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1. PHAN DE THI
Cau 1 (3,5 diém).
1. Gia1 h¢ phuong trinh
(x* +4y* -5x°y* =4

(3x+4y-2)(x* +2y -3xy) =4

2. (Giai phuong trinh
Jx+4/3-2x =1++2—-2 +%\/x—l

Cau?2 (2,5 dlem)
I. Tim cac sO nguyén duong thoa man dang thirc

(x+y) +6xy+3y° +y=8x +9x” +1
2. Gid st x,,X,,..., Xy, 12 cac s0 thuc duong thoa man xx, .. X, =1. Hay tim gia tr1 nho nhat
cua bicu thuc
M = (x]2 = +l)(x22 = +1)...(x§024 -y +1)
Cau 3 (3 diém). Cho tam gidc ABC nhon, khong cin noi tiép duong tron (O).E,F lan luot 1a trung
diém ctia C4, 4B . Piém P di chuyén trén cung nhd BC(P khac B,C).Goi M, N lan luot la giao
diém ctia PC,PB voi EF. AM, AN cit (0) theo thir tw tai O,R (Q,R khac 4).

1. Chirng minh rang t gidc AFPM noi tiép va EPF = QPR .
2. Chimg minh rang giao diém ctia OF va RF nam trén (0).
3. Lay S,7 lan luot thudc vao cac duong thang C4, AB sao cho ba dudng thang ET, FS, AP song

song v6i nhau. Goi K va L lan luot 1a tAm duong tron ngoat tiép cua cac tam giac NFS va
MET . Puong thang qua K vuong goc vo1 4B cat duong thang qua L vuong goc vo1 AC tai
J . Chimg minh rang J ludn nam trén mot duong thang co dinh khi P thay doi.
Cau 4 (1 diém). Tim tat ca cac so nguyén duong m sao cho c6 thé cat hinh vudéng c6 canh bang m
thanh ding 5 hinh chit nhat ma d6 dai 10 canh ctia 5 hinh chit nhit d6 dwoc lay tir cac so
1,2,3,4.5,6,7,8.9,10 va moi $O duoc léy dung mot lan.



2. PHAN LOI GIAI
Cau 1: (3,5 diém )
1. Giai hé phuong trinh
(x* +4y* —5x°y* =4

k(3x+4y—2)(x2 +2y% =3xy) =4

2. (Giai phuong trinh
Vx+3-2r =142 x4
Loi giai.
1. HE phuong trinh twong duong voi
{(x—y)(x—2y)(x+y)(x+2y)=4
(x—y)(x—Zy)(3x+4y—2):4
Hé trén cho ta (x+y)(x+2y)=3x+4y—-2 hay
(x+y—1)(x+2y—2):0
Suyra x+y=1hodc x+2y=2.
e Néu x+y=1,thé y=1-x vao phuong trinh dau tién ta dugc
(2x—1)(3x—2)(2—x)=4
twong duong voi
x(6x” ~19x+16) =0

Do 6x° —19x+16 = 6(x—%) +1%Til>0 nén ta phai co x=0,y=1.

o Néu x+2y=2,thé x=2-2y vao phuong trinh dau ta duoc
(2-3y)(1-2y)(2-y)=1
twong duong
(y-1)(6y*~13y+3)=0
dén day tim duoc cac nghiém (x,y) ctia hé phuong trinh 1a
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Vay hé phuong trinh da cho c6 ding ba nghiém (x;y) la
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2. Diéu ki€n xac dinh: 1< x < 3

2
Ta s& ching minh véi diéu kién trén ctia bai toan thi
V2—x+12x +43-2x
That vy, binh phuong hai vé ta c6
1+2-x+232—x 2 x+3-2x+2/x(3-2x)




hay can chirng minh

J2-x> \/x(3—2x)

Binh phuong hai vé lai ¢6 3x—2x* <2—x hay 2(x—1)* >0 (luén ding). Do d6 ta c6
1+4/2-x +%\/x—1 >1+42—x > Jx +4/3-2x

dau bﬁng xay ra khi va chi khi x=1. Nghiém nay thoa man diéu kién xéac dinh.
Vay phuong trinh da cho c6 nghiém duy nhat x=1.
Cau 2: (2,5 diem) ?
1. Tim cac s6 x,y nguyén duong thoa man dang thirc
(x+7y) +6xy+3y° +y=8x +9x° +1
2. Gid sl x,,x,,..., X, 12 cac sO thyc duong thod man x,x, ...x,,, =1. Hiy tim gia tri nho nhat
cua biéu thirc
M = ()cl2 — X +1)(x§ —¥s +1)...(x§024 ~ % +1)
Loi giai. o
1. CACH 1. Ta bién d61 phuong trinh nhu sau
(x+y) +6xy+3y° +y=8x +9x° +1
& 8 —(x+y) +6x° —6xp +3x* -3y* = p-1
= (x—y)(7x2+4xy+y2+9x+3y):y—1
Vi x,y nguyén duong nén VP>0, kéo theo x> y.Néu x#y thi x—y>1suyra VP=y—1>3y hay
2y<-1v0livi y nguyén duong. Do vay, x=y keo theo y=1.
Vay ¢6 ding mot cdp s6 (x;y) thod man (1;1).
CACH 2. Phuong trinh da cho c6 thé viét lai thanh
(x+y) +3(x+y) +6x+y=2x+1)
Suyra (x+y) +3(x+y)* +6x+y la mot 1ap phuong dung. Ta co
(x+y) <(x+y) +3(x+y) +6x+y<(x+y+2)
nen
(x+y) +3(x+y) +6x+y=(x+y+1y
Khai trién va rit gon, ta duoc
3x=2y+1#(1)
Hon nira vi (x+y)’ +3(x+y)" +6x+y=(2x+1)’ nén (x+y+1)° =(2x+1)’ va tir day ta c6 ngay
x+y+1=2x+1 kéo theo
i=7 #(2)
Tir (1), (2) ta tim duge x=y=1 vacip (x;»)=(1;1) 1a nghiém duy nhat ctia phuong trinh.
2. Ap dung bat dang thirc AM-GM cho hai s6 thuc dwong ta cd x> +1>2x, suy ra
’ r+l-x=x
Ap dung vao bai toan ta co



M = (xl2 =%, +1)(x§ =i, +l)...(x22024 —Xeyrmn +1)
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Dau bang xdy ra khi va chi khi x, =x, =---=x,,,, =1.
Véy gid tri nho nhat cia M 1a 1 .
Cau 3: (3 diém)
Cho tam gidc ABC nhon, khong can ndi tiep dudng tron (0).E,F lan lugt 1a trung diém cta CA4, 4B.
Piém P di chuyén trén cung nhd BC(P khac B,C). Goi M, N lan luogt 14 giao diém cua PC,PB voi
EF . AM, AN cit (O) theo tht tu tai O,R (Q,R khéc 4).
|. Chimg minh rang t& gidc AFPM ndi tiép va EPF = QPR .
2. Chitng minh rang giao diém ctia QF va RF nam trén (O).
3. Lay S,T lan luot thudc vao cac duong thang C4, 4B sao cho ba duong thang ET, FS, AP song
song voi nhau. Goi K va L lan luot 14 tim duong tron ngoai tiép cua cac tam gidc NFS va

MET . Puong thang qua K vudng goc véi 4B cat duong thang qua L vudng goc véi AC tai
J . Ching minh rang J ludn nam trén mgt duong thang c6 dinh khi P thay dou.

Loi giai.

1. Vi EF||BC va t& gidc ABPC 1di tiép nén ta thu dugc PMF = PCB = PAB= PAF . Do @6, tir
giac AFPM no1 tiep. Chung minh twong ty ta cliing dugc tr giac AEPN no1 tiep. Tu do ta co
bién do1 goc

EPF = EPA+ FPA = ENA+ FMA=180" — MAN =180° — Q4R = QPR

2. T céc tir gidc noi tiép AEPN va AQPR ta thu dugc PEF = PEN = PAN = PAR = POR . Vi thé
ta dwoc aPEF ~aPOR (g.g), dan dén ig = 1;1; . Két hop voi
EPQ = RPQ - RPE = FPE — RPE = FPR , ta suy ra aPEQ ~aPFR (c.g.c). Do d6, PRF = POE .
Goi D la giao diém ctia QOF va RF. T PRF = PQE ta suy ra tit gidc DPOR ndi tiép. Vi vy
D €(0) va ta c6 diéu phai ching minh.




3. Trudc hét ta phat bieu ba bo dé nhu sau
Bo d¢ 1. Cho tam giac 4BC ni tiép (O). Trén cac canh C4, 4B lan luoot lay cac diém E, F sao cho

tw gidc BCEF ndi tiép. BE cat CF tai diém K. Khi d6, ba duodng tron (0),(4EF) va (AK) c6 mét

diém chung khac 4.

Pay 1a bo dé quen thudc, nén xin phép khong nhac lai chimg minh & day.
B6 dé 2. Cho t giac ABCD noi tiép duong tron (0) AC cat BD tai E.Goi M,N,P lan luot 1a

trung diém ctia CD,BC,AD. K
Trén cac duong thang 4D, BC |

a hinh chiéu cua E trén BC va T la diém d6i xing véi K qua M .
Ay cac diém R,S sao cho MR||BD va MS|| AC.Khi do ta co

(a) bon diém K,M,N,P cung thuoc mot dudng tron;
(b) bon diém M,R,S,T cung thuoc mot duoong tron.

Chirng minh bo dé 2 .
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(a) Go1 X,Y lan luot 12 trung diém cua ED,EC. Tu tinh chat duong trung binh thi ta cO X € MP va
Y e MN.Dé yrang E,K d6i xing nhau qua XY va EXMY 1a hinh binh hanh, ta duoc

XKY = XEY = XMY , dan dén t(r

gidc KXYM ndi tiep. Do d6 KXM = KYM va kéo theo KXP=KYN .

Mit khac, dé y rang aEAD ~aEBC nén ta c6

KX ED EC KY
XP EA EB YN

Nhu vay aKXP~aKYN (c.g.c). Vi thé KPX =KNY vado d6 KMNP la tir gidc ndi ticp.
(b) Go1 U,V lan luot la cac diem do1 xung vo1 S,R qua M . Ta chi can ching minh tr giac KMUV

no1 ti€p, ro1 dung tinh do1 xirng

dé thu duoc diéu phai chimg minh.



Goi U,V lan luot 1a cac diém doi xtng v6i S,R qua M . Ta chi can chimg minh t& gidc KMUV ndi
tiép, roi dung tinh doi xtmg dé thu dwoc diéu phai chimg minh.
Pau tién dé y rang NRP = EDA = ECB = NSP, vi thé t& giac NPRS noi tiép. Két hop voi UV || RS ta
thu dwoc NUV = NRS = NPS, dan dén t&r giac NUVP 1a t& giac ndi tiép.
Bay gi10 ta s€ di chung minh N, £,V thang hang. Pat ADNBC=F.Chuyrang DV ||BC va
PV || BC, ta dugc PDV = AFC va DPV = FAC, kéo theo aDPV ~ aFAC (g.g). Do do,

DV DV DP FC AD CD EA ED EA ED

BN DP BN FA BC AB EB EA EB EB |
Tu do suy ra E, N,V thang hang. Chirng minh tuong tu ta cling duoc P, E,U thang hang. Ap dung
bo dé 1 cho aMUV , dé y rang tir gidc NUVP ndi ti€p, ta suy ra ba dwong tron (MUV ),(MNP) va
(ME) dong quy tai mot diem khac M . Mit khéc, tir ¥ (a) ta lai ¢6 (MNP) va (ME) cat nhau tai X .
Vi viy ta thu duge K e (MUV).
B6 dé 3. Cho tam giac ABC. E, F lan luot 1a trung diém ctia C4, 4B. 1 1a mot diém di chuyén trén
BC'. Y,Z lan luoot 14 hinh chiéu cua I trén C4, ABU,V lan luot d6i xtmg v6i Y,Z qua E,F. Trung
truc cia EU va FV cat nhau tai J. Khi d6, diém J chay trén mot duong théng cb dinh.

A

(1

Chirng minh bo dé. Goi L, M lan luot 1a trung diém cta EU va FV . Khi do, ta ¢c6 EL =%E Y va
FM = %FZ . Trén tia d6i cua tia £/ lay diém Q sao cho EQ:%EI . Trén tia doi cua tia FI lay diém

R sao cho FR:%FI.Khi d6 ta dugc MR||1Z va LQO|| 1Y vadan dén QeJL va ReJM .

Goi H 1atruc tim ctia aABC. AH cat BC tai D va go1 K la hinh chiéu ctia J trén OR . Khi do ta co
JO|| HB (cung vudng goc voi CA ) va JR|| HC (cung vudng goc voi AB ). Lai déy rang OR || EF || BC
, ta chirng minh dugc aJOR ~aHBC (g.g). Pé y rang JK va HD 1a hai dudng cao tuong tmg cua hai
tam giac nay, vi thé ta thu dugc

JK OR QR EF
HD BC EF BC
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Do do, JK = %HD = const. Mat khac, tir cach dung diém O,R thi duong théng OR la mdt duong co

dinh véi khoang cach giita OR va BC bang % khoang cach tir EF dén BC. Do do, lai chi y rang

OR || BC, ta c6 thé két luan rang diém J chay trén dudng thang c6 dinh song song véi BC.

Tr6 lai bai toan. Goi / 14 giao diém ciia AP va BC.Y,Z lan luot 12 hinh chiéu ctia [ trén C4, AB . Goi
U,V lan luot 1a d6i xtmg cta Y,Z qua E,F. Ap dung hai 1an bo dé 2 cho tir gic noi tiép ABCD ta
suy ra dugc U € (MET) va V (NFS). Do d6, JK va JL twong tng la trung tryc ciia FV va EU . Do
d6, ap dung bo dé 3 cho a4BC thi diém J ludn chay trén mot dudng thang song song v6i BC cd dinh.
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Céu 4: (1 diém) o |
Tim tat ca cac s0 nguyén duong m sao cho co thé cat hinh vuong c6 canh bang m thanh dung 5 hinh
chitr nhat ma d¢ dai 10 canh cua 5 hinh chit nhat 46 duoc lay tir cac s6 1,2,3,4,5,6,7,8,9,10 va moi s
dugc lay ding mot lan. o
Lo1 giat. Go1 kich thude cua cac hinh chir nhat 1a @, xb,a, xb,,---,a, xb . Thé thi ap dung bat dang
thirc AM-GM, ta co
2 5
m” =ab +ab,+--+ab 2 5{/a1a2 s s@sbiby s B = 53101 >100

2 2
~ 1 a +b A . /4
Suy ra m>11. Hon ntra, vi a.b, <— - ~ nén ta lai co

mzSaf+bf+a§+b§+---+a§+b§ _F32 44 10° - (B
2 2
Dodo, 11<m<l13
o Khi m=11, 6 thé cat hinh vuong canh 11 thanh 5 hinh chir nhat gém 1x9,2x

8,3%6,4x7,5x10. Xem hinh v& dud1 day

1x9




e Khi m=13, c6 thé cat hinh vuong canh 11 thanh 5 hinh chit nhat gom 1x2,3x
7,4%6,5x10,8%x9 . Xem hinh vé dud1 day

3T
4 %6

5x 10

e Khi m=12, ta sé ching minh m=12 khéng thoa méan. That vdy, ¢6 4 hinh chit nhat ndm &

bon goc cua hinh vuong. Xem hinh v€ dudi day
as by = 12 — ay

b =12 - ay

b) = 12— a) a
MOdi canh hinh vudng dugc ghia théph hai canh‘ co té)ng béng 12. Tuy nhién vi hai doan d¢ dai 1,6
khong ¢6 canh twong irng d¢ tong bang 12 . Pi€u nay c6 nghia la hinh chir nhat ¢ gitra phai 1a hinh

1x6. Suy ra
12—(a,+a,)=6
{12—(a2+a4)=1
Tur d6 ta tim dugc a, +a, =6,a,+a, =11. Suy ra (a,,a;) 1a (2,4) hoac (4,2); con (a,,q,) la (3,8)
hodc (8,3). Khong mat tong quat ¢ thé gia st (a,,a;)=(2,4). Nhung khi d6 b, =12—a, =8, tlic la

canh ¢6 do dai 8 xuat hién hai lan, tra1 vé1 y€u cau bai toan.



