SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
NGHE AN TRUONG THPT CHUYEN PHAN BOI CHAU
TRUONG THPT CHUYEN - TRUONG PAI HOC VINH
NAM HOC: 2021 — 2022
MON: TOAN CHUYEN
Thoi gian lam bai: 150 phiit, khong ké thoi gian phat de

PE THI CHINH THUC

(Dé thi c6 01 trang)
Cau 1. (6,0 diém)
a) Giai phuong trinh: x> +2 (2 +x— 1) = 5x.

s : 3x+ ¥ =5+2xy+2x—2y
b) Giai h¢ phuong trinh: Y e '}.

2x* + 3y =10+2x—3y
Cau 2. (3,0 diém)

a) Tim x, y €N sao cho x’ =1993-3" +2021.

1a binh phwong ciia mét sb hiru ti dwong.

b) Tim s6 nguyén dwong n dé n—23
1

n+
Cau 3. (2,0 diém)

Cho cac s thuc dwong a, b, ¢ thoa man ab + be + ca < 3abe. Tim gia tr1 nho nhat cua biéu thitc:
\/az—i—bz _i_\/bz—i—c2 +\/02 +a?
2a-+2b 2b+2e 2¢+2a

Cho duong tron (O) c¢6 day cung BC cb dinh va khong di qua tim O. Goi 4 1a diém di dong trén duong tron

P=ila+b+b+c++Jc+a—

Cau 4. (7,0 diém)

(O) sao cho tam gidac 4ABC nhon vé1 AB < AC. Go1 M la trung diém cua canh BC va H la truc tim cua tam
gidc ABC. Tia MH cit duong tron (O) tai K, duong thing AH cat canh BC tai D va duong thing 40 cit
duong tron (O) tai E (E khéc A4).

a) Ching minh t giac BHCE la hinh binh hanh va H4-HD = HK - HM.

b) Tia KD cat dwong tron (O) tai 7 (I khac K ), duong thing di qua 7 va vudng goe véi duong thing BC cat
AM tai J. Ching minh cac duong thang AK, BC va HJ cung di qua mot diém.

¢) Mot trueong tron thay doi ludn tiép xuc voi 4K tai 4 va cat cac canh AB. AC lan luwot tai P, O phan biét.
Goi N latrung diem cua PQ. Chirng minh rang 4N luon di qua mot diém co dinh.

Cau 5. (2,0 diém)

Cho 676 s6 nguyén t6 khac nhau. Chitng minh rang c6 it nhét hai s6 trong céc sé da cho ma hiéu cia chiing chia
het cho 2022. '
HET

Hovaténthi sinh: ... SO DGO danh: .o oo
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LOI GIAI CHI TIET

Cau 1. (6,0 diém)

a) Gidi phuong trinh: x* +2(2++/x—1) = 5x.
3x7 4+ _}*2 =542xy+2x—-2y

b) Giai h¢ phuong trinh: .
2x + 3P =10+2x—3y

Loi giai
a) Diéu kién: x > 1. Phuong trinh twong dwong:
xXP=5x+4+2Jx—1=0& (x—1)(x—4)+2Vx—1=0
& Vx—TI|(x—4)Vx—1+2|=0

@m,/(x—lf—smulzo
@m(m—l)z(erZ):O
- \/ﬁzo{:) x=1

Jr—1=1 [x=2

Vay phuong trinh da cho ¢6 nghiém x =1, x=2.

b) Lay phwong trinh thit nhat nhan 2 rdi trir cho phwong trinh thit hai vé theo vé ta duoc:
2(3x* +37) = (2" + 37 ) =2(5+ 2wy + 2x - 2y) — (10+2x —3y)
sS4’ +y =4y +2x—y & (2x— y)z =2x—y
& (2x— y)(Zx -y —l) =0

2x—y=0

y=2x
R4 —
2x—y—1=0

y=2x—1

Thay y = 2x vao phuong trinh thir hai cua he ta dugec:

x=-—1
2 +4x’ =104+ 2x—6x &3’ —2x—5=0&| 5
XxX=—
3
Vol x=—1=y=-2.
Voi x:§:> _1":£.
3 3
Thay y =2x—1 vao phwong trinh thir hai cua h¢ ta dwoc:
x =42

20 +(2x—1) =104+ 2x—3(2x 1) o’ —2=0&

x=—2
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Vi x=+2=y=22-1.

Véi x=—2=y=—2J2-1.

373

Vay hé da cho c6 nghiém (x;y)=(L-2), [EE], (\/5, 2\/5—1), (—\/5;—2\/5—1).

Cau 2. (3,0 diém)
a) Tim x, y €N sao cho x’ =1993-3" +2021.

n—23
n-+89

b) Tim s6 nguyén dwong n dé 1a binh phwong ciia mét sb hiru ti dwong.

Loi giai

a)Néu y=1= x> =1993-3+2021=8000 < x = 20.

Néu y>1, taco: 1993-3" =0 (mod 9)= x* —2021=0 (mod 9) = x* =5 (mod 9).

Nhung lap phuong ctia mot sé tw nhién chia 9 chi c6 thé du 1a 0; 1; 8 nén dan dén diéu vé 1i.

Vay (x;y)=(20;1) la cap s6 can tim.

b) Ta co: n—23 :[E] v6i a, beN va ged(a;b)=1.
n+89 b
n—23 a) 2 2 2 g2 2 2
=|—| b (n—23):a (n+89):>n(a —b )+89a +23b" =0.
n+89 (b
89a” +23b° 1125
e

Vi ged(a;b)=1= ‘.c:,’c:d(zfs'z;b2 —az) —1=112 chia hét cho »* —a’.
Khi d6 ta ¢d: k(b* —a*)=112.

A o 22 b_a = 23’ 'TQ __Ap-1 q i-p 1—g
Néu k=1=b"—a =112& 5 Sip g:>b_2 ST 27TELT
+a=2"°-7T"

Xét cac cap (piq)=1(2;0); (3;1); (3;0) twong tu thi trong céc trudng hop twong tu déu cho két qua khong thoa
man hoac n =32, n=752.
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: . b—a=2"-7 » o
Néu k=2=b"—a =56 & =b=2"".7"4+277.7T74
b+a=2""7.7"
e (pq)=(L0)=b=1+2-7=15=a=+/b"—56 =13.V6i (a;b)=(13;15) = n=361.
e (pg)=(Ll)=b=7+2=9=a=+b>—56=5.Vdi (a;b)=(59)=n="73.
b—a=2"-7

Néu k=4=b"—d’ :28@[5 SR =b=27".7"+277. 777 =38,
+a=2""-7"

e =a=+b"—-28=6.V6i (a;b)=(6:8)= Loai do ged(a;b)=1.

. . 5 b—a=2%. . 5
Neu k=7=b—a =16& =b=2"" 4277
b+a=2"7
e p=l=b=1+4=5=a=+b*—16=3. Véi (a;b)=(3;5) = n=86.
e p=2=b=24+2=4=a=0=loai

, : b—a=2"-7°
Néu k=8=0'—a’ =14 & [Ha e T 2T 2T S b=,
a= .

= a=/b?—14 = /2 = loai.

b—a=2%

, 23p:>b:2"_l+23_*":>b:3:>a:\/bz—8:l.
+a=2"

Néu k:14:>bz—a3:8¢>{

Voi (a;b) = (1;3) =n=37.

. N b—a=71 -
Néuk:l6:>bz—a‘:7<:>[b “ lq:>2b:7"+?l_‘?:>b:4:>a: b*—7=3.
+a=T7"
Voi (a;b): (3; 4):> n=167.
£ 2 2 b—a=2"- 1 1- .
Néu ki =28=b"—a =4 < ; 2p:>b:2" +27=b=2=a=0=loal
+a=2"
x ~ 2 b—ﬂzzp i _ .
Néu k=56=>b"—a =2 ; 1p:>b:2*” +27% = ]oail.
+a=2"
. . b—a=1 b=1 )
Néu k=112=b"—a =1<& = =>loai.
bt+a=1 a=

Vay n € {32; 37; 73; 86; 167; 361; 752} 1a céc gia tri can tim.
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Cau 3. (2,0 diém)

Cho cac s6 thuc dwong a, b, ¢ thoa man ab+ be + ca < 3abe. Tim gi tri nho nhat cua biéu thirc:

Jaz—i—bz _i_\jbz—i—c2 +\/cz—i—a2
2a-+2b 2b+2e 2¢+2a

P=+Ja+b+Jb+c+-Je+a—

Loi giai
V6imoi a, b duong ta co: Z(a—\/g —i—b)2 > a* 4+ b*. That vy, bat dang can chitng minh twong dwong voi:
Z(a2 +b* +ab)+4ab—4a\/fg—4bx/fgza3 +b?
¢>a2+b2+6ab—4\/@(a+b)20
& (a+b) —4ab(a+b)+4ab>0
<:>(a+b—2ﬂ)2 >0
4
& (Ja—b) >o0.

Bat dang thirc cubi diing, suy ra diéu phai chirng minh. Pang thirc xay ra khi va chi khi a = 5.

T do ta co:

_a—\/E—i—b_b—\/E—i—c_c—\/a—i—a

Ja+b Jb+ec c+a
=—Ja+b+ ’ ab —+/b+c+,| be —Je+a+ / “@

a+b b+c c+
Suyra:Pz\/ab —|-ch +\jca: 1 n 1 n 1 ‘
a+b \b+c Vc+a \/1 1 \/1 1 \/1 1

2 2 2 2 2 2
\/a +b +\/b +c +\/c +a S
2a-+2b 2b+2c 2c+2a

a b b ¢ c a

- 1 1 1 , 1 1 1
bat x=—,y=—,z=—,tacd: ab+bc+ca<3abc=—+—-—+-<3=x+y+:-<3.

a b c a b c

Khi do:
P> ! + L + ! > 4 = 2
\/x+y Jy+: N \/x+y+\/y+:+\/:+x \/3(x+__1-’+y+:+:+x)
9 9 32

> —
Jo(x+y+z) V63 2
Pang thitc xay ra khi va chikhi a=b=c=1.

2

Vay gié tri nho nhét cia P 1a % dat duoc khi a=b—c—1.
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Cau 4. (7,0 diém)

Cho duong tron (O) co day cung BC ¢6 dinh va khong di qua tim O. Goi 4 1a diém di dong trén duong tron
(O) sao cho tam giac ABC nhon vo1 AB < AC. Goi M la trung diém cta canh BC va H la truc tAm cua tam
gidc ABC. Tia MH cét dudng tron (O) tai K, dudng thing 4H cit canh BC tai D va duong thing AO cit
duong tron (O) tai E (E khic 4).

a) Chirng minh tt gidc BHCE 1a hinh binh hanh va H4- HD = HK - HM.
b) Tia KD cét duong tron (O) tai 7 (I khac K), duong thang di qua 7 va vudng goe véi duong thing BC cat
AM tai J. Ching minh cac duong thaing 4K, BC va HJ cung di qua mot diém.

¢) Mot treong tron thay déi ludn tiép xic véi 4K tai 4 va cat cac canh 4B, AC lan luot tai P, O phan biét.
Goi N la trung diém ctua PQ. Chimg minh rang AN luén di qua mét diém c6 dinh.

Loi giai

A
P
N
0
r
H L N\o
D
L B C
E
I

a) Tacod AE la duong kinh ctia duong tron (O) nén EB | AB.
Ma CH | AB= EB||CH.

Tuong tu ta cling chitng minh dwoc EC || HB.

Suy ra tt giac BHCE 1a hinh binh hanh.

Ta co: AHKA ~ AHDM:>£:§:> HA-HD = HK-HM.
HM HD
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b) Goi L la giao diém cua 4K va BC. Tacé: MH | AL, AH | LM = H la tryc tm cua tam gidc ALM.
Goi J' 1a giao diém cua LH va AM, tit giac HJ'MD, HJ'4AK noi tiép.

Mat khac ta ¢6: ZMDI = /KDL = /KLH — /ZHMJ' = ZHDJ'.

Suyra AIDJ' cantai D= DJ' = DI (1)

Tacod: LK-LA=LH-LJ' = LB-LC = BHJ'C noi tiép.

Hay J' 1a giao diém cua duong tron ngoai tiép tam giac BHC va duong thing AM.

Theo bb dé quen thudc thi duong tron ngoai tiép tam giac BHC d6i xting vdi duong tron (O) qua BC.

Do d6 qua J' ké dudng vudng goc véi BC cit duong tron (O) tai I'= DJ' = DI’ (2).

T (1) va(2)suyra I=1". Do d6 IJ' vubéng goc véi BC = J=J'

Tirdé suy ra 4K, BC va HJ cung di qua diém L.

. |4BKC = ZBAC
c) Vi = A4APQ ~ AKBC.
ZBCK = ZKAC = ZPAQ

Ma M, N lan luot 14 trung diém cia BC va PQ = /PAN = /KBM = /KBE = /BAO = /PAO.

Suyra AN diqua diém O c6 dinh.

Cau 5. (2,0 diém)

Cho 676 s6 nguyén t6 khac nhau. Chitng minh rang c6 it nhét hai s6 trong céc sé da cho ma hiéu cia chiing chia
het cho 2022.

Loi giai
Ta co: 2022 =2-3-337.
Trong 676 so nguyen t0 ¢6 toi da mot so chia hét cho 2, mot s6 chia hét cho 3 va méot s6 chia hét cho 337.
Do d6 trong 676 s nguyén té di cho c6 673 s6 nguyén t6 khong chia hét cho 3 hodc 337.

Trong 673 sb nay chia 3 du 2 hodc 1 nén theo nguyén li Dirichle ton tai it nhat 337 s6 nguyén t6 c6 cing sé du
khi chia cho 3.

Mat khac 337 s6 nguyén t6 nay chia cho 337 ¢6 s6 dur ¢6 thé 1a 1; 2; 3;...; 336. Theo nguyén li Dirichle thi ton
tai hai s6 @, b trong 337 s6 nguyén t6 ¢ cung so du khi chia cho 337.

Mit khéc hai s6 a, b nay co cing s6 du chia hét cho 3. Hon nita day 14 hai s6 18, suy ra @ —b chia hét cho 2.
Tir day suy ra ton hai s6 nguyén t6 a, b trong 676 s6 nguyén t6 ma hiéu cia chung chia hét cho 2022.

--—--———-----—-Chitic cac ban hoc 1Y
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