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PAP AN-TOAN
Ngay thi: 5/10/2022

Bai 1. (5.0 diém) Tim tat ca cac da thuc hé sd nguyén sao cho phuong trinh
P(x) =3" ¢6 nghiém nguyén duong voi moi sé nguyén duong n.

Nhan xét : Néu P(x) = a, € Z la khong thoa man.

bat P(x)=a, x"+a, X" +..+a X+a,,a, =0.

Vi 3" 400 NéN a_ >1 tir d6 suy ra ham P(x) dong bién trén (a;+00) voi a du lon.
Goi (x,) 1a ddy nghiém ctia phuong trinh P(x) =3" thi ddy (x,)ting ké tir mot chi
sO n, nao dé va limx_ = +o.
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Tiur d6 tacd m=1hoac m=2.
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Khi d6 P(x)=a,x+a, = a,| ax, =3"—a,,Vn 21:{

=a €{1,2,36}.
- Truong hop 1: a =1=P(X)=x+a, . Phuong trinh P(x)=3"c6 nghiém
xeN'<a,<2,4a,Z
- Truong hop 2: a =2=P(X)=2x+a,.Phuong trinh P(Xx)=3"cd nghiém
xeN" <a,=3-2k,keN".
- Truong hgp 3: a =3=P(X)=3x+a,.Phuong trinh P(x)=3"cé6 nghiém
xeN <a,=3-3k,keN",



- Truong hop 4: a =6= P(X)=6x+a,.Phuong trinh P(x)=3"cé nghiém

xeN" <a,=3-6k,keN".

V6i m=2, khi d6 P(x)=ax’+bx+c.

Phuong trinh ax’ +bx+c=3" c¢6 nghi€ém nguyén v4i moi neN = A =b*-4ac+4-3"

1a s6 chinh phuong véi moi n.

Taco: A,—A =24= A, €{25,49}.
A;—A, =T2=A, {97,121}, ma A, la s0 chinh phuwong nén A, =121.

A,—A,=8-3 = A, =337, khong 1a s6 chinh phuong.

Vay trong trudng hop nay ta khong tim dugc da thirc thoa man.

Bai 2. (5.0 diém)
Cho day (a,) xac dinh bai :

a, = 20;a, =100;a,,, =4a,,, +5a, +20,Vne N.

n+1
Tim s6 nguyén duong h nho nhat théa man a_,, —a, chia hét cho 2023 v&i moi

sO tu nhién n.

Dit a =b +t=h _,=4b

n+1

+5b +8t+20 . Chon t=—§:>bn+2—4b 5b, =0

n+1~ “Mn
< ar e 125 . 5, .. 5
Twr do st dung phuong trinh dac trung suy ra a, =?.5 +§.(—1) —5

Goi h 12 s6 nguyén duong nhé nhat thoa man a,,, =a, (mod2023),vn e N,
Vi g, =100;a, =20=>h>2.

Ta sé& chimg minh h thoa mén diéu kién khi va chi khi h 13 s6 chan va

a,, =0(mod 2023).

Diéu kién cin: Ta co a, =ay,, =a, = 20(mod 2023)

a,,, =a, =100(mod 2023)

5a,_, = a,,, —4a, —20 =0(mod 2023) = a, , = 0(mod 2023)

Néu h 1€ thi h—1 chin va suy ra &, =5a, , =0(mod 2023) = 20 = 0(mod 2023) la
vo i . Suyra h chan.

Diéu ki¢n du:

Vi h chan nén 5a,_, =a, , =0(mod2023). Tir do ta c6

a, =4a, , +5a, , +20=20=a,(mod2023).

a,, =4a, +5a, , +20=100 = a (mod 2023).

Tl d6 bang quy nap ta chimg minh dugc a,,, =a, (mod2023),vneN.

Vih-11¢néntaco a,, = %(5h ~1)=0(mod 2023) < 5" =1(mod6.7.17%) . Tir day

ap dung dinh li Fermat ta ¢ 5" =1(mod3)

5" =1(mod7) < hi6; 5" =1(mod17”) < hi17.16
Tir d6 ta c6 hi[6;16.17] = 816.

Vay gia tri nhé nhat cta h 1a 816.



Bai 3. (5,0 diém) Cho a,b,c,d 1a céc sb thuc khong am thdéa man a+b+c+d =6.
Tim gi4 tri 16n nhat cia biéu thirc P = 4a+ 2ab+ 2abc + abcd.
bat f(a,b,c,d) =4a+2ab+2abc+abcd. Ta cd

f (a,b,c,d)—f(b,a,c,d) =4(a-b).

f (a,b,c,d)—f(a,c,b,d) =2a(b—c).

f(a,b,c,d)—f(a,b,d,c) = 2ab(c—d)
Nhu vay dé f(ab,c,d) dat gia tri 16n nhat thi a>b>c>d.
Via+b+c+d=6=c<2
Tacé f(ab,c+d,0)—f(a b,c,d)=2ab(c—d)=ab(2—-c)d >0
Do d6 dé f(a,b,c,d) dat gia tri 16n nhat thi d =0

=c=6-a-h.

Khi d6 f(a,b,6—a—b,0)=4a+14ab—2a’b—2ab?

2
:36+(a_3)2(a_8) ~2(a+20-7)" <36,

Nhu vy gid tri 16n nhat cia P 13 36 khi (a,b,c,d)=(3,2,1,0).

Bai 4. (5,0 diém)
Cho tam gidc ABC c¢O A>60". Trén canh AB, AC lan luot lay cac diém
D, E . Chtng minh rang

BC > «/5—4cos A.

min {BD, DE, EC}

Néu BD =min{BD,DE,EC}. Ta c6 thé di chuyén doan BD vé gan diém A
hon va vén giit nguyén do dai doan BD. Gia st ta dich chuyén B dén B',D dén
D'. Ké D'E'||DE,B'C'||BC. CO AB'<AB=D'E'<DE VA B'C'<BC. Ta co thé
chon vi tri B',D' phu hop sao cho min{B'D',D'E',E'C'}:B'D':BD va hoac
B'D'=D'E' hoac B'D'=C'E"'. Khi d¢,

BC B'C'

. > — :
min{BD, DE,EC} ~ min{B'D',D'E,E'C'}
3




Néu DE=min{BD,DE,EC}. Ta c6 thé v& B'C'||BC(B'€AB,C'eAC) ma
B'D<BD, C'E<CE. Ta c6 thé chon vi tri B'C' phu hop sao cho
B'D:DE:min{B'D, DE,EC'} hoac C'E=DE=min{B'D,DE,EC'}.
Tém lai, ta c6 thé gid st BD=DE=min{BD,DE,EC} hoic
BD = EC = min{BD, DE,EC .
TH1. BD=EC=min{BD,DE,EC}. Dit u=AD,v=AE,x=BD=CE,y=DE,y>x ta
co

a2=(u+x)2+(v+x)2—2(u+x)(v+x)cosA

{yzzu2+v2—2uvcosA. '
Kéthc_rpvériu+v2y2x,tadu(yc

a’ =y’ +2x*(1-cosA)+2(u+v)x(1-cos A) > x*(5—-4cos A)

= a > \/5—4cos A, dpcm.
X

TH2. BD = DE = min {BD, DE, EC}

TH2.1 Néu C <90, ta c6 thé chon C' thudc doan CE sao cho BD=DE=EC' va
khi d6, &p dung THI, ta dugc

BC BC 2«/5—4cosA.

min {BD, DE, EC} _ min{BD, DE,EC']
TH2.2 BD=DE<CE,C>90".
bat x=BD, y=EC. Khoang cach tir D téi BC la xsinB, khoang cach tir E tdi
BC la ysin(A+B).

Vi ysin(A+B)>xsinB=DEA khong nhon. Do vdy, DE<DA va xs% va

x<y<AC.Do d6 min{BD, DE,EC}Smin{%,b}. Vay,
cY c
a2=b2+c2—2bccosA:4(§j +b2—4b(5jcosA

> 3(%}2 +b(%)(2—4cos A)> (5—4cos A)(min{BD, DE,EC} )’.
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