SO GD&DPT QUANG BINH KY THI CHON POI TUYEN
DU THI CHON HQC SINH GIOI QUOC GIA
PE CHINH THUC NAM HOQC 2024-2025
Khoa ngay 26 thang 8 nam 2024
Mon thi: TOAN

BAI THI THU HAI
Thoi gian: 180 pht (khong keé thoi gian giao dé)
Dé gom co 01 trang va 03 cau

Cau 1 (6,0 diém). Cho da thac P(x) = X +a,X* + -+ 80X + By > Vi @, 8y,.ery Byppy € R

Biét a,y,, =0, a,y,, #0, %3, 9025 va da thirc P(x) c6 2024 nghi¢m thuc.
2024

Ky hiéu P, (x) = P(P(---(P(x))---)),¥n e N". Chitng minh rang, véi moi s6 nguyén duong n, da
%,_J

thac P (x) c6 ca nghiém am va nghi€ém duong.
Cau 2 (7,0 diém). Xét tat ca cac so nguyén k thoa man 2024 11" +k.195", Vne N",
Tim gi4 tri nho nhét cua |k |.
Cau 3 (7,0 diém). Cho B,C 1a hai diém c6 dinh trén duong tron (O) va A la diém di dong
trén (O) sao cho tam gidc ABC nhon, khong cén. Goi H 1a tryc tAm cua tam gidc ABC va A'
1a diém ddi xtmg voi A qua thm O. Mot dudng thang di qua H cat cac canh AB, AC lan luot
tai E va F sao cho AE = AF. Puong tron ngoai tiép tam giac AEF cat dudng tron (O) tai
diém thtr hai M = A

a) Chung minh ring H,M, A’ thing hang.

b) Goi 1,J (khacM ) lan luot 1a cac giao diém ctia ME,MF véi (O); D 1a diém chinh gitta
cung BC khong chia A; P 1a giao diém cia DI véi AB va Q 1a giao diém cia DJ véi AC.
Chimg minh rdng khi A di dong trén (O) thi duong thing PQ luén di qua mot diém c dinh.
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Dap an nay gom co 04 trang

YEU CAU CHUNG

* Dap &n chi trinh bay mét loi gigi cho méi bai. Trong bai 1am cua hoc sinh yéu cau phdi ldp
lugn chat ché, day du, chi tiét va rd rang.
* Trong mai bai, néu hoc sinh gidi sai ¢ budc gidi truede thi cho diém 0 @i véi nhiing budc gidi

sau ¢ lién quan. O cau hinh, néu hoc sinh khong vé hinh hodc vé hinh sai thi cho diém 0.

* piém thanh phan cua méi bai néi chung phdn chia dén 0,5 diém. Déi Véi diém thanh phan lén
hon 0,5 diém thi tuy té giam khao thong nhdr dé chiét thanh timg 0,5 diém.
* Hoc sinh ¢6 loi gidi khdc ddp dn (néu ding) van cho diém t6i da tuy theo mite diém cua timg

bai.

* Piém cua toan bai 1a tong (khong 1am tron sé) cia diém tat ca cac bai.

Céau

Noi dung

Piém

Caul
(6.0
diém).

Ta chirng minh da thic P(X) c6 ca nghi€ém am va nghiém duong.
That vay, goi X, X,, "+, X,00, 12 cac nghiém ctia P(X).

Vi a,,, #0=x #0,Vi=12024 = l,‘v’i =1,2024, 1a cac nghiém cua da
X.

1
4 2024 2024 2023
thire Q(X) = x P(;) = By X By X T e+ X+1

1,0

2024 _
Theo dinh 1y Viet, ta co Zl ~ % . _p0p5<0 (1)

i1 X Q024

1 _ S _ 0 (2)

1<icj=o024 XX Qyppy

1,0

Tir (1) suy ra ton tai i e N,1<i < 2024:£<0:> X <0= P(X) c6 nghiém am.

X.

.z ) ) 1 N .
Néu tat ca cac nghiém cua P(x) déu am thi Z —— > 0. Mau thuan vaéi (2)

1<i<j<2024 X X;

Vay P(X) c6 nghiém duong.

1,0

Ta chimg minh bai toan bang phuong phap quy nap.

Pa thic P, (x) c6 ca nghiém am va nghiém duong véi moisé ne N".  (*)
Theo chung minh trén, (*) ding khi n=1.

Gia st P (x) c6 ca nghiém am va nghiém duong véi K € N

Ta chirng minh B_,(X) cling c6 ca nghiém am va nghi¢m duong.

0,5




Goi X, X, trong Ung la nghiém nho nhét, 16n nhat cia P(x) va y, 1a nghiém
16n nhat cua P (x).

Suyra x, <0,x,>0;y, >0.

Taco P(x) lién tuc trén R, P(x) =0, Xl_l_rg P(x) =400 va x, 1a nghiém nho

nhat ctia P(x) nén tap gia tri cia P(x) trén (—oo, x ] 1a [0;+00).

1,0

P(x) lién tuc trén R, P(x,) =0, limP(x) =+c0 va X, la nghiém 1n nhat ciia
P(x) nén tap gia tri ctia P(x) trén [X,,+o) la [0;+x).

Vi y, €(0,+0) nén 3t, € (—o, ), 3t, € (X,,+0):P(t) =P(t,) =y,

Do d6 P, (t) =P (P(t))=P.(y,) =0 véi i =1,2.

1,0

Suy ra P_,(x) c6 nghiém am t, va nghiém duong t,.
Theo nguyén ly quy nap Toan hoc, da thuc P, (x) c6 cd nghiém am va

nghiém duong, vé1 moi s6 nguyén duong n.

0,5

Cau 2
(7.0
diém).

Goi k 13 s6 nguyén thoa mén bai toan, ta chirng minh
2024|11" +k.195", Vne N" < k =11m=—1(mod 184),m < Z.
That vay, ta c6 2024=11.184

Vi 2024|11" +k.195",Vne N’

Suy ra 11]11" +k.195", Vne N’

Ma (11, 195)=1=11|k Q)

1,0

Vi 2024|11" +k.195",Vne N’

Suy ra 184|11" +k.195", vn e N".
Ma 195 =11(mod 184)

Suy ra 184|11" +k.11" =11"(k +1)

1,0

(184,11)=1suyra184|k+1 (2)
Tu (1) va(2), tacod k=11m, 184|k+1(meZ).

0,5

Nguoc lai, voi k =11m, 184|k +1 (m € Z)
Suyra11|11" +k.195",¥Vne N (3)

0,5

Vi 195=11(mod 184)
nén 11" +k.195" =11" + k.11" =11"(k +1) = 0(mod 184),VneN" (4)

1,0

Lai c6 (184,11) =1 nén tir (3) va (4), suy ra 2024|11" +k.195",vneN".
Vay 2024|11" +k.195",Vn e N < k =11m=—1(mod 184),m e Z.

1,0

Vi k=11m=-1(mod 184),m e Z, ta c0:

11.(-67) =-1(mod 184), 11m=-1(mod 184)

Suy ra 11m=11.(-67)(mod 184) = m=-67(mod 184), (Vi (184,11) =1)
Do d6 m=-67+184t, t e Z.

1,0

Suy ra k =—737+2024t, t € Z.

Nguoc lai, voi kK =—737+2024t, t € Z thi k =11m=-1(mod 184), m € Z.
Vay 2024]11" +k.195", Vne N < k =737+ 2024t, t € Z.

Do d6 min |k |=737.

1,0




Cau 3a
(35
dieém).

Goi K la trung diém ctia BC va M "= A" la giao diém diém A'H véi (O)

Vi ttr giac BHCA' 1 hinh binh hanh nén K 1a trung diém cia A'H 0,5
Do d6 K,H,M" A" thang hang.
Vi H la truc tdm cta tam giac ABC
Suy ra EBH =FCH (cung phu véi BAC)
Vi AE = AF nén AEF = AFE, suy ra BEH =CFH 10
Do d6 tam gidc BEH d6ng dang véi tam giac CFH , suy ra BE_BH @
CF CH
Vi tam gidc KM 'B ddng dang véi tam giac KCA' ngn M B _ KM~
A'C  KC
tam gidc KM 'C dong dang voi tam gidc KBA' nén KM'_MC
KB A'B
M'B A'C BH 10
ma KB =KC, suy ra = = (2)
M'C A'B CH
M'B BE BM' CM'
Tr(l)va(2),suyra ——=— hay —=—— (3
(D)va(2), suy mc cF Y B ~cF O
Mit khac M'BE =M 'CF (4)
Tir (3) va (4), suy ra tam giac M 'EB dong dang véi tam giac M 'FC. L0

nén M'EB=M'FC do d6 M'EA=M'FA ,suy ra tir gi\c M ' AFE noi tiép
Dodé6 M'=M . Vay H,M,A' thing hang. (Ppcm).

3




Cau 3b
(35
dieém).

B6 dé: Cho tam giac ABC noi tiép duong tron (O)va D e(0), (khdng tring
V6i A, B,C). Goi X,Y va Z lan luot 12 hinh chiéu vuéng goc cia D 1én céc
duong thang BC, CA va AB. Khido X,Y va Z thang hang.

A

0,5
B A\ c
’ ‘\ /
A
D

Chitng minh bé dé

CAc tu giac ACDB, BXDZ va XYCD ni tiép nén YCD = ZBD = ZXD 0,5
va YCD +YXD =180°, suy ra YXD +DXZ =180° nén X,Y va Z thang hang.

Tré lai bai toan

Tac6d D 1a diém chinh giira cia cung BC nén AD 14 phan gi4c cuia BAC 0,5
Ma AE = AF suy ra AD vudng goc véi EF tai L, tirc la FLD =90°

Taco K 1a trung diém ctia BC va D 1a diém chinh giita cung BC nén 05
DK L BC (*)

Ta giac MAFE noi tiép nén AEF = AMF (5)
Mit khac ADQ = ADJ = AMJ = AMF (6)

Tir (5), (6) suy ra LDQ = ADQ = AEF = AFE nén tir gidc LFQD ndi tiép oo
Ma FLD =90° nén FQD =90° hay DQ L AC (**)

T giac MAFE noi tiép nén AFE + AME =180°

T gidc MADI noi tiép nén AME + LDI =180°

Hon nira AEF = AFE 0,5
Suy ra LDI = AEF, do d6 tir giac LEPD ndi tiép.

Mit khac ELD =90° nén EPD =90° hay DP L AB (***)

T (*),(**) va (***) taco K,Q,P lan luot 1 hinh chiéu vudng géc cua

D <(0) Ién BC, ACva AB. Ap dung b6 d¢, ta dugc P,Q va K thang hang. 0,5

Vay PQ luén di qua diém cb dinh K, 13 trung diém cta BC.




