Huodng din gidi dé chon DTQG tinh Ninh Thugn mén Todn nim hoc 2023-2024
(Nguyén Son Phii - Bii Hitu Thén - Mai Tién Pat)
I.  Débai
Cau 1: Cho day s6 (u,,) thoa

a. Chung minh day sb (u,,) la day sb giam.
b. Lap cong thirc tong quat cta day so (uy,).

Cau 2: Giai bat phuong trinh: V2ax —11-16xV2x—-1-1=0

Cau 3: Tim tat ca cac sb thuc x, y thod man hé:
x,y>0
x+y=2
xX+1 yy+1 >1
Cau 4: Tim cac ham s6 f: (1; +00) = R, thoa man diéu kién:
fG)=f) =@ -0f(xy),vx,y >1

Cau 5: Cho tir giac ABCD noi tiép dudng tron (0). Tiép tuyén cua (0) tai B va D cit
nhau tai diém P trén tia AC. Tiép tuyén cua (0) tai C cit duong thing PD, AD lan luot
tai Q va R. Pudng thang AQ cat (0) tai diém thir hai la E. Ching minh rang ba diém B,
E. R thing hang.
Cau 6: Tim s hiru ti x sao cho x2 + x + 6 1a s6 chinh phwong.

II. Hwéng dén gidi: (Khéng phai loi giai chinh thire, chi ¢6 gid tri tham khdo)

Cau 1: Cho diy sb (u,,) thoa

al €N’
Upsy = ——,n
a. Ching minh day sb (u,,) la day s6 giam.
b. Lap cong thirc tong quat ctia day so (u,).
Giat:
a. Ta chimg minh bing quy nap, ring u,, > 2 v&i moi n nguyén duong.
That vay, ta xét:



+) Véin = 1 thi u; > 2, thoa man.

+) Gia st vo1 n = k thi u, > 2, ta ching to uy,, > 2.
Ta co:

7uk+4 2_3(uk—2)
Zuk +5 B Zuk +5
Vay Uy, > 2, nén theo nguyén li quy nap thi u,, > 2 véi moi n nguyén duong.
Khi do, ta xét:

uk+1—2= >0,khluk>2

_2uet 2,4 (2—w)a 1)
Unrr U ST 5 2u, +5
Suy ra: U4 < Uy,, Yn € N* (dpcm).
b. Ta bién déi:
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Bing tinh toan, ta sé chi ra duge:
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Nhu vay:
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Cau 2: Giai bat phuong trinh: ¥Y24x — 11 — 16xV2x — 1 —1 >0

*Giai:

U, =2+

,vn € N*

PKXD: x > -
Véi DKXD, ta cé: ¥24x — 11 — 16xV2x —1—1> 0
o 12(2x — 1)
(Zax—11) +{ZBx =11+ 1
3W2x -1
S V2 -1 : T
4x(¥24x —11) +V24x — 11+ 1

—16xV2x—-12>0
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Nhén xét: V2x — 1 < x, khi x > %

Do vy, véi x thoa diéu kién xéc dinh, ta co:
3vV2x — 1 3

= <
ax(YZax—=11)" +¥V28x—11+1 4(1?+1+1)
Nhur vay, dé (1) xay ra thi

i |

V2x—-1=0
1

S x ==

Viy, x = %lé nghiém duy nhét cua bat phuwong trinh.

Cau 3: Tim tt ca cac s6 thyuc x, y thoa man hé:
x,y>0
xty= 2
XX+ ¥ > q
*Giar:
Gia sir x khac y. Khéng mit tinh tong quat ta gia st x < y. Khido 0 <x <1< y.
Vix+y=2nény=2-—x.
TacogX* L p2¥t > 1
=x+1D)hx+(@y+1)ny=>0
=(x+1)hx+B-x)In(2-x)=0

Gia sir x khac y. Khéng mat tinh tong quat ta gia sitx < y, khi d6 0 < x < 1.
Xétham f(x) = (x+ 1) Inx+ (3 —x)In(2 — x), véi x € (0;1)

1 1
= f'(x) =;—m+lnx—ln(2—x)

Ta lai co:

1 1 1 4(1-x)?
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Nhu vdy, ham f'(x) la ham giam ngit trén khoang (0:1)

= f'(x) > f'(1) =0,vx € (0; 1)
Nhu vdy, ham f(x) 1a ham tang ngat trén khoang (0;1)

= f(x) < f(1) =0,vx € (0;1)

=x+1)hx+(y+1)nhy<0
Mau thun.

Viy, gia sur la sai, nén x = y = 1. Thur lai, x = y = 1 thoa man.



Cau 4: Tim cac ham s6 f: (1; +00) = R, thoa min diéu kién:

fG)-fO)=@-f(xy),vx,y>1
*Giai: (Tham khdo loi gidi ciia anh Mai Tién Pat)

Ta xét cac s a, b, c > 1 batki.
Tir gia thiét, cho x — ab, y = ¢, ta dugc:
f(ab) — f(c) = (c — ab)f(abc),Va,b,c > 1
= f(abc)(c —ab)(a —b) = (a—b)f(ba) — (a—b)f(c),Ya,b,c > 1
= f(abc)(c —ab)(a—b) = f(b) — f(a) — (a—b)f(c),Va,b,c > 1
= (bc — a)(b — c¢)f (abc)(c — ab)(a — b)
, = (bc — a)(b — O[f (b) - f(@) — (a = B)f ()], ¥a,b,c > 1 (1)
Tir gia thiét, cho x = a,y = bc, ta dugc:
f(a) — f(bc) = (bc — a)f(abc),¥Ya,b,c > 1
= (bc —a)(b—c)f(abc) = (b —c)f(a) — (b —c)f (bc),Va,b,c > 1
= (bc —a)(b —c)f(abc) = (b —c)f(a) + f(b) — f(c),Ya,b,c > 1
= (a—b)(c — ab)(bc — a)(b — c¢)f(abc)
= (a— b)(c — ab)[(b — O)f(a) + f(b) — ()], Ya,b,c > 1(2)
Tu (1) va (2), ta duogc:
(bc —a)(b - )[f(b) — f(a) — (a—Db)f(c)]
=(a—b)(c —ab)[(b—c)f(a) + f(b) — f(c)],Va,b,c >1(3)
Tir (3), cho ¢ = 2, ta dugc:
(2b —a)(b - 2)[f(b) — f(a) — (a — b)f(2)]
=(a—=b)(2 —ab)[(b—2)f(a) + f(b) — f(2)],Va,b > 1
= (b—2)(1—ab+ b?*af(a) + (=1 —a+ b)(a—2)bf(b)
=—=2(a—b)(b?-2b+a—1)f(2),Ya,b > 1(4)

Ta chon a =%, khi d6 (4) suy ra:
b—1)?%f(b)(b+1 =21 (2
( ) fIE ) ) = 11:2( )(b -1)%(b+1),vb>1

= f(b) =§,Vb > 1

Thir lai, £(x) = =, ¥x > 1 thoa man véi moi k thyc.

Tom lai: f(x) = %, Vx > 1,k € R thoa man yéu cau dé bai.

Cau 5: Cho tir giac ABCD ndi tiép duong tron (0). Tiép tuyén cua (0) tai B va D cit
nhau tai diém P trén tia AC. Tiép tuyén cua (0) tai C cit dudng thing PD, AD lan luot
tai Q va R. Puong thing AQ cit (0) tai diém thir hai la E. Chiing minh ring ba diém B,
E. R thing hang.



*Giat:

Tir giac BADC ¢6 cac tiép tuyén B, D trén (0) va AC dong quy, nén BADC la tir giac
dicu hoa.
= C(CADB) = -1
= C(ARDB) = -1
= B(ARDC) = —1(1) (do A, D, R thing hang)
Twong tu: ADEC ciing la tir giac diédu hoa.
= B(AEDC) = -1
= B(AEDC) = —-1(2)

Tur (1) va (2), ta suy ra dugce: B, E,R théng hang (dpcm).
Cau 6: Tim s hiru ti x sao cho x? + x + 6 la s6 chinh phuong.
*Giai:

Nhin xét: x = 0 khong thoa man dé bai
Vi x 1a so hiru ti nén ton tai 2 sO nguyén a,b ma b > 0, (a; b) = 1 thoa man:

a
* . x . b
Khi do, khi x thoa man dé bai thi ton tai k € N* sao cho:
a? + ab + 6b*

k*=x*+x+6= 52

= a® + ab + 6b* = (kb)*

= (2a + b)? + 23b% = 4(kb)?
2a 2 s

=’(T+1) +23 =4k



Néu 2a khéong chia hét cho b thi (2Ta + 1)2 + 23 khéng la s6 nguyén, khéng thoa man.
Do viy, 2a } b. Nén, 2x la sd nguyén.
Nhu vay: (2x + 1)% + 23 = (2k)?

= 2k —-2x—-1)2k+2x+1) =23
Vi k € N*,2x € Z, do d6 ta xét hai truong hop:
+)TH1: 2k—2x—1=23va2k+2x+1=1

= k=6x=—-6

Thur lai thoa man.

+)TH2:2k—2x—1=1va2k+2x+1=23
='k=6x=5

Thar lai thoa man.
Tom lai: x = —6 va x = 5 la cac s0 hiru ty thoa man dé bai.

III.  Nhan xét chung:

- Nhin chung, dé thi khong sat d6i véi cac dang dé cia VMO, va ¢6 thé néi la khuén
mau, don gian. Ching han, cau diy so cua dé la mot bai toan cé céng thirc hin hoi,
do do gﬁn nhu chéc chin cac hoc sinh sé tinh toan duge mot cach don gian. Cau
2.3 cuia dé chi thién ning vé tinh toan, bién ddi chir khéng can qua nhiéu dau oc.
Cau hinh sir dung bo dé chum diéu hoa co ban, kha 16 va ngin nén ciing sé khéng
phai la mot thach thire 16n d6i v6i cac hoc sinh. Riéng cau 6, khéng phu hop voi
trinh d¢ cua HSGQG.

- Diém sang hiém hoi ctia dé 1a cau 4, phuong trinh ham. Véi viée chin mét s 1,
cac hoc sinh s€ gdp nhiéu kho khan khi tinh toan. Tham chi, khi tim ra dugce
phuong 4n thém bién thi d6 phirc tap trong cac phép bién dbi sau d6 hoan toan ¢
thé day hoc sinh vé sai dap an.



