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Bai 1: (2.0 diém)
1. Cho a-b=+17-122 +242 . Tinh gié tri ciia biéu thirc A=a*(a+1)-b*(b—1)-1lab+2024.

2. Cho phuong trinh x* —6mx+18m-9=0 ( m 1a tham s6). Tim tat ca gia tri ciia m dé phuong
trinh ¢ ha1 nghiém phan biét x,,x, thoa man

()c,2 — 6mx, +16m—20)(x§2 — 6mx, +17m—7) =15m—-28.
Bai 2: (2,5 diém)

1.Gi1a1 phuong trinh x+1 %=l x4 x4 2
x—2 x+2 x-=3 x+3 4

(y —2xy—-y+4x-2=0

J(x,yeR).
Xt -3y-3=+x"+24 ( )

(xe]R)

2.Gia1 h¢ phuong trinh 4

Bai 3: (1,5 diem)

1. Tim tat ca cdp sO nguyén (x;y) thoa man phuong trinh 6x°—2)* —xy+4x+2y=7.

2. Cho n 1a s6 nguyén dwong thoa man v12#* +1 1a mot s6 nguyén duong. Chirmg minh

8/12n° +1+8 la mot s6 chinh phuong.

Bai 4: (3,0 diém )
Cho dudng tron (0) va mot ddy cung BC c6 dinh khong 1a duong kinh. Xét diém 4 thay doi trén
(0) sao cho 4ABC la tam giac nhon va 4B< AC. Go1 D,E,F lan Iwot 1a chan cac duong cao cua
tam giac 4BC ké tir 4,B,C. Goi H 14 truc tAm cla tam gidc 4BC va I 1a trung diém clia BC.

|. Chiémg minh IEC =ICE va IE la tiép tuyen cua duong tron ngoai tiép tam giac HEF .
2. Go1 P la giao diém cta hai duong thang EF va BC. Puong thang PH cit dudng tron ngoai
tiép tam gidc HEF tai diém tha hai la @ khac . Chimg minh PD-PI = PE-PF va

AFQ = PIQ.

3. Goi L la diém doi xung vo1 4 qua O va M, X, K lan luot 13 hinh chiéu vuong goc cua L lén
BC,CH, BH . Chung minh dudng tron ngoai tiép tam giac MNK ludn di qua mot diém co
dinh.

Bai 5: (1,0 dlem)

|.Chimg minh tir 5 6 tw nhién bat ki ludn tim dugce 3 s6 ma tong cua chiing chia hét cho 3 .
2.Ching minh tur 161 s0 tu nhién bat ki ludn tim duoc 81 s6 ma tong cua chung chia hét cho 8




TOAN CHUYEN
Bai 1:
1. Cho a-b=+17-242 +242. Tinh gi4 tri biéu thirc A=a?(a+1)-b>(b—1)—11ab+2024
2. Cho phuong trinh x* —6mx+18m—-9=0 ( m 1a tham s0). Tim tat c4 gia tri cia m dé phuong
trinh c6 hai nghi¢ém phan biét x,,x, thoa man
(x —6mx, +16m—20)(x; —6mx, +17m—7)=15m—28.
G

1. Tacd: a—b=v17-1242 +242
=J3-22) +242
=3-242+242=3

A=a’(a+1)-b*(b-1)-1lab+2024 = a’+a’ b’ +b’ —11ab+2024
(@’ =b*)+(a* +b7 ) ~11ab+2024

= (a —b)[(a—b)2 +3ab}+[(a—b)2 +3ab]—1 lab
+2024

= 3(9+3ab)+(9+3ab)—1lab+2024
= 27+9+2024 =2060

Ta co:

2. PT: ¥’ —6mx+18m—-9=0
PT c6 hai nghiém phén bi€t x, x, néu A'>0, tac la (-3m)* —(18m-9)>0
&9m® —18m+9>0
¢39(m2—2m+4)>0
& 9(m—1)> >0
Do do, m =1 thi phuong trinh c6 hai nghiém phan bi¢t. Ta co: x, x, 1a hai nghiém phéan bi¢t cua
phuong trinh nén:
.'xlz—-émxl+-18m—9:OC> X\ —6mx, +16m—20=-2m—11
X, —6mx, +18m—9=0  |x; —6mx, +17Tm—T7=-m+2
Thay lai vao giai thiét bai cho ta co:
(7 —6mx, +16m—20)(x; —6mx, +17m—7)=15m 28
& (—2m—11)(—m+2):15m—28
< 2m* —4m+11m—22—-15m+28=0
< 2m’ —8m+6=0
= 2(m2 —4m+3)=0
=1 (KTM
o 2(m-1)(m-3)=0c|" gl
m=3 (TM)
Vay m=3 thoa man yéu cau bai toan
Bai 2:
x—1 x+4 x-4 5

1.Giai phuong trinh x+1, ==,(xeR).
x—2 x+2 x-3 x+3 4




ry"‘ —2xy—y+4x-2=0
kx2—3y—3=\/x4+24
G

2.Gia1 h¢ phuong trinh - (x,yeR).

G
x+1 . x-1 x+4 x-4 4
x=2 x+2 x-3 x+3

(x+1 x—1 (x+4 5) x—4 3]

= +-Z [+ - i || = +— =0

x—2 x+2 \x=-3 2 x+3 4

3x-3 x-1 Tx-7 Tx—17
+ oy —

xX—2 x+2 2(x—3) 4(x+3)

S S A S
x=2 x+2 2(x-3) 4(x+3)|

1

(x cR:DK : x ¢ {i2;i3})

=

<:>(x—1)

\

o (x_p)| 632 —7( 1 !

(x—2)(x+2)+ 2 x—3+2(x+3)/

4(x+1) +—7. 3(x+1)
(—2)(x+2) 2 2(x—3)(x+3)

4 21 |
<:>(x—1)(x+1)(x2 T _9):0

<:>(x—1)

1=1
&S| x=-1
4 21 1
" 2 gV
x4 4 x -9
w 21
Giail (*): =
() x*—4 4x*-36
Néu 24 il 22136 thi mgt cach twong duong ta cd: 16x° —144=21x" -84 hay 5x* =—60 (v0 li)
X — X~

Tht lai ta thay x=1 va x=—1 déu thoa man
Vay phuong trinh c6 nghiém x=1 va x=-1
fyz —2xy—y+4x-2=0 (1)

\x2—3y—3:\/x4+24 (x,yeR)
Ta viét pt (1) thanh tam thirc bac hai theo ¥ nhu sau:
(1) & y* —(2x+1)y+4x-2=0
Taco:A=(2x+1)’ —41(4x-2)
=4x" +4x+1-16x+8
=4x* -12x+9=(2x—-3)>>0

) -

. (2x+1)+(2x—3) 1
s 2
(2x+1)=(2x-3)




Néu y=2 thay vao (2) ta dugc: x> —9=+/x*+24 (VO li vivx*+24>x>>x* =9 )
Néu y=2x-1 thay vao (2) ta duoc: x*=3(2x-1)-3=+x"+24
&yt —6x+3-3=+x"+24

S xi—6x=+x"+24

o x*—6x>0 <:><r X" ~6x>0
x'=12x° +36x* =x* +24 12(x—1)(x2—2x—2):c

s

S x=—3+1
— y=-23+1, thir lai ta théy thoa man
Vay hé phuong trinh c6 nghiém duy nhat (x;0)= (—\ﬁ +1;-243 +1)
Bai 3: ’ ’
1. Tim tat ca cdc cap sO nguyén (x;y) thoa man phuong trinh 6x* -2y —xy+4x+2y=7
2. Cho n la s6 nguyén duong thda man 12x> +1 12 mot so nguyén dwong. Chirng minh
812n% +1+8 12 mot s6 chinh phuong
G1)

PT & 7 =6x" =2y —xp+4x+2y

:(3x—2y)(2x+y)+2(2x+y)
=(2x+y)(3x—2y+2)

Suy ra (2x+y,3x-2y+2)eu’(7)={£1;£7}, ta xét cac truong hop:

2x+y | 7 -1 -7
3x=2y+2 | 7 | - -1
X 1 X X X
Y -1 % X X

Vey(x;y)=(1;-1) 12 nghiém duy nhat ciia phwong trinh

()2 —2xp—y+4x-2=0 (1)

kx2—3y—3:\/x4+24 (x,yeR)

Ta viét pt (1) thanh tam thirc bac hai theo y nhu sau:

2) <




(1)< y* —(2x+1)y+4x-2=0
Taco:A=(2x+1)° —41(4x-2)
=4x" +4x+1-16x+8

=4x* —12x+9=(2x-3)*>0

e (2x+1)+(2x—3) 1
= 2
(2x+1)-(2x-3)
y= : =2

Néu y=2 thay vao (2) ta duoc: x> —9=+/x*+24 (voli v Vx*+24>x*>x* -9 )
Néu y=2x-1 thay vao (2) ta dugc: x*=3(2x-1)-3=vx"+24
& x'—6x+3-3=+x"+24

& x'—6x=+x"+24

X2 —6x>0 X —6x>0
L= 20 -
x=12x° +36x* =x* +24 12(x—1)(x2 —2x—2):c

-

Sx=—3+1
= y=-23+1, thir lai ta théy thoa man
Vay hé phuong trinh c6 nghiém duy nhat (x;0)= (—\/3 +1;-23 + 1)
Bai 3: , ’
1. Tim tat ca c@p so nguyén (x;y) thoa man phuong trinh 6x* -2y —xy+4x+2y=7.
2. Cho n 1a s6 nguyén duong thoa man v12#* +1 1a mot s6 nguyén duong. Chirmg minh
8121 +1+8 1a mot s6 chinh phuong.

Gl)

PT &7 =6x"=2y" —xyp+4x+2y
=(3x-2y)(2x+y)+2(2x+y)
:(2x+y)(3x—2y+2)

Suy ra (2x+y,3x-2y+2)eu’(7)={£L;+7}, ta Xét cac truong hop:

2x+y ] 7 -1 -7
3x=2y+2 | 7 | -7 -1
X ] X X X
y -1 X X X

Vay(x;y)=(1;-1) la nghiém duy nhat cta phuong trinh



2) Viv12n® +1 1a s0 nguyén duong nén 12 +1 13 s6 chinh phuong 18, t@ dotaco thé dat
12n° +1 :(2k+l)2,(k EZ)
<126 =4k° +4k
& k(k+1)=3n"
Nhung (4;k+1)=1 va phai c6 mot trong hai sO k,k+1 chia hét cho 3 nén ta c6 thé biéu dién £ va
k+1 theo cac truong hop sau:
« |k=u’
*) Neu g .
k+1=3v
Khi d6 3v’ —u’ =1 u’ =3’ —1(m0d3)(vélz’)
;. k=3’
*) Néu ’ :
k+1=3u
Khi d6: 8v/12n* +1+8=8(2k +1)+8=16(k +1)=16u* 1a s6 chinh phuong Nhu vay, v12a* +1 nguyén
thi 8v12#° +1+8 12 mot sO chinh phuong.
Bai 4:

C/MIEC=ICE
[E 14 tiép tuyén cua duong tron ngoai tiép aHEF



G
Vi 4BEC vuong tai E ¢ EI 1a trung tuyén nén a/ECcdn tai 1= IEC =ICE Ta cd AEHF la tir gidc
ndi tiép ( AEH + AFH = 180°) ma tuong tu v trén ta cling ¢ IEB = DAC nén IE 1a tiép tuyén cua

(HEF)
CM : PD.PI = PE.PF vAAFQ = PIQ
2. Ta ¢6: EIC = EBI + BEI = 2EBI
Dé thay BFHD, AEHF 13 tir gidc ndi tiép nén DHF = EBI = DAC = EFH
Do db EIC =2EBI = DFH + EFH = DFE

— DFEI 1 t&r giac noi tiép nén dé ching minh dugc aPFD <oaPIE

= i = D = PF.PE = PD.PI
Pl PE

Lai co6: PF.PE=PH.PQ nén PH.PQ= PD.PI =aPHD ©aPIQ
Do do6: HOQI = HDI =90°
— DHOI 14 ttr giac noi tiep
MaAQH =90° nén 4,0, I thang hang
Tu day ta cO: PIQ=14C+ICA=1AC+ AFE = AFQ( dpcm )
3. CM: duong tron ngoai tiép sMNK luon di qua 1 diém co dinh
L do1 xung vo1 4 qua O nén B.LC 1an lugt vudng goc vo1 4B, AC
Ta cling c6 4B 1 CH,AC 1 BH nén LB//CH, LC//BH nén BHCL Ia hinh binh hanh
Ta co I la trung diem BC neén I la trung diem HL
Tathay K, H,N,L cung nam trén 1 duong tron (I, IH )

Ta ¢6: KTN =2KCN = 2(180° —KHN) = 2BAC

KMN =180 — KMB - NMC = (90° _ KLB)+ (90° _ NLC) — HBL + HCL

=2(180°—BHC)=2-BAC=KIN

Do d6, K,I,M,N cung nam trén 1 dudng tron hay I nam trén ( KMN )
Ma I 14 diém c6 dinh khi A di chuyén trén (0). Do t6 (KMN) luén di qua 1 diém c6 dinh 14 trung
diém BC.
Bai 3:
|.Chimg minh tir 5 s6 tu nhién bat ki luon tim duoc 3 s6 ma tong cua chiing chia hét cho 3 .
2.Chirng minh tur 161 s6 tu nhién bat ki luén tim duoc 81 s6 ma té)ng cua chung chia hét cho
8
Giai
1.M§t s6 khi chia cho 3 s& ¢6 s6 du 12 1a 0;1;2
THI1: Trong 5 s0 d6 ¢6 du 3 s6 du khi chia cho 3, Khi d6 ta chi can chon bd 3 s6 ¢6 3 s du khac
nhau khi chia cho 3 1a thoa man bai toan.
TH2: Trong 5 s0 d6 chi ¢6 2 s6 du khia chia cho 3. Theo nguyén li Dirichlet chi ton tai it nhat

%}1 =3 50 ¢6 cung so du khi chia cho 3 . Khi d6 tong 3 s6 c6 cung s6 du Khi chia cho 3 s& chia

hét cho 3 .




2. Trong 161 so ty nhién do, ta ludn chon duge 3 s6 ma tong cua chiing 14 a chia hét cho 3 .
Tuong tu trong 158 s6 con lai ta ludn chon dugc 3 s6 ma tong cua chung la a; chia hét cho 3, ctr
lap luan nhu vay ta the duo cac tong q,,a,,.. 505 chia hét cho 3.

CM tuong tu cau 1 ta cling thay duoc trong 5 s6 chia hét cho 3 ta lu6n chon dugc 3 s0 ¢6 tong chia
hét cho 9, vi thé trong 53 80 a;,a,,..., a5, ta chon duge 3 sO ma tong cla ching 1a 4, chia hét cho 9,

twong tu trong 50 sO con lai ta ciing chon duoc 3 s0 ¢6 tong 1a b, chia hét cho 9. Cir tiép tuc nhu
vay ta ciing thu dugc cac tong bb,...b, chia hét cho 9.
Lap luan tuong tu nhu trén tu cac S0 b.b,,...b, ta cing chon duoc cac téng ¢,C,,...Ccs. chia het cho

27, va trong 5 s ta ludn chon dugc tong d ctia 3 s6 sao cho d chia hét cho 81, ma d 14 tong cia 81
sO tr 161 sO tu nhién bat ki nén ta co thé ket thuc chirng minh



