SO GIAO DUC VA PAO TAO PE THI CHQON HOQC SINH GIOI TINH
NAM PINH NAM HQC 2024-2025
------------------- Mon: Toan — Lép 9 THCS
Thoi gian 1am bai: 150 phut.
Pé thi gom: 01 trang.

Cau 1. (4,0 diém)

X* +4x3 —12x% +8x+1
X2 +4x-13 '
b) Cho a, b, c 1 cac s6 thuc duong thodmina + b + ¢ = 5 vava + Vb ++/c = 3.
b A a2
a+2(ﬁ—1) b+2(&—1) c+2(@—1) Jb—+a

a) Cho X = /3 242 ++/9— 42 . Tinh gié tri cia biéu thirc T =

Chung minh rang

Cau 2. (3,0 diém)
a) Tim tat ca cac cidp sb ty nhién (x; y) théa man 3* (9X +1-27 ) -9 (1+ 27 ) +47 =1,

b) Cho a, b 13 hai s6 nguyén duong sao cho p = a? + b? 1a s6 nguyén t6 va p — 5 chia hét cho 8.
Xét x,y 14 hai s nguyén sao cho ax? — by? chia hét cho p. Chtrtng minh rang x, y cting chia hét

cho p.

Cau 3. (4,0 diém)

a) Giai phuong trinh vV10x — 5 4+ V5x2 + 5 = 3Vx2 + 2x.

x3 =2y +xy? +x2+2y*+xy=0

(x+1Jy+1+(x+6)/y+6=x%—5x+12y.

b) Giai hé phuong trinh {

Cau 4. (7,0 diém) Tir diém M nam ngoai duong tron (0), ké hai tiép tuyén MA, MB véi duong
tron (0), (v6i A, B 1a hai tiép diém). Goi H 1a giao diém ctiia OM va AB. Ké duong kinh BD ciia
duong tron (0). Pudng thing MD cit dudng tron (0) tai diém thi hai 13 C. Tiép tuyén tai C cua

duong tron (0) cit MA, MB lan luot tai E. F.
a) Ching minh OCD = OHD va (ME + MF + EF)? = 4MH. MO.

b) Goi G 1a giao diém cta dudng thang OF va AD. Chimg minh ttr gisc OAGH 1a hinh binh hanh.

¢) Ching minh cac dudng thang CD, HG, AF dong quy.
Cau 5. (2,0 diém)

a) Xét a, b, c lacac $b thuc duong thod man a + b + ¢ = 1. Tim gi4 tri nho nhat ctia biéu thurc

ab + bc + ca
a?b + b?c + c%a

P =14(a® + b* +¢*) +

b) Trén mot dudng tron cho 26 diém phan biét. Mdi diém d6 dwgc t6 bi mot trong 5 mau: trang.
xanh. dé, tim, vang. Gitra mdi cap diém ndi v&i nhau bang mot doan thang dugc té bdi mot trong
2 mau: nau hoac den. Ching minh ré‘mg ludn ton tai mot tam giac ¢o ba dinh dugc t6 cung mdt
mau (tréng, xanh, do, tim hodac vang) va ba canh cling dugc t6 cung mot mau (nau hoac den).

S A



DAP AN VA BIEU PIEM CHI TIET

BAI NOI DUNG PIEM

a Ta co:
x=\/3—2\/§+\/9—4\/§=\/(\/§—1)2+\/(2\/§—1)2=3\/§—2:>x+2=3\/§ 0.5
Khi d6 (x+2)" =18 => x* +4x-14=0
L X HAC 120 48X+ X* (X* +4x—-14)+2(x* +4x)+1 0,5
N X* +4x-13 - X* +4x-13
0+42.14+1 05
©14-13
0,5
b |via+b+c=5vaJa+/b+c=3=+ab++bc+ca=2 0
Ta co: ’
a+2(vbe ~1) =a+ 2vbc — 2= a+24/bc — V/ab —v/bc ~ Vea = (Va - b )(va -c
= Jo-b = Ve b Tuong ty ta co:
2l 1) (o Jla ) e
Ja-+c Ja-+c w_Na-vb Ja-+b
v 2(Jae 1) (b a) " velfe ) (e[ )
b Ja-ve  Ja-\b 03
a+2(vbc-1) b+2(Vac-1) c+2(ab-1]
_ Je—+b Ja-+c Ja-+b
Dot (Va-B)[a-v&) (VB-v&)(vb &) (- a)(+& -b)
1 1 1 1 1 1
“Javc Jab vb-a b Jo-a Jo-b
2
“Jb-+a
0,5




Tacod
3 (9* +1—2y)—9x (1+2y)+4y =1

o 3 (9* +1—2y)—9X(1+2y)+4y ~1=0
© (9" +1-27)-9" (1+2" )+ (2" -1)(2" +1) =0

0,25
<39 +1-27 ) (1+2Y)(9"+1-27)=0
(+1-2)-(1r ) 11-2)-
X41-2Y =
(9 +1-2))(3 -1-2) o ot 0
3-1-2Y =0
Tl'll'(‘)’llg h(_)’p 1: 9+1-2V=0=9" +1=2" 0,25
Tacé 9 =1(mod4) = 9* +1=2(mod4) = 2” = 2(mod 4)
Voiy>22=2"=0(mod4)=> y<l=y=1=9"+1=2"=9"=1=x=0
Taco (x;y)=(0;1) 0,25
Truong hop 2: 3*-1-2 =0=>3 =1+2’
Vé6i x=0=2" +1=1 vd nghiém
Voi x=1=2"+1=3=y=1=(xy)=(11)
V6i x=2=2"+1=9=y=3=(xy)=(23) 0,25
Véi x>3
Néux 1¢ ta c6 3 =37 =9*3=3(mod4)do d6 2’ = 2(mod 4)loai vi
y>2=2'=0(mod4)
Néu x chdn taco 3" =3"" =2' +1= (3" -1)(3" +1) =2’
3" -1=2°
3" +1=21
=1p+q=y>3=2°-2'=2=2" (29" -1)=2= 2" =2
. 20P_1=1
p,qeN
p<q
:1 :1 ~
= {p :{p (mau thuan)
g-p=1 (9=
Vay tat ca céc cdp sb tu nhién théa man dé bai la (0;1), (L1), (2;3) 0.5
Taco (p—5):8= p=8k+5(keN)
" . 0,25
Vi (ax2 )4" 2 _(byz )4k 2 f(aXZ —byz)i D= (a4k+2.X8k+4 _b4k+2_y8k+4)5 D
0,25

Ta cé a2 x8k+ _ b4k+2.y8k+4 — <a4k+2 + pk+2 ) x84 _ pak+2 (X8k+4 + y8k+4)

0,25




a2 L 2 _ |:(a2 )2k+l n (bz )2k+l:|f(a2 +b? ) -p

vab<p=(xX**+y*)ip (1)

Néu x hodc y chia hét cho p thi tr (1) suy ra s6 con lai ciing chia hét cho p

Neéu ca hai s0 x, y déu khong chia hét cho p thi theo dinh Iy Fermat, ta co

x84 — yp-1 El(mod p)1 y8k+4 — yp—l El(mod p) — (X8k+4 + y8k+4) = 2(mod p)
Mau thuan voi (1) ’

Vay cd hai s0 x va y chia hét cho p

0,25

0,25

0,25

bK: XZE.
2

JI0X =5 ++/5x2 +5 = 3¢x? + 2x <:>«/§(\/2x—1+«/x2 +1)=3\/x2 +2X
Pit a=+/2x-1,b=+/x* +1(a>0,b >0) = a* +b* = x* + 2x

0,5
Phuong trinh tro thanh \/§(a+b) =3Ja’+b* = 5(a+b)2 = 9(a2 +b2)
2 2 2a=hb
< 2a’-5ab+2b* =0 < (2a-b)(a-2b)=0< a— oh
~ 0,5
THI1:
2a=b e 242x-1=Vx*+1 < 4(2x-1)=x* +1 05
< X2 —8Xx+5=0< x =4+/11(tm) ,
TH2:
a=2b o V2x-1=2Jx* +1 = 2x-1=4x* +4 0.5
< 4x° —2x+5=0(VN) ’
Vay Phuong trinh ¢6 hai nghiém phan biét x = 4+/11
PK: y>-1. 0,25
Taco X° —2y° +xy? + x> +2y* +xy =0 < (x+1- y)(x2+xy+2y2)=0
X+1-y=0 0,25
X +xy+y> =0
THI1: x> + Xy +y* =0= x =y =0 khong thoéa man hé.
0,25
TH2: y=x+1,khidoétaco
0,25

(X+D)VX+2+(X+6)VX+7 =x* +7x+12 v6i x> 2




& (x+1)(VXF2-2)+(x+6)(VX+7-3) = x* +2x-8
(x+1)(x-2) (x+6ﬂx—2):

+ X—=2)(x+4

NX+242 VX+7+3 ( )( ) 0.5

X=2 9
< X+1 N X+6 N

VX+2+2 JX+7+3

x+1 X+6

Giai phuong trinh + =x+4 (*

P s NX+2+2 JIx+7+3 ()
- X+2 _x+2+ X+6  X+6 1 _0

Jx+2+2 2 x+7+43 2 Ix+2+2

—(X+2)\/m (x+6)(1+\/x+7) 1 o
- <0 véimoi x>-2 0,5

Ta co —

20X +2+4 JX+7+3 X+2+2
Suy ra phuong trinh (*) vo nghi¢m.
X=2

Vay h¢ phuong trinh da cho c6 nghiém {

Chimg minh OCD = OHD va (ME + MF + EF )’ = 4MH.MO

2,5
Trong (O): MAC = ADC (géc n.tiép va goc tao boi tiép tuyén va dy ciung chin AC)
Xét AMAC va AMDA ¢c6 MAC = MDA va AMC chung = AMAC -~ AMDA 0.5
= Mc = MA = MA’> = MC.MD (1)
MA MD

Do MA, MB 14 tiép tuyén ciia (O) nén MA = MB (2)




OA=0B=R (3) 0,25
Tur (2) va (3) ta suy ra MO 1a trung truc cia AB nén MO | AB.
Xét AMAO c6 AH la dudng cao = MA” = MH.MO (4)
Tu (1) va (4) suy ra MC.MD = MH.MO 0,25
Vi MC.MD = MH.MO = MC _MH
MO MD 0,25
. X , MC MH |
Xét AMCO va AMHD c¢6 —— = —— va CMO chung = AMCO -~ AMHD 0.5
MO MD ’
= MCO = MHD = OCD = OHD 0,25
Ta c6 MA, MB 1a hai tiép tuyén cat nhau cia (O) = MA=MB
Tuong tu EA=EC;FB=FC
Khi do
MA + MB = (ME + EA) + (MF + FB) = ME + EC + MF + FC = ME + MF + EF 0,25
. MA= MB = ME+I\/;F+EF
Trong tam giac vuéng MAO c6 AH la duong cao nén 0.25
MA2:MH.MO:>(ME+MF+EF)2:4MH.MO ’
Chirng minh tir giac OAGH Ia hinh binh hanh 2,5
Goi I 1a giao diém cua GO va AH 0.25
Chung minh AG//HO (cung vuong goc véi AB) ’
1 7 A <A A <
I0A = > AOC (tinh chat 2 tiép tuyén cat nhau) 0,25
Lai c6 % IOA = ADC (g6c & tam va gbc ndi tiép cing chan AC) 0.25
Do GD//OM nén ADC = DMO (cép goc so le trong) = I0OA = DMO
Ta cé HIO = IAO + IOA (tinh chét gbc ngoai tam giac) 0.25
AMO + DMO = OMB + DMO = DMB (IAO = AMO cung phu vsi MAH) ’
= AIHO -~ AMBD :izﬁ (5) 0,25
HO BD
AAHO - AMBO = HA _MB 0,25
HO BO
Ma MB _2MB N HA _2MB (6) 0,25
BO BD HO BD
Tu (5)va(6) > AH =2IH = IH = IA 0,25
Taco AG//HO (cung vudng goc vai AB) 0,25
O A 16 =10. Do AH va GO cét nhau tai trung diém | ctia mdi duong
IO IH 0,25
nén ti gidc OAGH Ia hinh binh hanh.
Chirng minh cic dwong thing CD, HG, AF dong qui 2,0
Goi N 1a giao cua HG va CD.
Ching minh OF //MD (cung vudng goc voi BC) 0,25




ME_DO  MF-F8
FB_ BO

Ta c6 HO la duong trung binh cta tam giac ABD nén AD =2HO

:AD=2AG:>GD=§AD.

0,25

Goi K 1a giao diém ctia MH va AF. Ching minh K 13 trong tdm tam giac AMB.
wi3km o 8D _AD
2 MH KM

0,25

Do GD//OM = £=ﬂ ®)
NM

Tt (7) va (8) ta ¢6 ND _ ﬂ
NM KM

0,25

Xét AADN va AKMN c6 % = % va ADN = KMN = AADN -~ AKMN

0,5

= AND = KNM ma M, N, D thang hang suyra A, K, N thang hang.
Do d6 A, N, F thang hang = CD, HG, AF dong qui tai diém N.

0,25

1—(a2 +b? +c2)

Do a+b+c=1nén ab+hc+ca=

2
Lai co 0,25
a’ +b? +c? =(a2 +b? +c2)(a+b+c)
=a’+a’b+a’c+b®+b*a+b’c+c®+c’a+c’b
Theo bat ding thirc Cauchy ta co
a® +ab? > 2a’b; b® +bc? > 2b%c; ¢ +ca? > 2c’a:a +b? +¢c2 > 3(a2b +bc +c2a) o
,25
= 1 > 3
a’b+b’c+c’a a’*+b®+c?
3-3(a® +b*+c?
Khi d6 P >14(a’ +b° +¢*)+ ( ).Détt=a2+b2+c2 (dk:tzlj 0,25
2(a2 +b? +cz) 3
Ta co P214t+ﬂ=ﬂ+i+£—E
2t 2 2t 2 2
Ap dung bt dang thtrc Cauchy ta co %+2%> 2‘/227t 23t 9 0,25




3513 e 2B vy MinP=Z khia=b-c=1.
2 3 2 3 3 3 3 3

Vi cac diém phan biét nam trén mot duong tron nén ba diém bat ki ludn tao thanh mot
tam giac.

C6 26 diém dugc t6 bang 5 mau, do d6 o it nhét 6 diém cung mau. Gia sir 6 diém
cung maudo la A B,C,D,E,F

Noi 5 doan AB, AC, AD, AE, AF va t6 bang 2 mau nau, den va khi d6 c6 it nhat 3 doan
cung mau, gia st AB, AC, AD dugc td cung mau den. Xét tam giac BCD, xay ra hai
truong hop:

Truong hop 1: Néu ba canh BC, BD, DC duoc t6 ciing mau nau thi tam giac BCD c6
ba dinh cung mau do, ba canh cuing mau nau (théa man)

Trwong hep 2: Néu ba canh BC, BD, DC ¢ it nhat mot canh mau den, gia st BC mau
den, khi d6 tam gidc ABC c6 ba dinh cung mau do, ba canh cung mau den (théa man)
Vay ludn cé mdt tam gide c6 ba dinh cung mau va ba canh cung mau.

Luwu y:

- Néu hoc sinh lam ding ma cdch gidi khdc véi ddp éan va phit hop véi kién thire ciia chirong
trinh THCS thi t6 chdm théng nhat cho diém thanh phan dam bdo tong diém nhw hwdng dan
qui dinh.

- Téng diém toan bai khéng lam tron.



