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Cau L. (2 diém)
1) Cho a,b,c1a céc s6 thyc thoa man diéu kién a+b+c=0va abc # 0. Chimg minh :
a’ N b’ N c’ _ 3
a-b'-c* b -c-a° -a’-b 2
2) Cho cac sb thuc x, y,zthéa min x\/1+ 12 + yW1+x*> =4. Tinh gia tri cta biéu thirc :

()

Cau II. (2 diém)

1) Giai phuong trinh : x* +3x+8=(x+5)Vx’ +x+2
2x2—%+£:12
2) Giai h¢ phuong trinh : Yoy

6xy> +x°y=12y> +6y+x
Céau III. (2 diém)
1) Tim tat ca cac cap sb nguyén duong (x;y)sao cho x* -3y’ —2xy—2x+14y-11=0
2) Tim tat ca cac s6 nguyén duong ndé 2" + > +251a 1ap phuong ciia mot sd nguyén td
Cau IV. (3 diém) Cho tam gidc 4BC (c6 4B < AC)ndi tiép duong tron tim O. Cac duong
cao BE,CF cla tam gidc ABC cit nhau tai H (E€ AC,F € 4B). Goi M la trung diém cta canh
BC,tia MH cit dudng tron (O) tai diém N

1) Ching minh rang cac diém 4, E, H, F, N cung thudc mot duong tron

2) Lay diém Ptrén doan thing BCsao cho /BHP = /CHM,goi Q 13 hinh chiéu ctia 41én
HP. Chirng minh ring 04 vudng goc voi NQ

3) Chtng minh dudng tron ngoai tiép tam gidc PMOtiép xtic voi duong tron (0)

Cau V. (1 diém) Nguoi ta thyc hién mot tro choi trén bang ké 6 vudng kich thude 5%9 (co
456 vudng). Ban dau, c¢6 33 dong xu duoc dit ngiu nhién vao cac 6 vudng ciia bang sao cho
khoéng c6 6 vudng ndo chira nhiéu hon mot ddng xu. O mbi bude ngudi choi s& di chuyén
tat ca cac dong xu thoa mén dong thoi cac quy dinh sau:

1) Céac ddng xu phai dugc di chuyén 1én hodc xudng, trai hodc phai sao cho mdi lan di
chuyén chi dén duoc 6 ké bén n6 (6 chung canh)

ii)  Néu mdi budc di chuyén ctia dong xu da di chuyén Ién trén hoic di xudng dudi thi &
bude tiép theo nod phai di chuyén sang trai hodc sang phai; va nguoc lai.

Tro choi chi dung lai khi m§t 6 vudng nao do trén ban c6 nhiéu hon mgt dong xu. Ching
minh rang tro choi s€ két thic sau hitu han budc.



PAP AN
Cau L. (2 diem)
3) Cho a,b,cla cac so thuc théa man di€u kién a+b+c=0va abc # 0. Chitng minh :
a’ N b? N c’ _E

a-b-c* b-ct-a* F-d*-b* 2
Tu a+b+c=0©a=—(b+c). Khi do :
a’ =[—(b+c)]3 =a=-b-C —3(b+c)bc
sa+b+c :—3(b+c)bc:3abc

Mit khac, ta cling co :

a’—-b*-¢? =[—(b+c):|2 —b*—c*=2bc=>

b2 b2 CZ 2
Tuong tu, ta cling c6 : = 2); -
gh & b —c*—d? ZCa( )

Cong vé theo vé (1).(2).(3)ta duoc :

a’ b? c’ 3
+

Cb - P-C-d a2
2ach ’ 2b:a ’ 2C;b = ;Z: “- ;ZZZ B ;(df em)
4) Cho cac s0 thuce x,y,zthéa méan x\/1+ V o+ y\/ 1+x* =4. Tinh gia tri cia biéu thirc :
M= (ﬁmXﬁ +y]
T xf1+)” +W1+x =4 < (x\/l+y2 +y\/1+x25 ~16
& 2 (2 1)+ 20y (2 + )07 +1)+ 57 (3 +1)=16
& 3ty +2xy\/(x2 1)+ 1)+ (37 x4y +1)=17
& 22y + 20y (2 + 1) + 1)+ (3 + 1) +1)=17
o [xy+\/(x2 1) +1)}2 ~17(%)
Vi (2 +1)(7 +1)> a7 =[]z -y = a4 (2 1) +1) > 0
Do do, tir (*)=> xy+(x* +1)(y* +1)=+17 . Khi d6 :
M=(«/ﬁ+xx\/ﬁ+y):\/(xz+1)(y2+1)+xy+ny2+1+x\/y2+1
=(\/(x2 +1)(y? +1)+xy)+(y\/x2 14y +1):Jﬁ+4

Vay M =17 +4
Céu II. (2 diém)
3) Gidi phuwong trinh : x* +3x+8=(x+5)Vx’ +x+2




PbKXD: xe [
bat Vx*+x+2=1(r>0)= x’ +x+2=¢>. Phuong trinh da cho tr¢ thanh :
£ +2x+6=(x+5)t < F —(x+5)t+2(x+3)=0

@(t-z)(t-x-3):o@ﬁ;2€+3

thl:t=2:>x2+x+2=22<:>x2+x—2=0<:>{x_ ,
x=-

x>-3
th2:t=x+3=>Vx" +x+2=x+3E19 2:x:—z(tmdk)
X +x+2:(x+3) 5
A -7
Vay § :{1;2;?}

, 3 x
°e e A A 2x __2+_:12
4) Giai h¢é phuwong trinh : yooy
6x> +x’y =12y +6y+x
PKXD: yz0.Tacod:

3

2x2——2+£=12 2x°y* +xy-3=12)°
yoJ xy(6y+x)=12y" +(6y+x)
6xy° +x°y=12y" +6y+x

- {(2xy+3)(xy—1)= 12y? o {(2xy+3)(xy—l)= 12y*
(xy—l)(6y+x): 1257 (2xy+3)(xy—1)—(xy—1)(6y+x): 0
o {(2xy+3)(xy—l):l2y2 o {(2xy+3)(xy—1):12y2 (1)
(xy—l)(2xy+3—6y—x)=0 (xy—l)(Zy—l)(x—3):O(2)
Xét phuong trinh

xy=1=12y" =0= y =0(ktm)

(2): (o -D@y-1)(x-3)=0& y=;=>(x+3)(;x—1) o ¥ +x—12=o@{x:_4

X =
y=-1

y:

x:3:>(1)<:>(6y+3)(3y1):12y2<:>2y2+y1:0<:>{ 1
I 2
Vay h¢ phuong trinh c6 cac nghi¢m (—4;;}(3;;);(3;—1)

Céu III. (2 diém)

3) Tim tit ci cac cip sé nguyén dwong (x;y)sa0 cho x* -3y’ —2xy—2x+14y—11=0
Ta co:



x'=3y" =2xp+14y—11=0< x> —2xp+y° —2x+2y—-4y" +12y-11=0
e @-y) -2(x=y)+1 |- @r) —12y+9]=3

& (x—y-1) —(2y-3) =3 (x-3y+2)(x+y—4)=3
Vi x,ye Onén x-3y+2x+y—4e l=>x-3y+2x+y—-4e{-1;1;-3;3}. Lap bang

x=3y+2 -1 1 -3 3
x+y—4 -3 3 -1 1
X 0 5 1 4
y 1 2 2 1

Vay cac cap $b nguyén duong (x;y)cﬁn tim 1a (0;1),(5:2),(1;2),(4:1)
4) Tim tat ca cac s6 nguyén dwong » dé 2" +»* +251a 1dp phwong ciia mdt sé nguyén
to
Goi p la s6 nguyén t0 sao cho 2" +n* +25=p*(*)
Véi ne 0*thi 2" +1° +25>8, do d6 p 1a mot s6 nguyén t6 1
=2"+n’+251as0 1¢, suy ra nphai la s6 chan
Xét bang dong du cua ava «’theo mod 9 nén o’ =0;+1(mod9)
Vi nla sb nguyén duong chin, nén ta xét ntheo mod 6. C6 ba truong hop sau :
+THI1: n=6k+4(ke 0*).Taco:
PP =2" 40t +25=2 4 (6k +4) +25=16.64" +36k> + 48k +1
= p’ =16+3k+5(mod9) < p’ =3(k+1)(mod9) = p*i3 < p=3
Thay p=3vao (*) tadugc: 2" +n’ +25=3" < 2" +n* = 2(ktm)
+TH2: n=6k+2(ke 0*). Taco:
p=2"+n*+25=2"2 1 (6k + 2)2 +25=4.64" +36k> + 24k +29
Suy ra p’=4-3k+2(mod9)= p’ =3(2—-k)(mod9) <= p*3=p=3
Thay p=3vao (*)tadugc: 2" +n° +25=3" < 2" +n’ = 2(ktm)
+Th3: n=6k(ke U*). Tacd: p* =2"+n* +25=2"% +(6k) +25=64" +36k> +25
Néu k=1= p* =2°+36.1425=125= p=5(tm) =>n=6
Néu k=2= p’=2°%+36.2> +25=4265= p ¢ 0(loai)
Néu k=3= p’ =2 +36.3% +25=262493 = p ¢ ((ktm)
Néu k> 4, bang quy nap ta ching minh duoc 3.4* > 364> voi moi sb nguyén k > 4
Khi d6, ta cé (2 ) < p* =2% +36" +25< (2 +1)
Ma (22k)3Vél (22" +1)312‘1 1ap phuong hai s6 nguyén lién tiép. Suy ra khong c6 sd nguyén tb
nao théa man yéu cau
Vay n=6thda man dé bai



Cau IV. (3 diém) Cho tam gidc 4BC(c6 4B < AC)ndi tiép dwong tron tim O. Cac
dwong cao BE,CF ciia tam gidc ABC cit nhau tai H (E€ AC,F € 4B). Goi M 1a trung
diém ciia canh BC,tia MH cat dwdng tron (O) tai diém N

T
4) Chirng minh rang cac diém 4, E,H,F, N cing thudc mot dwong tron
Xét tir giac AEHF ¢0 LAEH = ZAFH =90°
— /AEH + Z/AFH =180°nén t&r gidc AEHF ndi tiép
Nén bén diém 4,E,H,F cung thuéc mot duon tron cd duong kinh AH (1)

Goi K 14 giao diém ctia 40 véi dudng tron (0).Ta co:

CK //BH (cung vudng gboc vo1 AC), BK //CH (cung vudng goc voi AB)

Nén tr giac BHCK 1a hinh binh hanh= N, H, M, K thdng hang

= ZANK =90°hay ZANH =90°. Vay N thudc duong tron duong kinh AH (2)



Tir (1) va (2) suy ra : cac diém 4,E, H,F,N cing thudc dudng tron duong kinh 4H ()
Tir (1) va (2) suy ra : Cac diém 4,E,H,F, N cung thuoc mot duong tron co dudng kinh 4H

5) Lay diém P trén doan thing BCsao cho £BHP = 2CHM,goi Q 12 hinh chiéu cia 4

1én HP. Chirng minh ring 04 vuéng goc véi NQ
Q 12 hinh chi€u ctia 4trén HP = ZAQH =90° = Q cling thugc mot dudng tron cod
duong kinh 4H
Vi /BHP = ZCHM (gt)nén «NHF = #QHE (lan luot do1 dinh vé1 #BHPva ZCHM)
— sd NF = sd OF (trong duong tron dudng kinh AH)
= tr gidc QEFN la hinh thang can = NQ//FE(3)
Talai co :
T gidc BFEC ndi ti€p (tr giac c6 hai dinh k€ nhau cung nhin doan thang noi1 hai dinh con
lai dudi mot goc khong dd61)= LACB = ZAFE (cung bu v&i /BFE)
Trong duodng tron (0): ZAKB = ZACB (hai goc ndi tiép mot dudng tron cung chin 1 cung)
= Z/AKB = ZAFE (4)
Ma ZAKB+ ZBAK =90° (hai goc phu nhau) (5)
Tu (4) va (5) ¢6 : LAFE + ZBAK =90°hay ZAFI + ZFAI =90°(v6i I 1a giao diém cua 4K va
FE) = AK L FE(6)
Tu (3) va (6) suy ra NQ 1 4K hay NQ 1 AO(dfcm)

6) Chirng minh dwong tron ngoai tiép tam gidac PMOtiép xiic v6i dwdng tron (0)
K¢ duong cao 4D cua tam gidc ABC(De BC). Goil la diém d6i xtmg véi H qua BC
Tacod: LZHCD = £ZJCDmMa £ZHCD = ZBAD (cung phu v&1 ZA4BC)
= /BAD = /JCDhay /BAJ=/JCB=J e (O):> ZAKN = ANJA(7).

Mait khéc : 40 L NQ = ZANQ = ZAKN (cung phu véi ZQONK)

Vi APHJ can tai P nén ZPJH = Z/PHJ

/PHJ = ZAHQ (hai goc do61 dinh),

ZAHQ = ZANQ (hai goc ndi tiép mot duong tron cung chan 1 cung)
= ZAKN = Z/PJH hay ZAKN = ZPJA(8)

Tir (7) va (8) ta suy ra ZPJA = /NJA=ba diém N,/, Pthing hang

Talai c6 : ZANM = ZADM =90° = ANDM la t& gidc noi tiép
— /PMN = /DMN = /DAN = ZHON = /PON

= © ciing thudc duong tron ngoai tiép tir gidc ANDM

Goi G 1a giao diém cla 4K va MO, taco:

/HQG = /PQM = /PNM = /JAK = /HAG = G thudc duong tron duong kinh 4H
Qua diém N, v& duong thing xy1a tiép tuyén ciia dudng tron (0).Tacod:
ZMNx = ZKNx = ZKAN = ZGAN = ZGON = ZMON

— xy ciing 14 tiép tuyén cua duong tron ngoai tiép APOM

Viy, dudng tron ngoai tiép tam giac PMOtiép xuc v6i duong tron (O)



Cau V. (1 diém) Ngudi ta thue hién mdt tro choi trén bang ké 6 vudng kich thuéc 5x9

(c6 456 vudng). Ban dau, cé 33 ddng xu dwoc dit ngiu nhién vio cic 6 vudng ciia bang

sao cho khong c6 6 vudng nio chira nhiéu hon mét dong xu. O mdi buwée ngudvi choi sé

di chuyén tat ca cic dong xu théa méin dbng thoi cac quy dinh sau:

iii) Cac dong xu phai dwoc di chuyen 1&n hoiic xuong, trai hoic phai sao cho méi
lan di chuyen chi dén dwoc 6 ké bén n6 (6 chung canh)

iv)  Néu mbi budc di chuyén ciia ddng xu di di chuyén 1&n trén hoic di xudng dudi
thi & budc tiép theo né phai di chuyén sang trai hoic sang phai; va ngworc lai.

Tro choi chi dirng lai khi mdt 6 vuéng nao dé trén ban cé nhiéu hon mét dong xu.

Chirng minh ring tro choi sé két thiic sau hiru han bwéc.

Danh s6 45 6 vuéng nhu hinh bén

221 2[1]2]1
43]4]3]4]3] 4] 3] 4
221 2[1]2]1
43]14]3] 4] 3] 4]3] 4

121 2|1 2(1]2]1

Theo cach danh nay, sé c6: 1506 1,126562,86563, 1006504
Dit ngiu nhién 33 dong xu vao cic 6 vudng cua bang sao cho khong ¢6 6 vudng nao chira
nhiéu hon 1 déng xu. Ta chia 33 d6ng xu thanh hai nhém :
Nhém I: Cac déng xu & vi tri 6 danh s6 1 va 3
Nhém II: Cac ddng xu & vi tri 6 danh sd 2 va 4
Ta thay:
- Theo quy tic i) thi sau mdi budc cac déng xu & nhom I s& chuyén thanh nhom II va nguoc
lai
- Theo quy téc ii) thi sau hai budc cac dong xu ¢ 6 danh sé 1 s& chuyén sang 6 danh sé 3
Do d6, sau hiru han budc s& c6 truong hop nhém I ¢6 it nhat 17 dong xu (vi néu nhom 11
dang c6 it nhat 17 ddng xu thi & budc sau nhom I s& co it nhat 17 dong xu)

Khi d6, theo nguyén li Dirichlet, trong 17 ddng xu ¢ nhom I s& cé it nhat 9 dong xu &
6 danh cung mot loai s6 (1 hodc 3)

+ Néu c6 it nhat 9 dong xu & 6 danh s6 3. Tuy nhién chi c6 8 6 danh s 3, nén s& ¢o
it nhat 1 6 c6 nhiéu hon mot dong xu. Trod choi két thic.

+ Néu c6 it nhat 9 dong xu & 6 danh s6 1 thi sau hai budc 9 déng xu nay nam & 6
danh sb 3. Tuy hién chi c6 8 6 danh s6 3, nén s& co it nhét 1 6 ¢6 nhiéu hon mot déng XUu.
Tro choi két thic.

Vay, trd choi s€ két thuc sau hitu han bude.




