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PE CHINH THUC , )
Mo6n thi: TOAN CHUYEN
Thoi gian: 150 phut, khong ké thoi gian phat dé
Sk

Pé thi dugc suu tam tir hoc sinh nén khong tranh khoi sai sot trong qua trinh danh may.
Rt mong nhan dugc su dong gop tir ban doc.
Bai 1: (diém).
a) Gia1 h¢ phuong trinh

-

X+ =y

Y4x =z

I

kZ3 +y’ =x
b) Cho a,b 1a cac s6 tu nhién khac 0 phan biét, chirng minh rang phuong trinh sau luon c¢6 dung 3 nghiém:
(Vx=1)[+* -2(a+b)x+ab+2]=0

Bai 2: (2 diém). Cho a,b,c 1a cac so thuc duwong thoa man a® +b> +c¢> +3 = 2(ab+bc+ca). Chimg minh

rang

2(ab+bc+ca)+3
3

3<a+b+c<

Bai 3 (2 diém). V&i moi s6 ty nhién n, dit a =(2+~/3)" +(2-3)".

a) Chimg minh rang a,., =4a,,,—a,, voimoi ne N.

b) Tim tat cd n sao cho a 4.
c) Tim tat c& n sao cho a :14.
Bai 4 ( 3 diém). Cho tir gidc ABCD ndi tiép dudng tron (0) c6 tam gidc ABD nhon, AC di qua (0),!
la trung diém BD, H 1a truc tAm clia tam giac 4BD. Goi E 1a giao diém cua 4/ va dudng tron (0) (E

khac 4 ), ké HK vudng goc voi Al ( K nam trén Al ).
a) Ching minh rang t&r giac CEHK 13 hinh binh hanh va /B> = ID* =14 IK .

b) Lay diém F thudc cung nhd BD sao cho BAF = DAI . Ching minh rang K d0i xtmg véi F qua BD



¢) Chimg minh rang cac duong phan gidc trong clia cac goc BAD va BKD dong quy trén BD.

d) Qua H ké duong thang song song véi AC, lay T sao cho TH =TK . Ching minh bon diém O,K,T,F
cung nam trén mot duong tron.

Bai 5 (1,5 diém). Ghi 31 so nyuyén duong a, <a, <---<a,, 1én 31 theé.

a) Biét rang tong cac so trén 16 thé bat ky luon 16n hon tong 15 thé con lai. Ching minh a, > 226.

b) Biét rang 31 thé nay ghi cac so tir 1 dén 31 . Chia 31 thé nay vao 2 hop goila 4 va B, biét trong hop
A thi tong hai so bat ky khong 14 so chinh phwong. Chimg minh ton tai 4 thé trong hop B, chia ra lam 2

cap va mo1 cap co tong la s6 chinh phuong.



LOI GIAI THAM KHAO
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Mon thi: TOAN CHUYEN
Thoi gian: 150 phut, khong ké thoi gian phat dé

Bai 1(1,5 diém ).
a) Giai h¢ phuong trinh

.
X +2 =y

V4 =z

.

r+y =x
\

b) Cho a,b 1a céc s6 tu nhién khac 0 phan biét, chirng minh rang phuong trinh sau ludn c¢6 ding 3 nghiém:

(ﬁ—l)[xz —2(a+b)x+ab+2}=0

Lo1 giai.
a) Xet:
(% +2° =y
Sy +x =z (l)
Z2+y =x

Lay phuong trinh (1) trir (2) vé theo vé, ta dugc:
(z—y)(22+yz+y2):y—z <:>(z—y)(zz+zy+y2+1)=0
<:>Zzy( d022+zy+y2+121)
Tuong tu, lay phuong trinh (3) trir (1) vé theo vé, ta cling c6 x=y.

Do d6 x=y=z, thay vao (1) suy ra:

x =0
2%’ =x & xzﬁ
2
J7
xX=——
s 2
Vay phuong trinh ¢6 3 nghiém (x;y;z)e{(O;O;O),(\/f;\/25;\/25}(—\/25;—\/25;—\/25}.



b) Piéu kién: x>0. Phuong trinh da cho tuong duong:

Jx-1=0

x=1
4
_x2—-2(a+b)x+ab+2:0®{x2—2(a+b)x+ab+2:0 (*)

Vi phuong trinh (), ta c0 A'=(a+b)’—(ab—2)=a’+ab+b*-221 (do a,b>1). Do d6 () c¢6 hai
nghiém phan bi€t x,,x, ; hon ntra theo dinh ly Viete, ta co

{S:x]+x2:2(a+b)>0

P=xx,=ab+2>0
nén (') c6 hai nghiém dwong phan biét. Gia st () co nghiém x=1, khi dé
1-2(a+b)+ab+2=0<(a-2)(b-2)=1=>a-2=b-2=%1=a=b (VO ly).

Nhu vy (*) c¢o hai nghiém dwong phan biét va khac 1, dan dén phuong trinh di cho ludn c6 ding 3
nghiém phan biét.

Bai 2 (2 diém). Cho a,b,c 1a céc s6 thuc duong thoa man a* +b* +c* +3=2(ab+bc +ca). Chimg minh

rang
2(ab+bc+ca)+3
3<a+b+c<
3
Loi giai.
Ta co

2(ab+bc+ac)=a2+b2+cz+32ab+bc+ac+3<:>ab+bc+acz3.
Do d6 (a+b+c)* 23(ab+bc+ac)29 < a+b+c23.

bat p=a+b+c va g=ab+bc+ca. Tu (a+b+c)2—2(ab+bc+ca)+3=2(ab+bc+ca), ta duogc
p° +3=4q.Mit khac,

2(ab+bc+ca)+3

3
p°+3

a+b+c<

& 3p<L2g+3&3p< +3

& 6p<p +3+6p —6p+920
& (p—-3)° >0 (Ding)

2(ab+bc+ca)+3
3 :

Nhu vay a+b+c<

Bai 3 (2 diém). V6i mdi so tw nhién n, dat a, = (2++/3)" +(2-+3)".

a) Ching minh rang a, , =4a,,—a,, v61moi neN.



b) Tim tat cd n sao cho a 4.

¢) Tim tat ca n sao cho a ‘14.

Loi giai.

a) Taco:

4,,~a, =42+3)" +4Q2-V3)" = (2+43)" - (2-3)’
:(2+\/§)”(8+4\/§—1)+(2—\/§)”(8—4\/5—1)
= (24 362 +43P + (2~ 3P B—3)
:(2+\/§)n+2+(2_\/§)n+2 —a_,

Vay a ,=4a,, —a,, vo1mol neN.

b) Ta tinh dugc a,=2 va a, =4 déu la sO chan. Ta ching minh @, 1a so6 chan vé1 mo1 n e N. That vay,

gid st a, va a,,, 12 so chan (keN). Do a,,, =44, —a, nénsuyra a,,,

suy ra a, la s0 chan vo1mo1 aeN.

la sO chan. Vay theo quy nap

Ta co a, chiacho 4 du2 va g, :4. Ta chimg minh a, chia cho 4 du 2 véi moi » chan va a, chia hét cho

4v6i moi n 18. That vay, gi st a,, chia cho 4 du2 va a,,,, chia hét cho 4(keN).

e Do a,,,=4a,,, —a,, =—2=2(mod4) nénsuyra a,,,, chiacho4du?2.

e Do a,,,=4a,,,—a,, =—-a,, =0(mod4) nén a,,, chia hét cho 4.

TUr d6 theo nguyén 1y quy nap, ta suy ra a, chia cho 4 du 2 néu » chan va a_ chia hét cho 4 nén n 1¢.

Do d6 tat ca gié tri n théa man a, chia hét cho 4 1a n=2k+1(keN).

¢) Voimo1 n>4, ta cod

a 4 = 4an+3 o an+2 = 4(4an+2 o an+l )_ an+2

n+
=15a,,-4a ,=a,,—4a

n+2 n+l
=4a

—a,—4a,,, =—a,(mod7)

n+l n+l

o Vi n=4k(keN), tadugc

ay =-a, ,==(-1)"a,=(-1)"-200(mod7)

o V6in=4k+1(keN), ta duoc

i, =g = =Tl g = (1) -490(mod7)

o V6i n=4k+2(keN), ta dugc

Qppy =0, ==(-1Dfa, =(-1)"14= O(mod7)



o V6in=4k+3(keN),tadugc

Qs =Gy == (D)'ay = (1) -5200(mod7)

Va a,:7 khiva chi khi n=4k+2(keN), két hgp véi q, cha véi moi neN, ta két luan a,:14 khi va chi
khi n=4k+2(keN).

Bai 4 (3 diém). Cho t&r gidc ABCD ndi tiep dudng tron (0) c6 tam gidc ABD nhon, AC di qua (0),1
la trung diém BD,H la truc tAm ciia tam gidc 4BD. Goi E 1a giao diém cua A4l va duodng tron (O)(E
khac A), Ké HK vudng goc v6i AI ( K nam trén Al).

a) Chimg minh rang t& gidc CEHK 1a hinh binh hanh va 1B* = ID* = 14 IK .

b) Lay diém F thudc cung nhd BD sao cho BAF = DAI . Ching minh rang K d0i xtmg véi F qua BD
¢) Chimg minh rang cac duong phan gidc trong clia cac goc BAD va BKD dong quy trén BD.
d) Qua H ké duong thang song song véi AC, lay T sao cho TH =TK . Chirng minh bon diém O,K,T, F

cung nam trén mot duong tron.

Loi giai.

H y \\ S
WANNNN

a) Ta cd BH||CD va DH||CB nén t& giac BHDC 1a hinh binh hanh, suy ra 7 1a trung diém ctia CH .



Hai tam giac vuong HKI va CEI c¢6 IH =IC va HIK = CIE nén ching bang nhau, suy ra HK =CE . T
giac HKCE ¢6 HK =CE va HK ||CE nén t giac HKCE 1a hinh binh hanh.
TG gidc HKCE 1a hinh binh hanh nén 7 13 trung diém cua KE. TG giac ABED ndi tiép nén suy ra
IA-IE=1IB-ID. Do do

IK-IA=IE-1A=IB-ID =B’ = ID’

b) Th BAF = DAI suy ra BF =DE va BE=DF . Lai c6 tir giac BKDE 1a hinh binh hanh (do / 1a trung
diém chung ctia KE va BD )nén BK = DE va BE = DK . Ta thu dugc BK = DE = BF va DK = BE = DF
,do d6 BD la duong trung truc cua KF nén K d6i xtmg v6i F qua BD.

c) Ké 4X,AY lan luot 1a phan giac BAD va BKD(X,Y thudc canh BD). Khi d6 ta dugc:

BX BA BY BK
DX DA DY DK

Tu cAu a, IK-I4=1IB-ID = IB* = ID* suy ra cac cip tam giac IKB va IBA,IKD va IDA dong dang, vi vay

ta co:

BA BI DA DI
BK KI' KD KI

BA DA BA BK , BX BY
Suy ra =—=—=——"Dodo =—,
BK KD DA KD DX DY

Hon nita X,Y cung nam trén doan BC nén ta suy ra X trung Y.
d) Dung hinh binh hanh AHT'O khi d6 ta c6 T'H = 0A . Mat khac ta c6 OT' = AH =20I nén T’ d6i xung
voi O qua BD.Suyra TB=T'D=0B=04=T'H.Do d6 T" la tim duong tron ngoai tiép tam gidc HBC

Hon nita, ta lai ¢ 7 1a trung diém KE (chimg minh cdu a) nén OKT'E la hinh binh hanh, suy ra
T'’K =0E=04=TH.Khi 46 T’ nam trén duong thang qua H song song v6i AC va TH=TK nén T’
trung T.

Ta c6 K d6i xtng v6i F qua BD va O d6i xtng v6i T qua BD, tir d6 ta suy ra OKFT 1a hinh thang
can nén t gidc OKFT noi tiep.

Bai 5 (1,5 diém). Ghi 31 s6 nguyén duong «, <a, <---<a,, 1én 31 theé.

a) Biét rang tong cac so trén 16 thé bat ky ludn 16n hon tong 15 thé con lai. Ching minh q, > 226

b) Biét rang 31 thé nay ghi cac so tir 1 dén 31 . Chia 31 thé nay vao 2 hop goila 4 va B, biét trong hop
A thi tong hai s6 bat ky khong 14 so chinh phuong. Chirng minh ton tai 4 thé trong hop B, chia ra lam 2
cip va moi cip co tong 1a so chinh phuong.

Loi giai.



a) Vi g, <a,<...<a,; nén

Suy ra (a,, + a3 +...+a;, )—(a, +a, +...a,,) 2 225 hay
Gy + g +...+ay 2(a, +a, +...a,)+225

Theo gia thiét, ta co:

Do do:
ay+a2+a3+“”q6>(a2+a3+“”%6)+225
Suy ra a, > 225 hay a, >226.
b) Xét bd 3 s0 (6,19,30) sau: bat ky 2 trong 3 s0 nay c6 tong 1a s6 chinh phuong, nén 4 chi chira duoc

nhiéu nhat 1 so trong 3 s6 ndy, dan dén B phai chira it nhat 2 trong 3 s6 trén. N6i cach khac, B chira mot
cip co tong 1a s6 chinh phwong. O hinh dudi ta n6i 2 s6 lai voi nhau néu nd c6 tong 1a s6 chinh phuong,

6 1

19 30 21 28
Xét tiép bo 550 (1,8,28,21,15) : ta ¢6 2 s6 ké nhau ludn c6 tong 1a s6 chinh phuong va (1,15) ciing c6
tong la s6 chinh phuong. Khi d6, A4 khong thé nao chira nhiu hon 2 s0
trong 5 sO trén, vi nguoc lai1 4 phai chira hai s6 nam trén mot canh trong 5 canh trén, mau thuan véi gia
stt A khong chura 2 s6 ¢6 tong 1a s6 chinh phuong.
Nhu vdy, 4 chi chira nhiéu nhat 2 trong 5 6 trén va twong tng B chira it nhat 3 s0. Lap luén tuong tu

nhu trén, B phai chira mot canh trong 5 canh trén. Vi bd 5 s0 (1,8,28,21,15) khéc voi bo 3 s trudc

(6,19,30), ta tim dugc thém mot cdp s trong B ¢6 tong 1a s6 chinh phuong.



