

—+00 1 k 400 1 /{
—_— — _— = - bl ].flv t 6
S (75) =2 (55) =¢(5) vt cham e

Jj=1 J

n k +o00 k
PN 1 1
Ma ta lai biét rang : <—> < (—)
j;v Vi ; Vi
1N o . )
= Z — | Dbi chin trén v6i moi n = (y,) bi chin trén
Ngugc lai, xét k£ < 2, khi do, v6i n > N, ta co:

n lk; N-1 1 k n 1k N-1 1 k 1 n 1 k
R R RO E
i—1 \Ti iz \Ti =N \Ti —1 \Ti 2\ = Vi

7

k s
Vik§2(:)§§1, nén theo bo de, ta co:

400 1 k 400 1 k
— | = — | = <—> khong bi chan trén
> (7) -2 () =<z

n k
1 1
= lim = (—) = +o00 = lim y, = +00 = (y,) la day khong bi chin.
2\ = \Vi

n—oo
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Vay, (y,) sé bi chan khi va chi khi k& > 2, titc tat ca gia tri k¥ dé (y,) bi chan 1a moi
sO tu nhién k£ > 3.
Nhan xét bai 1.

a) Cdch 1: Dung nguyén ly kep

Gan nhu moi bai toan tinh giéi han ctia day s6 thong thuong, déu cé thé xi 1y
bang nguyén 1y kep. Bai nay ciing khong ngoai 1é. Cach gidi trén cho thay kha ning
clia viec tan dung nhing kién thic toan co ban trong THPT (xét ham, dao ham, quy
nap, ...) dé gidi nhiing bai toan khé khi khong c¢6 huéng xac dinh. K§ niang nay sé rat
hitu dung trong nhitng k¥ thi, vi doi khi giai dé khong can nhitng bo dé, dinh 1y cao
siéu, ma yéu cau khai thac triet dé nhimg kién thic cin ban !

a) Cdch 2: Dung Dinh ly Stolz-Cezaro

Bai toan thudc vao 16p bai toan tng dung Stolz-Cezaro tuong déi kinh dién. Cu
the la:

Cho day s6 (x,) théa man: z,,1 = x, + 27, Vn € N*

z x o e ~
Hay tim b sao cho day so {—Z} c6 gi6i han hitu han
n

b) Tit cau (a), dé bai clia cau b dan dén bo dé vé ham zeta Riemann tuong doi ti
nhién. Tuy nhién, viéc chua biét dén bd dé nay sé 1la mot trd ngai 16n doéi véi bat ky
thi sinh nao muén chinh phuc cau nay. Y tudng ching minh bé dé dua tren mot cach
chiing minh bang danh gia ctia viéc diy diéu hoa tang dén vo cuc, tic:

1 1 1 1 :
l+-+-+-+--+——+ookhin — +oo
2 3 4 n
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Bai 2. (5,0 diém)

Tim tat ci cidc ham s6 f : R — R thod man:

f@)f(yf(z)—1) = f (z%y) — f(z) v6i moi z,y € R.

Loi giai.

Gia st ton tai ham s6 f thoa dé. Xét f(x) la ham hang, ta thay f(z) = 0 1a mot
ham s6 thoéa man. Xét f khac hing

Thay © =y =0 suy ra f(0)f(—1) =0« f(0) =0 hodc f(—1) = 0.

THI: f(—1) =0, thay y = 0 suy ra

f(@)f(=1) = f(0) = f(x), Vo e R
< f(x) = f(0), Yz € R (loai)
TH2: f(0) = 0.
Gia su ton tai k sao cho f(k) = 0, thay x = k cho ta

f(E*y) =0, ¥y e R.

Néu k # 0 thi f(z) = 0 (loai).
Néu k = 0, ta %u’oc f don anh tai 0.
Thay y thanh — (z # 0) suy ra

x

s (12 1) = 0.

Do x # 0 suy ra f(z) # 0 (do f don anh tai 0) dan dén
f<@— )zO, Vo # 0

x
) L flx) _
Két hgp f don anh tai 0 suy ra —1=0« f(z)=uz, Vo #0.
x
Lai ¢6 f(0) =0 suy ra f(z) =z, Vz € R.
Thit lai ta thay c¢6 hai ham s6 thoéa dé 1a f(z) =0 va f(x) = z,Vz € R.

Nhan xét bai 2. Day 14 mot bai toan phuong trinh ham trén tap sé6 thuc kha co ban,

chi van dung cac tinh chat ctia anh xa dé giai quyét.
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D& TST Kien Giang 2023 - 2024 30/8/2023 - 31/8/2023

Bai 3. (5,0 diém)

a) Cho p 1a mot s6 nguyeén t6 1é. Chitng minh rang:
(2072 — 1)p (2! —2) — 2(=1)* 1 9 chia hét cho p?

b) Cho n 1a mot sé nguyén 16n hon 7. Chting minh réng ton tai s6 nguyén duong

a sao cho 2a < n va 4a® + n 14 mdt hop sob.
Loi gidi.
a) Theo dinh Iy Fermat nhd, ta c6: 2°"* = 1 (mod p)
Vi (271 p3) = 1 (do 2 s6 nay khac tinh chén 1&) nén thay vi chiing minh:

PP (20— 1)" (20 = 2) — 2 49
Ta sé di ching minh:
P2 (22— 1) (2 - 2) - 2 4 2)
Ta c6:

i ((279—2 — )P (2 —2) — 2V 4 2)

— (201 —2)P (20 — 1) — 2 Vel o
Dat 207! — 1 = kp, ta c¢6 bién déi:
(201 =2)" (2 — 1) = (kp — 1)" (2kp + 1)
— (zp: O;kipi(npi) (2kp + 1)
i=0

= (kp* — 1)(2kp + 1) (mod p?)
= kp? — 2kp — 1 (mod p?)

Ta lai co:
p . . . .
or(P=1) — (2p_1)p = (kp+ 1) = E C’;)kzpz(l)p_Z

i=0
= kp* + 1 (mod p?)
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Nén:

(20! —2)" (20 — 1) — 2 VTl gp
= kp? — 2kp — 1 — 207 7=1 4 99 (mod )
= Jp? — 2kp — 1 — 207077 4 9kp + 2 (mod p?)
= kp> + 1 — 22071 = 0 (mod p?)

Vay ta da ching minh dugc:
PP (2772 1) (2t —2) — 27V o

tiic diéu can ching minh.

b)

e Néu n 1a hgp s6, khi d6 uéc nguyén t6 bé nhat ciia n khong vugt qua /n. Dé
n—1

dang chiing minh duge /n < , v6i n 14 s6 nguyeén 16n hon 7. Vi vay, khi dé ta

chon a bang uéc nguyen t6 bé nhat ctia n 1a d, thi 4a® + n chia hét d va 4a® +n > d
dan dén 4a® + n 1a hop s6.
e Néu n la s6 nguyeén to, vi n 16n hon 7 nén n c¢6 thé c6 dang 4k + 1 hoac 4k — 1,
k € N*.
> Néu n = 4k + 1, ta chon a = k thi 4a® + n = (2k + 1)? 1a hop s6.
>Néun=4k—1,vin>7nén k > 2.
o Néu k c6 u6c nguyen t6 1é m, chon a = mT—l’ khi d6 4a®+n = m?—2m+4k
chia hét cho m va 16n hon m dan téi 4a® + n 1a hop s6.
o Néu k khong c6 wée nguyeén t6 18, tidc 1a k = 2%, s € N*. Ta co n = 2572 — 1
1a s6 nguyén t6, suy ra s + 2 1a s6 nguyén to, suy ra s 1a s6 1&. Ta c6 cac TH sau:
+) s = 4t+1,t € N*. Ta chon a = 227!, khi d6 4a®+n = 244243 -1 =
0.2 1 =(32% —1)(322% + 1) la hop s6 (vi3.2% —1>322— 1> 1),
+) s = 4t+3,t € N*. Ta chon a = 2% suy ra 4a’>+n = 24242145 1 =
0.2942 1 = (3221 _1)(3.22*1 4 1) Ia hop s6 vi 3.221 — 1 > 1).
Vay moi truong hop déu da duge chitng minh, bai toan da dudc giai quyét tron ven.
Nhan xét bai 3.

a) Cau a y tudng kha ro rang, vi p 1a s6 nguyeén t6 1&, nén 2 nguyeén t6 cling nhau
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v6i p va ta c6 2P~ — 1 chia hét cho p theo Fermat. Gi ta chi viéc tim céch dé khai thac
thong tin nay. Vi vAn con phan tit 2°~2, nén ta nhan 2°~! dé moi sé mii ctia 2 déu 16n
hon hodc bang p — 1. Dat 2! — 1 = kp, va bién doi, va 10i gidi sé dan hién ra. Theo
minh, thi bai toan nay khong qua ning vé ki thuat, ma can sy "diing cdm" trong bién
d6i dai sb.

b) Cau b thi viéc tim a trong truong hop n 1a hop s6, va n 14 s6 nguyeén t6 dang
4k + 1 tuong do6i don gian. Viec kho 13 tiép tuc nhu thé ndo. Xét dén ude clua k, sé 1a
diéu hgp 1y tiép theo, vi trong khi nhap, ta dit a 13 mot ham theo k, thi hoan toan
khong thé phan tich 4a®+n thanh nhan tit. Cac budc tiép theo sé dan tré nén tu nhien

hon sau khi ta c6 nhan xét nay.
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Bai 4. (5,0 diém)

Cho tam giac nhon ABC (v6i AB < AC' ) noi tiép duong tron (O), c6 I 1a tam duong
tron noi tiép. Duong tron bang tiép goc A clia tam gidc ABC c6 tam 1a J va tiép
xtc v6i dudng thang BC tai diém D. Goi E, F theo thit ty 1a trung diém ctia ID, JD.
Duong tron c6 dudng kinh 13 AF cit dudng tron (O) tai diem thit hai G khac A. Chitng
minh rang: IDB = AGE.

Loi giai.
Goi L la trung diém I.J. D& thay t& giac IBJC noi tiép dudng tron dudng kinh
(IJ), nén L 1a tam ctia (IBCJ). Ta c6 bién doi goc:

Trang 12
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— — — A\ ~
BLC =2BJC = 2(180° — BIC) =2 (180O — (90 + 5)) =180° - A

= LBAC noi tiép, titc L ndm trén duong tron (O)
Vay, xét tam giac IDJ, c6 E, F,L lan luot la trung diém cta ID,DJ, JI, ding

duong trung binh, ta dé dang cé:

ID
= FL| DEva FL= - = ED = EDFL la hinh binh hanh

Gio ta sé chitng minh t¢ gidc EGLF noi tiép duong tron. That vay, ta thay:
—_— —_— —_— ° —_— ° —_— —_— o ~ 1?4\
LGF = AGF — AGL =90° — ACL =90° — ACB — BCL =90 _C_E

Va goi duong phan giac AM (M € BC), ta c¢6 bién doi goc (cha § I.J || EF):
—_— —_— —_— ° —_— o —_— —_— o A\ ~
LEF =EFD =1JD = 90° = JMD = 90° = MAC — MCA = 90° = 5 — C

— LGF = LEF = EGLF noi tiép . Két hop véi EDFL 1a hinh binh hanh, ta c6:

- AGE =90° — EGF = ELF — 90° = EDF — 90° = IDB

Nhan xét bai 4.

Doc vao thoat dau tudng nhu bai nay cé thé 1a bai don gian nhéat trong cac bai, véi
mo hinh dudng tron noi tiép - duong tron bang tiép quen thuoc, nhung day thuc ra lai
14 bai ma ca ba ching minh déu chat vat. Day 1a mot bai toan yéu cau chitng minh hai
géc bang nhau, véi ca hai goc dusng nhu cuc ky kho dé tiép can. Nén dé gidi duge bai
nay thi thong thuong ta sé tim mot hodc tot hon 14 mot s6 ti gidc noi tiép, 1oi dung
duong tron dé thuc hién bién doi goc. Tuy nhién, tir cac diém c6 sin trong bai toan, lai
khong c6 tii gidc noi tiép ndo cd ! Phai tinh mat 1am (vA c6 1é 1a them mot chit may
man nita) thi mdi nhan ra ring véi L 1a diém gitta cung BC, thi ti gidc ELFG noi
tiép. V6i tinh chat quen thuoc rang L sé 1a trung diém I.J, 1¢i dung céc dudng trung
binh ctia tam gidc ID.J, thi bai toan tré lai mot bai bién doi géc thong thudng.
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Dap an ngay 31/8
Bai 5. (7,0 diém)
Cho 2023 s6 thuc ay,as, . . ., azges thod man

ap +as + -+ + ags = 0.

a) Ching minh rang, ton tai cac s6 nguyen duong i < j < 2023 sao cho:

af 4 a3 + - - - + a5
2023

CL,’CL]' S —
b) Gia sit rang by, by, . .., byges 12 céc s6 thie sao cho bat dang thiic

(21— a1)® + - + (Ta023 — ag023)” < (21 — b1)* 4 - - - + (22093 — agas)”

ding v6i moi bo 2023 s6 thyc (z1, ..., T023) thod man z; < x5 < -+ < Typ23. Chiing
minh rang:

a1+ ---4+ap, <by+---+b, véimoi k=1,2,...,2023.

Li giai.
a) ChQIl a; = min {al, as, ... ,a2023} va a; = Inax {CLl, ags, ..., azggg}. Khi do:
= a; < a, < aj,Vk € 1,2023 = (ar, — a;)(a; —a;) <0,Vk € 1,2023
= CL% — (CL@' + aj)ak + a;a; < 0,Vk € 1,2023 = a;a; < (CLZ' + aj)ak — az,Vk e 1,2023
Cong hét tat ca cac bat dang thic trén cho k € 1,2023, ta dugc:

2023 2023
2023a,a; < (Z am> (a; + a;) — Z a?

m=1 n=1
2023
T dé bai, ta lai co: Zam = ay+as+ -+ asgs = 0, nen:
m=1
2023 5 ) )
ajt+as+---+a
2023a:a;: < — Y a2 = aqq; < — 2 2023
T ;1 no = 2023

b) Ta c6 thé bién doi bat dang thiic dé bai nhu sau:
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(21— a1)® + - + (L2023 — a2023)” < (21 — b1)> + - - - + (2023 — bagas)’

2023 2023 2023 2023 2023 2023

& in—22amazm+2af < in—ZmezL‘erZb?
n=1 m=1 1=1 n=1 m=1 =1
2023 2023 2023 2023

& Za? — be <2 (Zama:m — meajm>
1=1 1=1 m=1 m=1
2023 2023 2023

@Za?—2b3§22(am—bm)xm (1)
i=1 i=1 m=1

Khi d6, ta chon (z,) 1& mot cap sb cong, cu thé nhu sau: (w1;a9;x3;...;T2093) =

(w1521 + d; vy +2d; .. .5 + 2022d) v6i d 1a mot s6 thye duong. Thé vao (1), ta co:

2023 2023 2023 2023 2023
S oy <o (za@-—z@) o (zu—l)(aj—bj))
=1 =1 =1 =1

j=2
2023 2023
e Néu Zai — Zbi > 0, thi ta cho 21 = —00 = VP — —oo trong khi VI' < VP
i=1 i=1
1a mot hang s6 (vo 1y)
2023 2023
e Néu Zai — Zbi < 0, thi ta cho z; =+ 400 = VP — —oo trong khi VI' < VP
i=1 i=1
1a mot hang s6 (cling vo 1y)
2023 2023 k k
= Zai — ZbZ = 0. Ta dat S, = Zbl — Zai vol k € 1,2023. Ta co 52023 = 0.
i=1 i=1 i=1 i=1

Ta cling c6: a1 — by = =51 va ap — by = Sp_1 — Sk, Vk € 2,2023
Tu nhitng tinh chat trén, ta dugc:

2023
Z (@ — b))z = (a1 — by)xy + (ag — be)xg + (a3 — bs)xs + - - - + (@023 — bao23) T2023

m=1

= —S121 + (51 — S2)xe + (So — S3)x3 + - - - 4+ (S2022 — S2023)T2023
= (x9 — x1)S1 + (x3 — 22)S9 + - - - + (o023 — T2022)S2022 — 5202372023

= (x9 — x1)S1 + (x3 — 29)S9 + - - - + (o023 — T2022)S2022 (do Sop23 = 0)

2023 2023 2022
Vay (1) & > ai =) b7 <2) (w11 — ;)5
i=1 i=1 j=1

Ma (x1,. .., T2023) 1a mot day thuc tang ngit bat ky, neén khoang cach gitta 2 phan
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t1t lien tuc la nhiing s6 thue duong bat ky. Dat ¢; = x40 —2; > 0, Vj € 1,2022, ta co:

2023 2023 2022 2022

(&> al=> <2y (2 —2)S=2> ¢S, (2)
i=1 i=1 j=1 j=1

VO €1, ¢o, -+, Cagoo 12 nhitng s6 thuc duong bat ky.

Tu (2), ta gid st rang ton tai k € 1,2022 sao cho Sy < 0.

Khi d6, ta ¢d dinh ¢; Vj # k,j € 1,2022 va cho ¢; — +00 thi vé phéi ctia (2) tién
dan dén —oo. Dé thay diéu nay mau thuin, vi vé trai ctia (2) nho hon hoac bang vé
phai, va vé trai ciia (2) 1a mot hang so.

Vay gid st clia ta 1a sai, tic Si > 0, Vk € 1,2022. Sy = 0, nén diéu nay ciing
ding v6i k = 2023. Ta suy ra:

Sp=bi+by+---+b.—ar—ay—---—ap >0, Vk €1,2023

Sartay+--Fap <b+by+---+ b, VE € 1,2023

Nhan xét bai 5.

a) O bt ding thic cau a, vé phai c6 tinh déi xtng vé cac bién ar, as, . . . , asges. Vi
thé, dé chon 4, j thda bat dang thiic, ta chi viéc chon 4, j sao cho tich a;a; 13 nhé nhat.
Gi4 thuyét dé bai cho tong cac sé bang 0, nén hién nhién sé c6 sé am, sd duong (trong
nhing truong hop khong dic biet). Khi do, dé tich a;a; = sgn(a;).sgn(a;).|a;|.la;| 1a
nho6 nhat, thi ta nén chon a;,a; phit hgp 2 yéu to:

> DAu clia a; v a; nén khéc nhau, dé tich ctia ching am (uu tien 1)
> a; VA aj nén ¢o gia tri tuyet doi 16n nhat co thé (uau tien 2)

D6 1a 1y do ta nghi dén viéc chon a;,a; nhu & 191 gidi trén. Sau do6, viéc con lai chi
Ia sit dung mot bat dang thitc nao d6 dé khai thac tinh nhé nhét, 16n nhét ctia a;, a;.

b) Day 1a mot cau bat déng thitc kha kho, co kieu "doc dao", kho lam dugde theo
cach khéac. Dau tién bai toan yéu cau nguoi giai phai st dung tot ky hieu X, dé trinh
bay bai todn ngin gon, d& nhin. Viéc chon (z,) 14 mot cap s6 cong, dé bat dang

thiic quy vé mot bién, ciing 1a mot tu tudng rat khé nhan ra. Sau do6 1a viéc bién doi
2023 2022

Z (@ — b)) T — Z (zj41 — x;)S;. Bube nay 1a mot ki thuat bién ddi dai s6 duong
m=1 j=1

nhu co ban, nhung rat khé dé nhan ra, c6 tén goi la Khai trién Abel. Cubi cling, diém
thu vi nhat trong bai 1 cach danh gia S, chi st dung viéc day céc bién dén oo nham

tao ra mau thuan.
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Bai 6. (6,0 diem)
Cho s6 nguyéen duong n va mot bang 6 vuong (2n+1) x (2n+1). Tim s6 nguyén duong
k 16n nhat sao cho: ¢6 thé dit k vien bi vio k 6 clia bang da cho, méi 6 khong qua 1
vién bi va dong thoi trong mdi bang con 2 x 2 ctia bang 6 vuong da cho luon cé khong
qua 2 vién bi.
Loi giai.

Ta ky hieu s6 nguyén duong k 16n nhat théa tinh chat dé bai cho bang 6 vuong
(2n+1) x 2n+ 1) 1& kpax(n)

Dau tién, ta s& tim Ay (1). D& dang nhan thay k. (1) = 6. D6 1a vi néu k = 7
thoa, thi ta phai chon ra 2 6 vuong khong dit bi vao trong 9 6, dan dén ton tai it
nhat mot hang nao d6 c6 day du 3 vien bi (theo nguyeén 1y Dirichlet).

Tuy nhién, néu mot hang c6 day di cac vien bi, thi hang ké canh khong thé c¢é vien

bi nao ! Ta lap luan duoe diéu d6 nhu sau:

00O o 00 o/la O o0 0
— (X X — X [X X| —>IX XX

Ky hiéu 3 vién bi nhu hinh trén, xét cac bang con 2 x 2 d6 nhu trén hinh, ta suy
ra duge nhitng 6 danh dau x la nhitng 6 khong thé chita bi. Vay it nhat c6 3 6 khong
chita bi, ddn dén k <9 -3 =6 =7 < 6 (mau thuan).

Vay ta ¢6 kpax(1) =6 = (2.1 +1)(1 + 1) (cau hinh la dat day bi & cic hang 18).
Ta sé& chiing minh bang quy nap rang kmy.x(n) = (2n+1)(n+ 1), ¥n € N*
Budc co s6, v6i n = 1, ta da vita chiing minh xong & trén.

Gio ta gia st rang ton tai s6 a nguyén duong dé kpax(a) = (2a + 1)(a + 1).

Ta sé ching minh rang ky.(a + 1) = (2a + 3)(a + 2). Ta biét kpa(a + 1) >
(2a + 3)(a + 2) do cau hinh dat day bi ¢ cac hang 1é thoa man tinh chat deé bai.

Ta gid stt (dé phan chiing) ring ton tai cAch xép bi vao k 0, k(a+1) = (2a+3)(a+
2) + 1 thoa tinh chat dé bai. Khi do, ta chia bang 6 vuong (2a + 3) x (2a + 3) thanh

cac vung nhu sau:
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2 X2
e e a bang con
(2a+1) x(2a+1) 2 % 9
2 x2
2% 21 «+- 2w 9 2 x 2

;..\‘/_,/

a bang con 2 x 2

Khi do6 ta thay:

e Dt dugc tdi da (2a+1)(a+1) vien bi vao bang (2a+1) X (2a+ 1) theo gia thuyét
quy nap

e Dit dugc to6i da 2 vien bi vao mdi bang con 2 x 2, nén dat dudc tong cong nhiéu
nhat 2(2a + 1) = 4a + 2 vién bi trong 2a + 1 bang con

= Con lai (2a+3)(a+2)+1—((2a+1)(a+ 1)+ 4a + 2) = 4 vién bi, ta phai dat
vao tat ca cac 6 mau do

Tuy nhién, néu dat hét 4 vien bi vao 4 6 mau do, thi xét bang con 2 x 2 goc phai
dudi cling, ta thay chi c6 thé dit dusc mot vien bi |

Vay k = (2a + 3)(a + 2) + 1 sé dan dén mau thuan & bang con 2 x 2 goc phai dudi
cung = k < (2a + 3)(a + 2) (theo nguyén 1y phan chiing)

= kmax(a + 1) = (2a + 3)(a + 2). Nén theo nguyén 1y quy nap, ta co:

knax(n) = 2n+1)(n+ 1), Yn € N*
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Nhan xét bai 6.

Bai toan trén la mot bai toan cuc tri to hop trén bang 6 vudng kha quen thudc,
mot s6 ban c¢6 nghién cttu t6 hop chic c6 thé da ting gip qua bai tuong tu bai nay.
Truong hop trén bang 6 vudng c¢é canh chin sé kha hién nhién, nén chd kho ctia dé sé
la trong bang 6 vuong c6 canh 1é. Cau hinh t6i wu cho dap an bai toan tuong ddi dé
nhan ra, d6 1a xép bi vao tat ca nhitng 6 thudc hang 1¢ (hodic tat ca cac 6 thuoc cot
1¢). Tuy nhién viéc chiing minh thi khong qua dé dang. Dé chiing minh con s6 nay la
toi uu, ta nghi dén hai huéng: Phan chitng va Quy nap. V6i phan chiing, khong c6 quy
nap, thi ta khé ma danh gia dugc chi bang viéc chia bang ra thanh nhiing bang con
2 x 2 10i nhau, do canh 1a s6 1&. V6i quy nap, khong c6 phan chiing, ta gan nhu khong
c6 cach nao dé hoan thanh quy nap. Vi thé viéc st dung ca hai phuong phap la toi wu

nhat trong bai toan t6i uu nay.
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Bai 7. (7,0 diem)
Cho tam giac nhon ABC' (v6i AB < AC) noi tiép dudng tron (O) va c6 tryc tam 1a H.
Goi M la diém chinh gitta cung BAC ciia duong tron (O). Duong thang qua O song
song voi AM cat HM tai K. Goi E, F tuong ting 13 hinh chiéu vuong goc clia K trén
AC, AB. Goi N la trung diém H M. Chitng minh rang:

a) B,C,0, K cung nam trén mot duong tron.
b) K, E, N, F la cac dinh ctia mot hinh binh hanh.

Loi giai.

h

a) Dinh nghia lai K 1a diém nam trén (OBC) sao cho OK || AM. Khi d6, ta sé& can
di chiing minh: H, K, M thang hang
Goi AH cat lai (O) tai D, M J 1a duong kinh ctia (O), T 1a giao diém 2 tiép tuyén
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ctia (O) tai B, C, J' dbi xtng véi J qua BC, S 1a trung diém BC.
Dé thay AMJD, HJ'JD déu la hinh thang can nén AM.J’H 13 hinh binh hanh
— KO | AM | HJ'
Vay H, K, M thang hang <
Goi O' la tam cia (BOC).
Vi AOO'K va AMOA déu can va ta c6 O'OK = OMA = AOO'K ~ AMOA

:>OK_OO’_ or O0ros  o0c* MO MO
AM  OM 20M 20M.OS 20M.OS 20S AH

MO OK

MO OK
NI HT B

AH  AM

theo dinh ly Thales) <

(dpcm)

(Ta ¢6 20S = AH la mot bo dé rat quen thuoc trong hinh hoc, cé thé dé dang duoc
chiing minh, xin khong dé cap tai day)

M

A= |

B /
o

B C

®

"r

?

L_—
N

b) Goi BX,CY la dudng cao cia AABC, HM NAC = L, BHN (0O) =G # B va
C'C" la duong kinh ctia duong tron (O). Ta sé di ching minh KC' || MG.
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Ta c6: C'I = CD (qua phép doi xing tam O)
= C'H (qua phép déi xing truc BC)
= CG (qua phép doi xiing truc AC)

= (C'IGC la hinh thang can = C'C' || IG

Lai co:

— OO’K MOA

OCK = = : — MGA=1GM = KC | MG
Dé thay NX la dudng trung binh cia AHMG = NX || MG || KC
Vay, st dung dinh 1y Thales, ta co: % = ég (do NX || KC)
Tuong tu, st dung Thales, ta dugc: % é}lg (do KE || HX)
éf[ é]l\?f = NFE || CH theo dinh ly Thales

Tuy nhién, ta dé dang thay rang CY || KF = NE || KF.

Hoan toan tuong tu, ta ¢6: NF || KE = NEFK la hinh binh hanh
Nhan xét bai 7.

a) Gia thuyét kho tan dung nhat trong cau a la viec K nam trén MH. Vi thé,
diing phuong phap diém 4o (Phantom Point), dinh nghia lai diém K, rdi di chiing
minh K, M, H thang hang. Ching minh diéu nay, ta phai dem mot trong sd nhiing
gia thuyét con lai lien két v6i M H, dan dén viec lay doi xting AM vai lan dé tao ra
HJ' || AM. Tit day, xét tam gidc dong dang, bién doi do dai, roi 4p dung Thales ta
dugc diéu can chitng minh.

(Trong phan bién doi do dai, ta cé nhan 2 OO' dé bién né thanh OT 10i dung hé
thic lugng trong tam gidc vuong. Minh thay cdch bién doi nay cé doi chit tuong tu 10i
gidi trong bai hinh Dong Thap TST 2023 - 202/ cau b)

b) Dé chiing minh cau b, viec muén di ching minh NE || CH 1a tuong déi tu
nhién. Khi d6, dung dinh 1§ Thales, ta thay diéu nay tuong duong véi viec KC' || NX.
Khai thac viec N 1a trung diém HM, ta dyng thém diém X, dé NX || MG. Vay ta
can ching minh raing KC || MG. Nhung diém K 1a mot diém rat khé tiép can, nén ta
co6 quy vé mot quan hé song song khac ti ti gidc noi tiép da c6 6 cau a. D6 14 mot s6

dinh huéng co ban cho cau b
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