TRUONG DAI HOC SU PHAM HA NOI KY THI CHON POI TUYEN HSGQG NAM HOQC 2020-2021

TRUONG THPT CHUYEN Moén thi: TOAN
PE CHINH THUC Ngay thi thit nhit: 28,/9/2020
(Dé thi gom 01 trang) Thoi gian lam bai: 180 phait, khong ké thoi gian giao dé

Cau 1. (5 diém) Cho day s6 (a,) xéc dinh béi a; = 1 va

a 7,0 . X A
Upp1 = —————  v6Oi moi s6 nguyén duong n.
Va, +1

Chting minh rang lim na, = 0.
n—oo

Cau 2. (5 diém) Cho s6 thuc ¢. Biét rang ton tai mot cAp s6 cong (a,) cé cong sai la s thuc
duong sao cho: véi mdi sb nguyén duong k thi ¢* 1a mot s6 hang ciia day (a,). Chimg minh rang ¢

la so nguyén.

Cau 3. (6 diém) Cho tam gidc nhon ABC ngoai ti¢p dudng tron (I) véi AB < AC. Goi G la
trong tam ciia tam gidc ABC. D la tiép diém ctia BC va (I). M, N, P lan lugt 1a trung diém ctia
BC,CA, AB.

(a) Puong thang qua D song song véi AI, cit MI tai S. Chimg minh ring SA = DI.

(b) Liy X,Y theo thtt tu thuoc MN, MP sao cho XP, YN la cic tiép tuyén ctia (I). Ching
minh rang XY vudng goc véi IG.

Cau 4. (4 diém) C6 2020 tam thé dé va 2020 tAm thé xanh, trén mdi tAm thé c6 ghi mot sb
nguyén duong khong vugt qua 2020 (hai s6 ghi trén hai tAm thé bat ki khong nhat thiét phai khac
nhau). Chitng minh rang ta cé thé chon ra mot b thé d6 va mot bo thé xanh sao cho: téng céc s6
duge ghi trén mdi bo thé bang nhau.

(Néu trong bo chi c6 mot tam thé thi tong cdc sé ghi trén cdc tam thé cia bo dé la so trén chinh

tam thé dy.)

Hoc sinh khong duoc st dung tai liéu, gidm thi khong gidi thich gi thém.



TRUONG DAI HOC SU PHAM HA NOI KY THI CHON POI TUYEN HSGQG NAM HOQC 2020-2021

TRUONG THPT CHUYEN Moén thi: TOAN
PE CHINH THUC Ngay thi thit hai: 29/9/2020
(Dé thi gom 01 trang) Thoi gian lam bai: 180 phait, khong ké thoi gian giao dé

Cau 1. (5 diém) Tim tit ca cic ham s6 f : [0;1] — R, lién tuc trén doan [0;1] v& théa man diéu
kién
f(z)=2zf (2*) voi moiz € [0;1].

Cau 2. (6 diém) Cho day s6 (z,,) xc dinh bdi 2 = 1, 2; = 3 va
Tpio = 6Ty 1 —x, VvO6imoin e N.
(a) Chimg minh rang v6i mdi s6 nguyén duong n thi (22 — 1)? + 1 1a hop s6.
(b) Cho k 1a mot s6 nguyén duong va p 1a mot uéc nguyén t6 ciia zor. Chimg minh rang néu

p — 1 chia hét cho 4 thi p — 1 chia hét cho 2F+2,

Cau 3. (5 diém) Cho tam gidc ABC véi AB < AC, noi tiép dudng tron (O). M, N theo thit tu 1a
trung diém ctia BC, OA. D 1a mot diém thudc doan thang MC (D khac M,C). E, F theo thit tu
13 hinh chiéu vudéng goéc ciia B, C trén AD. G 1a giao diém ciia dudng thang qua E song song véi
AB va duong thing qua F song song véi AC. I 1a tam dudng tron ngoai tiép ciia tam gide GEF.
Chiing minh rang NI = NM.

Cau 4. (4 diém) Mot hoi nghi cé n ngudi tham du (n > 5). Biét rang ton tai mot sb nguyén

duong m sao cho: trong n — 2 ngudi bat ki tham du hoi nghi, luoén cé ding 3™ cip quen biét nhau.

\ X 2 , .« . , e 2
Tim tat ca cac gia tri c6 thé cua n.

Hoc sinh khong duoc st dung tai liéu, gidm thi khong gidi thich gi thém.



A. Huéng dan giai ngay thi thi nhit

1 (5 diém) Cho day s6 (a,) xac dinh béi a; = 1 va
Qn

ant1 = W

Chiing minh rang lim na, = 0.
n—oo

Bai giai. T gia thiét ta c6 (a,) xac dinh a, > 0 v6i moi n. Do vy

v6i moi s6 nguyén duong n.

tpt = —— < g
n+1 1 1 Jan, 1 n-

Vay (a,) 1a day gidm chat. (1 diém)

Cach 1. Thanh thtt (a,) c6 gi6i han hitu han, dat lima,, = z. Suy ra

hay x = 0. Vay lim a,, = 0. Theo dinh ly Stolz

. .n . (n+1) .
g e =l = i T = i v =
An Ap+1 (07%
Cach 2. Ta co
1 1 B 1
Ap+1 An __\/an.
Do dé
1 1 - ( 1 1 ) "1 n
Ont1 A1 =7 \Gk+1 Gk ey VK ax
Vay a,+1 < ——. Suy ra a, < — v6i moi n. Thanh thu
n+1
1 1 1
- — = > \/n.
Ap+1 anp, \ n _>V/_
Mat khéc,
1 1 "1 “
oy Loy v
Une1 @1 G VO 3T

Miit khic, v6i mdi k = 1,7 thi

Do d6



3 1
Thanh thit a,,1 < ST Do Vay limna, = 0.

ny/n

Nhan xét. Hoc sinh sit dung dinh 1y Stolz ding van cho diém t6i da.

2 (5 diém) Cho sb thuc ¢. Biét rang ton tai mot cap s6 cong (a,) cb cong sai la s thuc duong
sao cho: v6i moi s6 nguyén duong k thi ¢F 1a mot s6 hang ctia day (a,). Chimg minh rang q 1a s6
nguyeén.

Bai giai. Néu ¢ = 0 ho#ic &1 thi ta cé diéu phai ching minh. Gid sit ¢ # 0,41 va a,, = a + nd
trong do6 a,d 1a céc sb thuc va d > 0. Theo gid thiét

. 7’L+k‘ —a k} —a B k; n __ 1
la s6 nguyén v6i moi k£ nguyén duong. Suy ra q _4 la s6 nguyén va do do (qud)
gt —1 bttt

thi b,¢" € Z v6i moi n, k. Do d6 b ok € Q hay q € Q.
q

n

14 s6 nguyén v6i moi n, k. Dat b, =

Suy ra b, € Q v6i moi n. C6 dinh n va viét b, = — trong do6 u,, v, 14 cic s6 nguyén. Gid st ¢ = —

Up v
trong d6 u, v nguyén va v > 0. Néu v > 1, ta lay p 1a mot uc nguyén t6 ctia v. Tit b,¢* € Z ta suy
ra u,u” chia hét cho p*. Ma p t u nén p* | u, véi moi k. Suy ra u,, = 0, do d6 ¢" = 1, mau thuan.

Véay v = 1 do d6 ¢ la sb nguyén.

3 (6 diém) Cho tam gidc nhon ABC ngoai tiép duong tron (1) véi AB < AC. Goi G 1a trong tdm
ctia tam gidc ABC. D la tiép diém ctia BC va (I). M, N, P lan luct 1a trung diém ctia BC,CA, AB.

(a) (2.5 diém) Puong thang qua D song song véi Al cit M1 tai S. Chimg minh rang SA = DI.
(b) (3.5 diém) Lay X,Y theo thit tu thuéc MN, MP sao cho XP,Y N la cic tiép tuyén cta
(I). Chting minh rang XY vudng géc véi IG.
Bai giai.

(a) Goi D" theo thit tu dbi xting v6i D qua I va D" 1a tiép diém ctia BC va dudng tron bang
tiép géc A. Khi dé6 A, D', D” thang hang va M 14 trung diém DD”. Vi M1 la duong trung
binh ctia tam gidc DD'D" nén M1 | D’'D". Suy ra M1 di qua diém trung diém ctia AD.



(b) Goi (J) 1a dudng tron ndi tiép tam gidc MNP. U, V, W theo thit tu 1a tiép diém ctia (J) va
PN,NM,MP. K, H theo thit tu 1a tiép diém ctia (I) va XP, NY. I’ dbi xtmg F qua P.
Dé thiy F’, K,V,C thang hang (két qua quen thudc). Vi PF' = PF = PK nén /XKV =
/F'KP = /PF'K = /XVK. Suy ra XK = XV. Do d6 Px 1) = Px . Tuong ti,
Py ) = Py -
Vay X,Y thudc truc dang phuong cta (I), (J). Do d6 XY L IJ.
Chu ¥ rang I, G, J thang hang (két qua quen thudc). Vay XY L IG.




4 (4 diém) C6 2020 tam thé d6 va 2020 tAm thé xanh, trén mdi tAm thé c6 ghi mot sb nguyén
duong khong vudt qua 2020 (hai s6 ghi trén hai tAm thé bat ki khong nhat thiét phai khac nhau).
Chting minh rang ta c6 thé chon ra mot bo thé dé va mot bd thé xanh sao cho: téng cac sé dudce
ghi trén mdi bo thé bang nhau.

(Néu trong bo chi c6 mot tam thé thi tong cdc s6 ghi trén cdc tam thé cia bo dé la so trén chinh
tam thé dy.)
Bai giai. Goi rq,..., 79020 1a cac sd dudc viét trén cic tAm thé dd va by, ..., bago 1 cac sd dudc

viét trén cac tAm thé xanh. Néu 7y + -+ + 79920 = by + - - - + bogao thi ta cé diéu phai chitng minh.
Khong mat tong quat gia st rang
71+ -+ Ta020 > b1+ -+ + baoao-
V6i mdi 86 nguyén duong k = 1,2020 ta goi f(k) 1a s6 nguyén duong bé nhat sao cho
P Ty > by by

Néu ton tai k € {1,...,2020} ma ry + -+ +rpp = by + -+ + by, thl ta ¢6 diéu phai ching minh.
Gié sit rang
Ty > b+ 4 by

vei moi k =1,...,2020. Xét hi¢u
Ak:(7"1—|—---+7"f(k))—(bl+"'+bk).

thi Aq, ..., Aso 12 2020 s6 nguyén duong. Mit khac, véi méi & = 1,...,2020 ma f(k) > 1 thi
(7“1 + - +7“f(k),1) — (by+---+b) < 0mnén A4, < r, < 2020. Néu f(k) = 1 thi duong nhién
Ap < by <2020. Vay Ay, ..., Asgeo 1a cdc s6 nguyén duong khong vuot qué 2019. Thanh thit theo
nguyén ly Dirichlet, ton tai 1 < k; < ky < 2020 sao cho Ay, = Ayg,. Suy ra

T+t o Tk = Okyr £ oo - 4 by

bicu nay suy ra ket luan bai toan.



B. Huéng dan giai ngay thi thi hai
1 Tim tit cd cdc ham s6 f : [0,1] — R, lién tuc trén doan [0, 1] va thda man diéu kién
f(z)=2xf (2*) voimoiz € [0,1].

Bai giai. Thay z =0, x = 1 cho ta f(0) = f(1) = 0. Vi mdi = € (0,1), tit gia thiét ta cé

f(z) =2af (2%) = 222" 12f <x22> = 2314242 ¢ <x23) =...=ng?" Ly (xZ") _ (1)
V6i 0 < o < 1 thi lim 22" = 0. Do f lién tuc trén [0,1] nén f lién tuc phai tai 0. Thanh thit
n—o0

lim f (2%") = f(0). M&t khéc ta c6 két qué sau
n—oo

Bo6 d@é 1. Véi méi x € (0,1) thi

lim nx" = 0.

n—o0
Chitng minh. Dung Stolz hoac lam nhu sau: Dat % =14y trong d6y > 0. Vi (1+y)" >
1+ny+wy2 voi moi n > 2. Do d6
0<m:":(1fy)n§ Z(n—l) — 0 khi n — oo.
14+ ny+ Tyg
Vay ton tai giéi han nh_>nolo nx™ va nh—>Holo nx™ = 0. ]
Thanh thi

lim 2722 1 f (a:Qn) =0 v6imoi0<zx<l.

n—oo

Tu (1) ta duge f(z) > 0 véi moi z € (0, 1).

Do dé6 f(x) =0 v6i moi z € (0,1). Vay f(x) =0 v6i moi = € [0, 1].
2 Cho day s6 (z,,) x4c dinh béi 29 =1, 21 = 3 va
Tpio = 62,401 —x, VO moin € N.
(a) (3 diém) Chiing minh ring (22 — 1)? + 1 1a hop s6 v6i moi s6 nguyén duong n.

(b) (3 diém) Gia sit p 14 mot s6 nguyén t6 thod man p = 1 (mod 4) va k 1a s6 nguyén duong
sao cho p | 2or. Chimg minh rang p — 1 chia hét cho 2++2.

Bai giai.



(a) Ta céd
u" 4+ v
Ty =
2

trong d6 u = 3 +2v/2 va v = 3 — 2¢/2. T day

n n\ 2 n n\ 2
x2—1:<” _U) :2(“ _”> .
n 2 2\/§

thi o = 0, y1 = 2 VA Ypio = 6Ypr1 — Yn vOi moi n. Suy ra (y,) la day s6

v6i moi n € N*

no_ gy

2v2

nguyén. Dé thay y,, > 1 v6i moi n € N*. Thanh thit

u
Dét Yn =

(22 —1)> +1 =4y, + 1.

Véin >1thiy, >2vadys +1=(2y2 — 2y, +1)(2y2 + 2y, + 1) 1a tich clia hai sé nguyén
16n hon 1. Vay (22 — 1)? + 1 1a hop sb.

Cach 2. Ta ¢6

Tni2 + Ty Tnt1 + Tp—

:6:

Tp+1 L,

v6i moi n > 2. Thanh ra 2 — @, 12,1 = T2, — TpTnye vl moi n > 2. Do d6
2 _ 2 _ _
Ty — Tpp1Tp—1 = T] — ToZp =9 — 17 = =8
Do do
332 - $n+1(61’n - $n+1) = -8
hay 22, 4 22 — 62,%n41 + 8 = 0. Vay 8(22 — 1) = (241 — 3z,)% Thanh thit 2(z2 — 1) 1a s6
chinh phuong.
s N 2 —2 N A 2 A 2
(b) Tacodp|wow thip|2y5 +1. Suyra (— ) =1. Vip=1 (mod 4) nén | — | = 1. Vay ton
p p

tai @ nguyén duong ma a? =2 (mod p). Ta c6

2k+1 2k+1

Uy — (\/§+1> +(\/§—1)
=2 ;C;lei/?

i=0,2k+1
2i
=2 Z Cirina' (mod p)
i=0,2k+1
2)i
=(@+1)>" +(@-1"" (mod p).

Do p 1é nén pta— 1. Chon b sao cho (a —1)b =1 (mod p) thi (ab+b)*"" = —1 (mod p).
Tt day p =1 (mod 2++2).



3 (5 diém) Cho tam gidc ABC v6i AB < AC, ndi tiép dudng tron (O). M, N theo thit tu 1a trung
diém ctia BC,OA. D 1a mét diém thudc doan thang MC (D khic M, C). E, F theo thit tu 1a hinh
chiéu vuong géc ctia B, C trén AD. G 1a giao diém clia dudng thing qua E song song véi AB va
dudng thang qua F song song v6i AC. I 1a tam dudng tron ngoai tiép ciia tam gisc GEF. Ching
minh rang NI = NM.

Bai giai. Goi U,V, L theo thit tu 1 trung diém ctia AM, AC, EF. H 1a hinh chiéu vudéng goc ciia
A trén BC. (U), (V) theo thit tu la duong tron duong kinh AM, AC.

Vi CF 1L AF nén F thudc duong tron (V). Theo dinh 1{ Thales ddo, ML 1. AL. Do d6 L thudc
duong tron (U). Dé thay A, H 1a céc giao diém ctia (U) va (V). Vay tam gidc HLF dong dang cung
huéng v6i tam gidc HUV  (1).

Vi I 1a tdm dudng tron ngoai tiép tam gidc GEF nén IL L LF va

(IL,IF) = %(Tﬁ, TF) = (GE,GF) = (AB, AC)
_ %(o?, OC) = (OM,0C) = (NU,NV) (mod =)

Do d6 tam gidc ILF dong dang va cling huéng véi tam gidc NUV  (2).
T (1) va (2) suy ra tam gidc HLI dong dang va cling huéng tam gidc HUN. Do d6 ton tam

céc s6 k, o sao cho
U=V}oQ}(N),L=VfoQy(),

Khi d6 V£ o Q%(AHNI) = AHUL. D& thdy UH = UL. Suy ra NH = NI. Két hop véi
NH = NM, ta c6 NM = NI.

4 (4 d@iém) Mot hoi nghi c6 n ngusi tham du (n > 5). Biét rang ton tai mot sb nguyén duong m
sao cho: trong n — 2 ngudi bat ki tham du hoi nghi, ludn c¢6 ding 3™ cip quen biét nhau. Tim tat

2 , ., . ’ 2 2
ca cac gia tri c6 thé cua n.



Bai giai.

Nhén xét. Néu A;, A; quen nhau thi Ay quen véi cd A;vaA; v6i moi k ¢ {i;5}.
Chitng minh. That viy, ta c¢6 thé coi i = 1,7 = 2,k = 3. Gia st A3 khéng quenAd;. Xét tap
G - {A47 A5, vy An}

Theo gid thiét thi trong méi nhém GU{A;}, GU{As}, GU{As} c6 diing 3™cip quen biét nhau
do d6 s luong ngudi quen cta A;, Ay, Ag trong G 13 bang nhau, goi s6 nay 1a p.

Xét nhom X; = G U {A;, Ay}, nhém ndy c6 n — 1 ngudi va c6 3™ + p + 1 cip quen nhau. Néu
loai di mdt ngudi bat ky trong nhém X thi trong nhém con lai c6 n — 2 ngudi va do dé ¢ 3™cap

quen nhau, nhu vay nguci bi loai di ¢6 dung p + 1 ngusi quen trong nhém con lai, néi cach khac,

(n=1)(p+1)

moi ngudi trong X ¢6 dung p + 1 ngudi quen trong nhom nay. Vay ta c6 3™ +p+ 1 = 5

Xét nhém Xy = G U {A;, A3}, nhém nay c6 n — 1 ngusi va c¢6 3™ + p cap quen nhau. Li lun
(n—1p

tuong tu nhu trén thi ta cé: 3" +p = 5

R -1
Tt hai dieu trén cho ta 1 = nT hay n = 3 vo 1i.
Nhan xét. Hai ngudi bat ky trong hdi nghi thi quen nhau.

Chitng minh. Trong hdi nghi phai ¢6 hai ngusi quen nhau, khéng mat tong quat, gid sit A, Asquen
nhau. Theo nhan xét 1 thi moi ngudi trong hoi nghi déu quen véi ca Aj, Ay. Xét hai nguoi A;, A;
bat ky, ta c6 thé gia sit i # 1, nhu viy A; quen A;. Theo nhan xét 1 thi Ajquen véi ca Ay va A,
hay A;, A;la quen nhau.

Theo nhan xét 2 thi trong F' = G U {A;}, mdi ngudi ¢6 diing n — 3ngudi quen trong nhém F vi
(n—2)(n—3)
2

vay trong F'co cap quen nhau. Mit khéc, theo gid thiét thi trong Fcb 3™cap quen

nhau, vay ta co
(n—2)(n—3)
2

=3".

Suy ra n = 5.

Ngudc lai, v6i 5 ngudi tham gia hdi nghi ma hai ngudi bat ky quen nhau thi théa méan cic yéu
cau dat ra. VAy n = 5 1a dép s6 duy nhét.

TS. Ha Duy Hung



