SO GIAO DUC VA PAO TAO KY THI CHON HOC SINH GIOI CAP TINH
GIA LAI TRUNG HOC PHO THONG (BANG A)
.................. NAM HOC 2022-2023

HUONG DAN CHAM DE CHINH THUC MON TOAN

Bai 1 (5 diém). Cho ba s6 thyc duong a, b, c. Ching minh rang,

ab n be n ca <1
a2+ab+bc b2+bc+ca R+cat+ab

Loi giai.

Theo bat dang thitc Bunyacovsky - Cauchy - Shwartz ta c6

(az +ab + bc) (c2 +ab + bc) > (ac + ab + bc)?

............................................................................................................................................................. 3 diém
ab ab (c2 + ab + bc) ab (c2 + ab + be)
a?+ab+bc  (a®+ab—+ be) (¢2 + ab+ be) (ac + ab + bc)?
............................................................................................................................................................. 1 diém

Bai 2 (3 diém). Tim tt ca cac b ba sé nguyén duong (a, b, ¢) sao cho véi moi sé nguyén duong
n khong 6 u6c nguyén t6 nhé hon 2022 ta luén c6 a” + b" + n chia hét cho n + c.

Loi giai.

Gia st (a, b, c) 1a mot bo s6 thda yéu cau bai toan. Goi S 1a tich tat ca cac sb nguyén tb nho hon

2022. Khi d6, moi s6 nguyén duong n thoa
n=41(modS)

ta déu c6
n+cla"+b"+n=n+cla"+b"—c.
............................................................................................................................................................. 0,5 diém

Xét p 1a s6 nguyén t6 "dt 16n" nao do. Liic nay

(p.(p—1)5)=1



nén theo dinh ly thing du Trung Hoa ta c6 thé tim dugc s nguyén duong n sao cho

n = —c(modp)
nzl(mod(p—l)S).

n+c=0(modp)
n=1(modS)

nén
pln+cla"+b"—c
Laivin =1 (modp — 1) nén theo dinh ly Fermat thi
a"+b"—c=a+b—c(modp)

Va nhu vay ta suy ra dugc
pla+b—c

Trong khi p ta c6 thé chon 16n tiy y nénsuy raa +b — ¢ = 0.

Ly luan tuong ty, ta chon dugc s6 1 sao cho

n = —c(modp)
n = —1(mod (p—1)5)~

Vi
n+c¢=0(modp)
{n = —1(modS)
nén
pln+cla”+b"—c
Cang lai vi

n+1=0(mod (p—1))

nén theo dinh ly Fermat thi

pla" +b" —c = pla"b+b"a—abc = pla+b—abc.

Cing vi p lon tuy y nén suy raa + b — abc = 0.

Qua cac ly luén trén ta suy ra dugc

a+b—-—c=0 a=b=1
= )
a+b—abc=0 c=2



Thit lai thay thoa.
Vay chi c6 mot bo s6 tim dugce 1a (a,b,¢) = (1,1,2).

Chung minh réng,
< f(x) <x, Vx e (0;1).

Loi giai.
Trudc tién ta chiing minh f 1a mot don dnh. That vay, gia st rang
x1,x2 € [0;1] 2 f (1) = f (x2)

Khi do,

............................................................................................................................................................. 0,5 diém
Tiép theo ta sé chiing minh f don diéu. That vay, gia st trdi lai rang f khong don diéu. Khi d6
ton tai s6 xp € (0;1) la diém cyc tri cda f. Ta xét d6 la diém cyc tiéu. Truong hop la diém cyc
dai dugc ly luan tuong tu.

Vi xp la diém cyc tiéu cda f nén ton tai s6 duong € sao cho
f(x)> f(xo), Vx € [xo—&xo+¢€\ {x0}
Vi f lién tuc nén ta tim dugc hai s6 ¢, d thoa man
xo—e<c<x<d<xo+e: f(c)=f(d).

Diéu nay mau thuan véi tinh don anh cda f.

............................................................................................................................................................. 0,5 diém
Néu
dxp € (0;1) : f(x0) = x0
thi
f(f (x0)) = f (x0) = x0* = xo
dé la diéu khong thé xay ra. Vay
f(x)#x, Vx € (0;1).
............................................................................................................................................................. 0,5 diém

Lai vi f lién tuc nén ta suy ra
f(x)>x Vx e (0;1)

f(x)<x Vxe (0;1)'



............................................................................................................................................................. 0,5 diém
Xétsd xsaocho0 < x <1va0 < f(x) <1tacé
f(6) = FU0)) = [ )
Quy nap lén ta dugc
F(*) = [f (0], ke N~
Do f lién tuc, cho k — oo ta suy ra dugc f(0) = 0. Ta ¢6
_ 4
{f(l) =For gy
f(1)#f(0)=0
Nhu vay f don diéu tang.
Néu
f(x)>x,Vxe (0;1) = f(f(x)) > f(x),Vx € (0;1) = x* > x, Vx € (0;1)
la diéu khong thé xay ra. Vay f(x) < x, Vx € (0;1).
Do do
fU) < fx),vxe (01)
= x* < f(x) <x, Vx e (0;1)
............................................................................................................................................................. 1 diém
O

Bai 4 (5 diém). Cho tam giac nhon ABC noi tiép duong tron (O), P la moét diém thay déi trén

cung nhé AC cua (O) va K la tdm duong tron Euler ctia tam giac PBC.

a) Chiing minh rang, dudng thang qua K vuéng géc véi PA ludn di qua mot diém cb dinh
khi P di chuyén.

b) Goi H 1a hinh chiéu ctia K 1én PA. Chiing minh rang, dudng trung truc ctia doan AH luén
di qua mot diém cb dinh khi P di chuyén.



Loi giai.

a) Goi N la tam duong tron Euler ciia tam giac ABC.
Néu goi E 1a truc tdm cua tam giac ABC con F la truc tdm ctia tam giac PBC va | 1a trung
diém ctia BC thi

AE = 20] = PF.
Suy ra
FE = PA.
.................................................................................................................................................. 1diém
Ta biét, N 1a trung diém ctia OE va K la trung diém ctia OF nén
KN = -FE = - PA.
2 2

.................................................................................................................................................. 1diém

Goi L 1a trung diém ctia ON, I d6i xing véi A qua L. Goi M la trung diém PA. Ta c6

— —_—  ——>

KN = MA = MK = AN = Ol = OM = K] = KILAP.

Vay, duong thang qua K vuong géc v6i PA di qua I ¢6 dinh khi P di chuyén.

b) Tam giac AHI vudng tai H nén trung tryc cia AH di qua trung diém L cta Al ciing la

trung diém ON cb dinh. Ta c6 diéu phai ching minh.



Bai 5 (4 diém). Cho tap hop A = {1;2;3;---;2022} . D4t
F={X|XCA va S(X) chiahétcho 3}

v6i S(X) la téng cac phan ti ctia X.

a) Tim s6 phan ti ctia tap F c6 chira 2022.

b) Hay tinh )~ S (X).

XeF

Loi giai.
Trong 10i giai nay ta qui udc S(@) = 0.

2 2
a) bate = cos?n —|—isin7n.
Goi xj,j = 0,1,2 1a s6 tap con B ctia Ay = {1;2;...;2021} sao cho S (B) = j (mod3).
Vi 2022 chia hét cho 3 nén dap s6 cuia cau nay la xo.
Ta co

X0 + X1€ + xzsz = Z eS(B).
BCA;

Trong khi d6 ta biét rang

Z X)) — (1+xx1) (1+xx2) (1—|—xx”)

XC{x1;x05..5%n }

nén
X0+ x1e+ 1088 = (1+¢) (1+2) ... (1+ )
.................................................................................................................................................. 0,5 diém
Ta co
X¥—1=(x—¢) (x—ez) (x—s3)
= (1P -1=(-1-¢)(-1-¢&) (-1-¢)
=2=(1+¢) (1+&)(1+¢).
.................................................................................................................................................. 0,5 diém
Do ds ( ) ( 2) . 2022) 674
1+¢)(1+¢&%)---(1+¢ 2
X + x1€ + xp€? = 15 208 = = 2673,
hay
(xo — 2673) + x1e + x2£2 =0.
Suy ra

2673 _

X0 — X1 = X2



b)

.................................................................................................................................................. 0,5 diém
Ta c6 bién déi tiép
xg -2 =x1=x
1
= x9— 203 =2 (xo +x1+x2 — 2673)
3
1
673 _ L (52021 _ ~673
=1 —27 =2 (2 2 )
; 92021 4 5674
Vay dap so cho cau nay la xo = %
.................................................................................................................................................. 0,5 diém
Date 27 +1si 27
ate = cos — +isin —.
: 3 3

Xét mot s6 k € A batky. Goi xj,j = 0,1,21a s tap con B ctia A\ {k} ma tong cac phan tir
ctand S (B) = j(mod3). Khi d6 thi

Xo + x1€ + x2£2 = Z ES(B).
BCA\{k}

Trong khi do6 ta biét rang

> ST = (1) (14 22) - (14 x™)

XC{x1;x0;5..5%n }

nén
2 2022
Xo + X1€ + Xp€? = Z £S(B) _ (1+¢e) (1+e ).I.(.(l—i—s )
1+e¢
BCA\{k}
Ta co
¥ —1=(x—¢) (x—ez) (x 33)
(1P 1= (g ((1- &) (1€
=2=(1+e¢) (1—|—sz) (1+e3)_
Do d6
(1+¢€) (1+¢€%)...(1+e2) 7674
enerndo 3§ oo HOUEAL e 27

.................................................................................................................................................. 0,5 diém

C6 3 loai s6 k nhu sau:

e Trudng hgp 1: k = 0 (mod3). (Trudong hop nay ta can tim xo).



Ta co
, 2 2673
Xo + X1€ + xp8° = =
O+ 1 + 2 1+€k
:xo—2673+x1£+x282:0
:>x0—2673:x1:x2
1
$XQ—2673:f(Xo+X1+XQ—2673)
3
1
673 _ 1 (~2021 _ 673
= x9—2 _3(2 2 )
92021 | 5674
DOdéoni—'—

3
e Trudng hgp 2: k = 1 (mod3). (Lic nay thi can tinh x,).

Ta co
, 267
X0 + X1€ + xp€° = 1re
=x0 + x1€ + X262 + X0 + x16% + xp = 2674
=x0+x2 — 274 4+ (x0 + x1) e+ (x1 + x2) €% = 0.
Do do

1
X+ x =2 =xg+x; = x1 + 0 = 3 (2 (x0 + 21 + xp) — 2°7)
_ 1 20211 674\ __ 1 2022 674
_5(2.2 —2 )_5(2 —2 )
22021 _|_2674

3
e Trudng hgp 3: k = 2 (mod3). (Trong truong hop nay lai can xac dinh x;).

Suy ra x; = 22921 — (xg + x1) =

Ta c6 Q674

Xo + x1€ + xzez = 1—|—7£2

= X0 + X1€ + X262 + x0€% + x1 + xpe = 2074

= x0+x1 — 254 + (x1 + x2) e+ (x0 + x2) € = 0.
Suy ra

_ 2674 (2 (x() + x4+ x2) . 2674)

(22022 _ 2674) .

X0+ x1 =Xx1+xp=x0+x2 =

_ % (2‘22021 _ 2674) _

W= W =

22021 2674
Do dé x; = 2674 — (x0+x2) = e

o o 92021 | 9674
Qua day ta nhan thay rang, v4i moi so k trong A, luoén c6 dung



cta F chita né. Vay nén

> 5(X)

XeF

22021 | 9674
(=

22021 4 2674\ 2()22 . 2023
3 2

)(1+2+-~+2022)

= (2202 4 2°7*) . 337 - 2023,

.................................................................................................................................................. 0,5 diém
U
Luuy
1. Giam khao chdm diing nhu dép an, biéu diém.

2. Néu thi sinh c6 cach trd 15i khac ddp an nhung ding, giam khao van cham diém theo biéu

diém ctia huéng dan cham.
3. Giam khao khong qui tron diém thanh phan ctia tirng cau, diém cta bai thi.

Hét




