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(Khong ké thoi gian giao de)

Cau 1: Giai cac phuong trinh

a) \3x—2+3/x+2=8

b) (x=3)(x=2)(x+1)(x+6)=28x"
Cau 2: Gia1 h¢ phuong trinh {x3 B =30 = ne]

xy+x+2y=1

Cau 3:
a) Tim tat ca cac so nguyen t0 p co dang 4k* +1 véi k 1a mot so tu nhién
b) Chimg minh rang ton tai vo so so nguyén duong n dé »*+1 1a ude s6 ctia Q =
1.23...n
Cau 4: Cho a, b, ¢ 13 céc sb thuc thoa man diéu kién &®+5* +¢* = 2(a+b+¢)
a) Chung minh rang a+b+c<6 va (a+1)(b+1)(c+1)<27
b) Tim gia tri nho nhat clia F = (a+1)(b+1)(c+1)

Cau 5: Cho tam giac ABC nhon, khong can noi tlep duong tron (O) va BAC=60".
Cac duong thang qua C va B song song voi AO cat duong tron (O) lan luot ta1 E va
F (E khac C, F khac B). Goi H 1a truc tim tam giac ABC. Puong thang BH cat duong
tron (O) tai diém thtr hai 1a X (X khac B); duong thang CH cat duong tron (O) tai
diém tha hai Y (Y khéac C).

a) Chirng minh tam giac AEF dong dang véi tam giac HBC

b) Goi M la giao diém ctia XF véi AC va N 1a giao diém cta YE véi AB. Ching
minh MN // BC.

¢) Chttng minh ba dudng thang MN, XY, FE dong quy.

Cau 6: Cho tap A gém 2025 s6 tu nhién lién tiép. Mot tap con B cua A duoc goi la
tap con cO tinh chat “nodiv” néu hai phﬁn tra, b (a>Db) bat ki thudc tap B déu thoa
man diéu kién a + b khong chia hét cho a —b.

a) Chi ra mot tip con B ctia A c6 tinh chat “nodiv’ ma B ¢6 dung 675 phan tur

b) Néu B 12 mot tap con cua A co tinh chat “nodiv” thi B ¢6 thé ¢ nhiéu nhat bao
nhiéu phan tir?

PAP AN



Bai 1:
T o 2
a) D1cu ki¢n: ng
Néu x > 2 thi 3x=2+3Vx+2 > V4 +34 =8, mau thuan
Néu %Sx<2 thi v3x—=2+3Vx+2 <v4+3v4 =8, mau thuan

Do do, x =2
Thur la1 thoa man
Vay phuong trinh da cho ¢ nghiém duy nhat x =2
b) Phuong trinh da cho twong duong voi
(x* +6=5x)(x" + 6+ 7x) = 28%°
Pat a=x*+x+6 thita cd (a—6x)(a+6x)=28x
Hay o -36x =28x"
Tu do a=8x hodac a=-8x

Xét cac truong hop cu thé, ta tim duoc tat ca cac nghiém cia phuong trinh da cho 1a
Xx=1,Xx=6, x= _9+2\/§;x= _9_2\/5_7

Bai 2:
Phuong trinh thtr nhat cta hé ¢6 thé dugc viét lai thanh »* = (1-x)
Tudoy=1-x
Thay vao phuong trinh thur hai cua he, ta dugc x(1-x)+x+2(1-x)=1
Giai phuong trinh nay, ta dugc x =1 (twong tng y = 0)

hoac x = -1 (tuong Ung, y = -2)
Vay h¢ phuong trinh da cho c¢6 hai nghiém (x; y) 1a (1; 0) va (-1; 2)
Bai 3:
a) Ta cO: p=4k*+1=2k* =2k +1)(2k* + 2k +1)
Vi p 12 mot sO nguyén t0 va (2k> —2k+1)< (2k* + 2k +1) nén 2k° -2k +1=1=k € {0;1}
Thu lai, taduock=1vap=>5

Vay c6 duy nhat mot s6 nguyén t6 thoa méan yéu cau dé bai lap = 5.



b) Chon n=24> vdi a la mot s6 nguyén bat ky thoéa man a=1(mod5),a>10®

, 2a° +2a+1
Tacod: n’+l=4d" +1=(2a* = 2a+1)2a> +2a+1)=5.2% +5“+ (2d* =2a+1)

. 2a°+2a+1

Vi a=1(mod5) nén [a mot s6 nguyén

Ngoai ra, do a>10” nén dé thay

20" +2a+1
5¢24 +5a+ <2a*-2a+1<2a*.

. A 2a7+2a+1
Vi vay 5.2 +5“+ (d*-2a+1)= 44" +1

Tu day, ta suy ra dpcm
Bai 4:
a) Str dung bat dang thirc Cauchy — Schwartz, ta ¢6

2
20a+b+c)=a’+b*+c* 2 \FtotE)

Tur day, ta dé dang suy ra 0<a+b+c<6

TU gia thiét, ta ¢ 2a+2=a*+(b=1)>+(c=1)’20=>a> -1
Tuong tu ta cling O b>-1;c> -1
Suyraa+1,b+1,c+11acac sékhéngﬁm

Bay gio, sir dung bat dang thirc AM — GM két hop voi két qua 0<a+b+c<6 vira
chiing minh ¢ trén, ta dugc

3
(a+1)(b+1)(c+1)s(‘””b;’””l) <27

b) Khong mat tinh tong quat, gia st a>b>c
tlr gia thiét ta ¢ a+b+c>0

Vi thé o> a+[3’+czo

Bay g10, ta co
a+b*+c*=2a+b+c)
2

(b+D(c+1l)=bc+b+c+1+



_ (b+c)2+a2—2a+2> a’=2a+?2
2 B 2

Sir dung bat dang thic nay, ta duoc

7> (a+1)(a’ =2a+2) B a—-a +2
B 2 2

Bay gio, sir dung bat dang thirc AM — GM ta c6

2a
2 2 27
-2 25
Do dé, F>—21 -
27
o LA oo Kl 2 2
MatkhaC,VO'la=b=-%,c=——=>F=_5
3 3 27

Viy mnF=2>.
27

Bai 5:
Xét thé hinh nhu hinh v& bén




a) Ta cO: AFE = ACE = QAC =90 —%AOC =90"—-ABC=HCB

Hoan toan tuwong tu, ta cing cO0 AEF = HBC
Tur d6 suy ra hai tam giac AEF va HBC dong dang (g — g)
b) Vi BF // CE nén EF = BC

Ma hai tam giac AEF va HBC dong dang (theo cAu a) nén hai tam gidc nay ciing
bang nhau

Suy ra AE = HB va AF = HC

Ma HB = BY va HC = CX (tinh chat cua truc tam)
Nén AE=HB =BY vaAF =HC =CX

Vi AE = BY nén tir giac AEBY la hinh thang can

L AN _ AY
NB ~ BE

Suy r

Ching minh tuong tu ta cling o M 42
MC CF

Mat khac ta lai1 c6 AY = AX = AH (theo tinh chat cua truc tam) va BE = CF (do ttr

giac BFCE la hinh thang can) nén AN _ AM = MN//BC
NB MC

¢) Tt giac AXCF la hinh thang can né

FCY=FCA-YCA=CAX -YCA=HBC-YCA

Ma YCA4=90" - BAC =90° —%BOC = OBC nén

FCY =HBC-0OBC=HBO
CMTT ta cung cO XCE = HCO
Mat khac, ta la1 co
BHC =180"-BAC =120" = BOC
Nén tir giac BHOC noi tiép
Vi thé HCO = HBO
Tur day, ta suy ra FCY = HBO= HCO= XCE
Nhu vay, XE =FY
Tu dd YE // FX



Bay gi10, st dung dinh ly Thales, ta co

MX AX AY NF

MF FC BE NE
Két hop voi YE // FX ta dé dang suy ra ba duong thang MN, XY, FE dong quy.
Bai 6:

a) Dat 4={n,n+1,..,n+2024},voinla s6 tw nhién

Xet cac truong hop sau

+ TH1: n chia hét cho 3

Xét tap hop B={n+Ln+4,n+7,..,n+2023}

Tap nay c6 675 phan tir va thoa man diéu kién

b) Ta chimg minh tap B c6 nhiéu nhat 675 phan tir

That vy, gia st tap B c6 khong it hon 676 phan tir

Ta chia tap A thanh cac nhom nho nhu sau
{n,n+1,n+2}

{n+3,n+4,n+5}

{n+2022,n+2023,n+ 2024}
Cé tat ca 675 nhom va hai s6 a.,a ; phan bigt bat ky & moi nhom déu thoa man a, +a s
chia hét cho a,—a d
Vi tap B c6 khong it hon 676 phan tir nén ton tai hai phan tt cua tp B thudc cung
mot nhom nho, hai phan tir nay sé khong co tinh chat “nodiv”, mau thuan
Nhu vay tap B c6 khong qué 675 phan tu
Mit khéc, cach xdy dung tap B nhu ¢ cau a thoa man yéu cau bai toan

Vay tap B c6 nhiéu nhat 675 phan tu.



