SO GIAO DUC VA PAO TAO KY THI CHON HOC SINH GIOI LOP 12
GIA LAI CAP TINH (BANG A), NAM HOC 2020-2021
.................. Mon: TOAN

HUGNG DAN CHAM DE THI CHINH THUC

Cau 1 (5 diém). Cho day sb (u,) xac dinh béi cong thirc

. 1
Uyt = m Sln(un+1) — Z COS(Mn), n> 1.

a) Chung minh rang phuong trinh

V3

X = Tsinx— 7 o8 ¥
c6 nghiém duy nhat x = a.
b) Ching minh rang limu, = a.
Loi giai.
a) (2,0 diém). Xét phuong trinh
V3 . 1 : 4
X = - sinxy - cosx & 2x = sin(x — g)

Xét ham so

.......................................................................................... (0,5 diém)
Ta c6 dao ham
/ 7T
g (x) —2—cos(x—g> > 0,Vx
.......................................................................................... (0,5 diém)
Do d6 ham sb ¢(x) ting trén R va hon nita ta c6
Jim 5(6) = —o lm 50 = 0

.......................................................................................... (0,5 diém)
Vi vay phuong trinh g(x) = 0 cé nghiém duy nhatx = a. ..., (0,5 diém)

Diéu d6 c6 nghia 1a ton tai duy nhat mot sd a € (—1;1) thda man

V3

. 1
X = ——sina — — COS KA.
4 4

b) (3,0 diém). Ta c6

EL V3 1 1
Upip — 0 = sin(u,41) — —— sina | — 1 cos(uy) — g cos

4n —1 4
V3n . ) 1 3 .
T (sin(uy41) —sina) — 1 (cos(uy) — cosa) + dan—1) sina.



.......................................................................................... (0,5 diém)
Do d¢, ap dung dinh ly gia tri trung binh Large-range
1 V3
Ll < . B .
|Upso —a| < y— |sin(uy41) —sine| + ~ \Cos(un) cosa| + H(an—1) |sin «|
f 1 V3
— |u1’l+1 a’+i|un_a‘+4(4n—l)
f V3
S 3 Uns1 —a| + 5 \“n —af + 21y
.......................................................................................... (0,5 diém)
Ta co
. . 1 V3
Upio —af < yr— |sin(uy41) —sina| + 1 |cos(uy,) — cosa| + H(n —1)
2v3 1 V3
< VY 24 VY
3 T2t
3v3 1
~ 4 T2
.......................................................................................... (0,5 diém)
DO d0 [ty42 — & DI ChaN. .o oo e (0,5 diém)
V3 1
Dé thuan tién ta ky hiéu p = 0= g vax = |ty — |. Ta duge
V3
Xnt2 < PXpy1+4x, + m;
va x,, bi chin nén ton tai x = limsup {x,}. Ta c6
x < px+gx < x < (p+q)x.
.......................................................................................... (0,5 diém)
Rorangla0 < p+q < 1,suyra x = 0. Ta két luan limx, = O hay limu, = a. ............. (0,5 diém)
O

Cau 2 (6 diém). Cho tam gidc ABC nhon, khong can, noi tiép dudng tron (O) va ngoai tiép duong tron (I);
AH, AK lan lugt 1a dudng cao ctia tam gidc ABC va dudng kinh ctia dudng tron (O). Dudng thang AT cat
duong tron (O) tai D (D khac A) va cat duong tron ngoai tiép tam giac BIC tai | (J khac I). Goi M la hinh

chiéu vuéng goc ctia I trén AH va L 1a trung diém ctia H]J.
a) Ching minh rang giao diém ctia hai dudng thang DM, IK nam trén dudng tron (O).
b) Ching minh ring giao diém ctia hai duong thang DL, JK ndm trén dudng tron (O).

c¢) Puong thang DK cat BC tai S sao cho C nam gitta B va S. Puong thang SI cat AC, AB lan luot tai

IP —b

Q, P. Ching minh rang — 0~ S A trong dé b = AC, c = AB va p lantra chu vi cua tam giac ABC.
Loi giai.

a) (3,0 diém).



Truée tién ta thdy hai tam gidc vuéong ABK, AHC

déng dang nén g
AB.AC = AH.AK  (1)............. .. (0,5 diém)
Goi E 1a giao diém ctia AD va BC. Tir sy dong dang Y
cta hai tam giac ABD, AEC ta c6
AB.AC = AE.AD (2) e (0,5 diém) ’ .
Ta c6 (AEI]) = —1 va D la trung diém ctia I] nén
ALA] = AE.AD (3) e (0,5 diém)
Tir (1), (2), (8) ta c6 AILA] = AK.AH, do do6 hai tam AN ; :
giac AH]J, AIK dong dang va m — AKI. K
e (0,5 diém) o
Vi IM||EH nén ta c6 .
AH AE _AEAD _ ALA] _ A]
AM Al ALAD ALAD AD’
Do d6 MD||HJ va ADM = AJH = AKI
R (0,5 diém) 3
Goi X la giao diém cua DM, KI. Khi d6 tu giac
AKDX noi tiép nén X thudc duodng tron (AKD) hay
giao diém ctia hai duong thang DM, IK nam trén
duong tron (O) (dpem). ...ooveeeiiiiinnn (0,5 diém)
b) (1,0 diém). Tir sy dong dang ctia hai tam giac AKJ, AIH ta c6
AK] = AIH.
............................................................................................. (0,5 diém)

Goi Y 1a giao diém thu hai ctia JK v6i duong tron (O) . Ta ¢6 YDJ = AK]J, do d6 YD||IH, ma D la trung
diém ctia I] nén YD di qua L. Tir d6 ta c6 diéu phai chiing minh.
............................................................................................. (0,5 diém)

c) (2,0 diém).

Goi A’ 1a tiép diém ctia duong tron (I) véi BC, B’ 1a tiép diém clia dudng tron bang tiép ctia géc B vdi



canh AC, C'1a tiép diém ctia dudng tron bang tiép goc C v6i canh AB clia tam gidc ABC.

Ta co

AB' = A'C, AC' = A'B.
............................................................................................. (0,5 diém)
Do duong tron duong kinh SI di qua A’ va Dnén SID = SA'D. ............................ (0,5 diém)

Goi D’ 1a giao diém khac A ctia duong tron (AB'C’) véi AD va A la giao diém caa AD’, B'C'. T
A C AC’ A’'B

su dong dang cta cac tam gidc D'C’'B/, DBC cung véi diéu kién AB ~ AB — AC ta suy ra

BIAID = SA/D. .. (0,5 diém)

Do d6 ta c6 SID = B'A;D, nén B'C’||SI. Tit d6

IP AC AB p—b .

10 AB _AC PG (0,5 diem)
|

Cau 3 (4 diém). Truong THPT chuyén Hung Vuong — Gia Lai c6 du dinh t6 chire “Trudong Dong toan hoc”
cho céc ban hoc sinh chuén bi dy thi VMO 2020. Ban t6 chitc da giti thu moi tham du dén mot sd truong
chuyén trong khu vire Mién Trung va Tay Nguyén. Biét rang, vi diéu kién riéng ctia mdi trudng, c6 thé ho
khong tham gia hodc sé ctt khong qua 10 em tham gia. Héi rang s6 lugng hoc sinh tham gia Truong Dong
t6i da la bao nhiéu dé dam bao rf?mg luén (khong phu thudc vao cach dua hoc sinh dén tham du ctia céc
doan) c6 thé chia cdc em thanh 2 16p, mai 16p khong quaé 35 hoc sinh va cac hoc sinh ¢ cing mot doan phai
hoc chung cung moét 16p.

Loi giai.

Goi S 1a s hoc sinh tham du “Truong Dong toan hoc”. Ta nhan théy mot diéu kién can ctia S1a S < 70.

Ta sé chiing minh S < 62 bang phan chiing. . ... ... oottt (0,5 diém)
GlastS = 63+ M VA0 <1 K 7 et e e (0,5 diém)

V6i s6 hoc sinh nhu thé, chang han cac doan tham du: c6 m doan dua dén 10 hoc sinh va (7 — m) doan dua
dén 9 hoc sinh tham dU. ........oouei it (0,5 diém)
Khi d6 voi cach chia thanh 2 16p bat ky sé luén c6 mét 16p c6 khong it hon 4 doan tham du va s6 lugng hoc
sinh cta 16p nay khong it hon 36 em.

VAY S € 62, et (0,5 diém)
Bay gio ta gid st c6 62 hoc sinh tham gia dén tir cac truong trong khu vuc. Ta sé chia thanh 2 16p hoc nhu
sau.

Lan lugt dua hoc sinh cac doan tham duy vao 16p A va dén mot lic nao d6, t6ng sb hoc sinh trong 16p nay,

ky hiéu la s (A) thda man hai diéu kién sau:
i) 26 <s(A) <35
ii) s (A) +a > 35 v6i moi a 1a s6 hoc sinh & cac doan con lai.

Cac doan con lai dua vao 16p B.
................................................................................................ (0,5 diém)
Ta xét cac kha nang sau:

1. Néu s (A) > 27 thi di nhién truong hgp nay théa man vi téng s6 hoc sinh con lai la

S = 5 (A) K62 = 27 = 35 e (0,5 diém)

2. Néu s (A) = 26, thi tir diéu kién ii) trong khi dua hoc sinh cac doan lan lugt vao 16p A, ta suy ra tat



ca cac doan trong 16p B déu c6 sb hoc sinh la 10. Ma chi c6 t6i da 3 doan thudc 16p B, vi néu khong thi

S > 26 + 4 x 10 = 66. Suy ra tong sb hoc sinh ctia 16p B nhiéu nhét 1a 30.

Truong hop nay KhONng XAy ra. .. ..o (0,5 diém)
VAy gid tri Ion nhat clia S 1A 62. .. ..ot (0,5 diém)
O

Cau 4 (5 diém).

a) Ching minh rang v6i moi s6 nguyén duong n, ta 6

% >In(n+1).
k=1

b) Ky hiéu [x] 1a s6 nguyén 16n nhat khong vuot qua x. Chiing minh rang da thic

Py(x) = (x + 1)) — G +1) (g +1) <§+1) (g+1)

khong c6 nghiém duong véi moi s6 nguyén duong 7.

Loi giai.

a)

(2,0 diém). Ta chiing minh bat dang thitc da cho diing bang phuong phap quy nap.
Ro rang bat dang thitc ding véin = 1.

Gia st rang

% >In(n+1)
k=1
.......................................................................................... (0,5 diém)
Ta sé chung minh
n+1 1
k=1
That vay, ta c6
DL QLI
—~k —k n+l
1
>1r1(n—|—1)—|—n_i_1
.......................................................................................... (0,5 diém)
Ta sé ching minh
1 n+1
1n(n—|—1)+m >In(n+2) 1 >Inn+2)—In(n+1) < 1>1In <1+n—i—1) ding
.......................................................................................... (0,5 diém)
Theo nguyén ly quy nap, ta c¢6 diéu phai chiing minh. ..o, (0,5 diém)

(3,0 diém). V&i moi x > 0, ta c6 bat dang thiic sau diing véi moi k > 0

i

(x+1r<—+1 (1)

Daubang x4y ra Khi k = 1. .. .oooii i (0,5 diém)
That vay, ap dung bat dang thic AM-GM ta c6

=R

i

1
* o1

k k(x+k)2k(x+1):(x+1).



.......................................................................................... (0,5 diém)
Ap dung bat dang thic (1), 14y tich theo k tir 1 dén n, ta c6
Siat < (X X x X
(x+1)5kt < (1 +1) (2+1) (3+1)...(n+1> 2)

.......................................................................................... (0,5 diém)
Cho nén dp dung cau a) véi x > 0 thi

= in(n+1)] _ (X X * X

Pa(x) = (x +1) (1+1><2+1)(3+1)...(n+1)

T (F ) (F ) (2 x

<@E+)Tht - (T+1) (F+1) (5+1)-- (5 +1)

<0
.......................................................................................... (0,5 diém)
Do d6 P,(x) < 0 véi moi x > 0, hon nita trong tat ca bat dang dang (1) chi c6 mot truong hgp dau
bANE XAY 1A LAk = Tou ettt (0,5 diém)
Ta co

KhONng cO NGhIEM dUONG, ...ttt ettt e ettt e (0,5 diém)

Ta c6 diéu phai chirng minh.

Hét
Thi sinh khong sir dung tai liéu, mdy tinh cam tay. Cdn bg coi thi khong gidi thich gi thém.



