SO GIAO DUC VA DAO TAO
TINH THAI NGUYEN

(Hudng ddan cham cé 04 trang)

I. Huéng dan chung

TRUNG HOC PHO THONG NAM HOC 2023 -
HDC CHINH THUC Mon: TOAN

KY THI CHON DOI TUYEN HSG QUOC GIA

2024

Thoi gian lam bai: 180 phat, khong ké thoi gian phdt dé

1) Néu hoc sinh lam bai khong theo cach néu trong dap an nhung ding thi cho d s6 diém titng

phan nhu huéng dan quy dinh.

2) Viéc chi tiét hoa (néu c6) thang diém trong huéng dan cham phai bdo dam khong lam sai

lech huéng dan cham va phai dugce théng nhat thuc hien trong t6 cham.

I1. Dap an va thang diém

Cau | No6i dung Diém
1 Ki hi¢u [x,y]; (z,y) lan lugt 1a boi chung nhé nhat, wée chung 16n nhat cia hai | 2,5
(5,0 | s6 nguyén duong z,y.

diém)| Ta chi ra c6 duy nhat mot ham f(z,y) = [2,y] théa man céc diéu kien cta dé

bai.
Hién nhien [z,y] = [y, 7] va [z, 2] = 2 v6i moi x,y € N*.

Véi y > z, ta co:

) =l — o] = T —2)
yf(z,y —x) = ylo,y — 7] CYED
V() = (— 2V o] = Y B)TY

(y=2)fwy) =y —o)ey] = ==

Chu y rang (z,y — z) = (x,y), suy ra y[lz,y — z] = (y — z)[z,y]. Vay ham
f(z,y) = [x,y] thoa man dé bai.

o Su duy nhat. Gia st ¢6 hai ham fi(z,y) va fao(z,y) théa man diéu kien dé bai.
Xét tap A = {(x,y)| f1(z,y) # fo(z,y)}. Gid st (s,p) thudc A sao cho s > p va
s + p nhé nhat. Ta co:

s[fi(p,s —p) — fa(p,s —p)] = (s = p)[fi(p, 5) — fa(p, 8)].

Vi fi(p, s) # fa(p, s), nén vé trai dang thic trén khac 0. Suy ra

fi(p, s —p) # fo(p,s — ).

Diéu d6 c6 nghia cap s6 (p, s — p) thuoc tap A.




Noi dung

Diem

Ta co: p+ (s —p) = s < s+ p (Mau thudn véi s + p nho nhat).
Vay A = @. Suy ra khong ton tai cap s6 (z,y) dé fi(x,y) # fo(z,y). Do dé
filz,y) = folz,y). Vay flz,y) = [z, y].

2.5

(5,0

diém)

Ta can ¢6 mot bo dé.
B6 dé. Cho ay,as, ..., a3 la cac sb tu nhién tiy y. Khi d6 ton tai s nguyen

duong b sao cho bay, bas, . . ., basys déu 1a lity thita clia nhitng s6 tu nhién.

(85T

Dat a; = p;

Q24 V35 (893

Py ps* .. Py (14, gy ooy > 0) V66 =1,2,...,2023.

Xét b=pl'pps® ... p* (Br, Bay. ., B > 0).

_ Prtoaai, Batag, Bitas; Brtaki __ .G
Suy ra ba; = pj Dy Ds D =c.

(Yais Y2is - Y6 > 0) v6i i =1,2,...,2023.

Dat c; = p'llep’272zp’?Z’3z Vi

...Dy

Y2i4i

V1i94
P2

Suy ra ¢ = p]

Do doé

pri qi

o

B1 + o1 = i

Ba + i = Y2

B + i = Vi

hay
6l

52 = —Q; (mod Qz)

—ay;  (mod ¢;)

By = —ap;  (mod ¢;)
Chon qi, ¢, - ..,qr la nhitng s6 nguyén duong nguyén té cling nhau ting cap.

Theo Dinh li Trung Hoa vé phan du, hé cic dong du

Bi=—an (mod q), 51 = -1z (mod g2),..., 0 = —ay,  (mod gx)

c6 nghiem duy nhat modulo M = ¢iqs . . . g

2.5

Gid st S = {x1,Zs,...,2,}. SO tap con khéc réng ctia tap S la 2" — 1.

Goi cac tap con la S1,.9,,...,5m 1.

Ki hieu a; la tdng céc phan ti ctia tap S; véi i =1,2,...,2" — 1. Theo § bo de,
ton tai s6 nguyén duong b sao cho bay, bas, . .., bag._; 1a lily thita clia nhitng s6
tu nhién.

Dé thay tap T = {bxy,bxs, ..., bx,} théa man yéu cau cta dé bai.

2,5




Cau | No6i dung Diém
3 Goi hai nghiém phan biét ctia phuong trinh P(z) =01a o, 5 (o # S, , 8 € R). 3,0
(3,0 | Gid st P(P(z)) =0 ¢6 3 nghiém thuc phan biét. Vi P(P(x)) la mot da thic bac
diém)| 4, nén P(P(z)) c6 1 nghiém la nghiem kép, ta goi nghiem kép la .
Ta c6 P(P(z)) =0 & Pla)y=a ()
Pw)=5 ()
Vi a # 3, nén v la nghiém kép ctia mot trong hai phuong trinh (1) va (2). Khong
mat tinh tong quat, gia sit v 1a nghiém kép ctia phuong trinh (1) va phuong trinh
(2) ¢6 hai nghiém thyc phan biét 1a A, Ag.
Ta o6 P(P(P)) =0« | LE@) = | Po=7 ()
P(P(z)) = 8 P(P() = (4
Ta thiy phuong trinh (3) ¢6 t6i da 2 nghiem phan bigt, phuong trinh (4) c¢6 t6i
da 4 nghiéem phan biét. Vay phuong trinh P(P(P(x))) = 0 ¢6 tdi da 6 nghiem
phan biét.
Do d6 khong xay ra truong hop da thic P(P(P(x))) c6 ding 7 nghiém thuc phan
biét.
4 Goi G, K 1an lugt 1a giao diém ctia BQ, C'P va tiép tuyén tai A ciia (O). Ky hieu | 2,5
(5,0 | (BD),(CFE) tuong tng la duong tron dusng kinh BD, CE.
didm)| Néu BD || CE, thi cac AADB, AACE la cac tam gise déu. Suy ra BAC = 60°

(mau thuan véi gia thiét). Do d6 BD khong song song véi CE. Goi F 1a giao
diém ctia BD,CE.

Ta c6: O, H lan lugt 13 tryc tam ciia tam giac ABC, ADE. Suy ra OH 1a duong
Steiner ctia ti gidc toan phan tao bdi bén dusng thang BC, DE, BE, CD. Diéu
d6 c6 nghia duong thang O H 1a truc dang phuong clia cac duong tron (BD), (CE)
(1).

Ta c6: (BE, BD) = (BA, BD) = (AD, AB) = (CE,CA) = (CE,CD) (mod 7).
Suy ra B,C, D, E dong vién. Do d6 Pr/pp) = FB-FD = FC-FE = Pr/cp).
Vay F thude truc ding phuong ctia cac dusng tron (BD), (CE). Két hop véi (1),
ta c6: H,O, F thing hang.

Ap dung dinh 1i Desargues cho hai tam gidc BEQ,CDP véi EBNCD = A, EQN
CP = K,BQNDP =G, chi ¥ t6i G, A, K thang hang, ta c6: PQ, BD,CE dong
quy. Suy ra PQ di qua diém F.

Dit k = FB- FD. Goi L la anh clia P qua phép nghich ddo I(F;k).




Cau | No6i dung Diém
Ta co: I(F3k): D - B,C - E,P — L,(DPC) — (BEL). Ta ching minh L | 2,5
thuoc (BEQ).

Taco: (LB, LQ) = (LB, LP) = (DB, DP) (mod 7). Dé thay O thuoc duong tron
(BCDE). Suy ra (DB, DP) = (EB, EQ) (mod 7). Vay (LB, LQ) = (EB, EQ)
(mod 7). Do d6 L thudc (BEQ).

Diéu dé c6 nghia I(F;k) : (DPC) — (BEQ). Vay I, F,J thang hang. Ta co:
PQ,1J,0H dong quy tai F.

5 S6 cach chon ra 2023 phan t z1,2,...,%20923 sao cho z; € A,z €| 2,0

(2,0 | As,... oo € Asgos I

diém) |Ay| - |As| - - - | A2o23] -

S6 cach chon ra 2023 phan ti zi,9,...,%T20923 sao cho z; € A, x5 €
Ag, ..., o023 € Aopez va x; = x5 1a
|A; N Ay

] - |As) . .. [Aggag| 2L
|Ail - |45

Do dé s6 cach chon 2023 phan tit sao cho ¢6 it nhat hai phan tit triing nhau la

|A; N Ay

> 1A As| | Asgas|- Ail - [A;]

1<i<j<2023

AN A,
WZ|A1||A2||A2023| Z
g J 1<i<j<2023
Két hop vdéi gia thiét, ta suy ra s6 cach chon 2023 phan ti sao cho c6 it nhat hai
phan t1t tring nhau nhé hon s6 cach chon 2023 phan tit. Do d6 ton tai mot cach

chon 2023 phan tit sao cho khong c6 hai phan tit ndo trung nhau.

Hét




