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Cau 1. (4,0 diém) Cho day sé (x.) duoc xéc dinh boi: x, :%,xn =%(xn1 L A% ), VN2,

a) Chuang minh rang x, — +oo khi n— 0.

b) Ch&ng minh rang i=i—xi,Vn22 vatim lim Ziz

2
N—>+04
Xn n-1 n iz Xi

Cau 2. (4,0 diém) Tim tt ca cac ham f :R — R thoa man:
f(x=3f(y))=xf(y)-yf (x)-2f(x),Vx,y eR.
Cau 3. (5,0 diém)

a) Cho diém A nam ngoai duong tron (O), vé hai tiép tuyén AB va AC dén
duong tron (O) (B va C la tiép diém). Lay diém E thudc cung I6n BC, duong
tron (ABE) cit AC tai diém D khac A. Ching minh rang EB+ED > 2.EC.

b) Cho tam giac ABC c¢6 D la tam dudng tron ndi tiép. Mot duong thang qua D
vudng goéc véi AD cat AC tai E va AB tai F. Cac duong thang qua E song song
DC va qua F song song DB cét nhau tai I, cac duong thang qua E vudng géc DC
va qua F vudng goc DB cit nhau tai H. Goi G 1a giao diém tht hai cua AD va
duong tron ngoai tiép tam giac ABC. Chizng minh 1, E, H, F thudc mot duong tron
c6 tam nam trén AG va GH vudng gdc véi ID.

Cau 4. (4,0 diém) Cho s6 nguyén n>4. Tim gié tri I6n nhat cia s6 nguyén dwong m theo
n sao cho ton tai m tap hop A;A,;...;A, la tap con cua tap {1,2;3;...;n} thoa mén A co 1
phan tir, A, ¢6 2 phan ti,..., A ¢6 m phan tir va trong m tap hop d6 khong co tap hop nao
la tap con cta mét tap hop khac.

Cau 5. (3,0 diém) Ki hiéu Iem(x;y) 1a boi chung nho nhét cua x va y. Tim tat ca cac
bo sd nguyén duong (a;b;c) sao cho ton tai s nguyén duong n dé:

a’ +b? =nlecm(a;b) +n?
b? +¢* =n.lem(b;c) +n?
¢?+a’ =nlem(c;a) +n?

Ho va 161 thi SiNR: «.oevvvveeeeereeneeeeeeeenieeeeenennn, S0 bA0 dANR: ...eeeeeeenreeeaeeenneeeernnnenn.

CAN DY COIthi SB 1: eevveeeneeereneeeeereriieeeeennnnnn, Can bé cOithi S8 2: wevveeeeeenreieeeernnnnnnnn



Hwéng din cham:

Cau 1. (4,0 diém) Cho day sé (x,) duoc xéc dinh boi: x, :%,xn :%(xn_l P2, +4x ) V=2

a) Chang minh ring *» " khi n— 0.

b) Cht:ng minh rang izz L —i,Vnzz va tim Iimziz.
X, X X N>+t X

n-1 n

Giii: a) (2 diém) C6: x > %(Xnﬁ—«/xﬁl) _x_, =>(x)la ddy tang.
Gia st (x,) bi chan trén, ma day ting => ton tai limx = L.
Khi do: L:%(L+x/L2 +4L) =>L =0 (Vo) do x >0 va diy tang.

c) =>(x,) khdng bi chan trén => x. — +o0 khi n— +o0.

b) CO: 2x, =X, , =+/X +4X , => (2x —X ) =X, +4X

2 —_ 2 —_
& AXT—AX X =4X > X =X X =X, =0 => X ;=X (X, —X,)

Chia 2 vé cho x2.x , => %z 1 1 (1 diém)
n n-1 n
pit Z + ( ! 1) Ll el 6 (1aiem)
— == ——|==t—-———=6——- iém
= Xi-1 Xi x12 X1 Xn Xn ©

Cau 2: (4,0 diém) Tim tat ca cac ham f :R — R thoa man:
f(x=3f(y))=xf(y)—-yf(x)—2f(x),vVX,yeR

Thay x = 0 => f(=3f(y))=—yf (0)—2f(0) (1)

TH1: f(0)=0. Thay y=0=> f(x)=-2f(x) => f(x)=0vx (1 diém)

TH2: (0) =0 tir (1) => f la toan anh. (1 diém)

=> Tén tai ¢ sao cho f(c) = 0. Thay y = ¢ => f (x) =—cf (x)—2f (X)

Néu ¢ khac — 3 => f(x) = 0 v4i moi x (mau thuan véi (0) khac 0)

Dodoc=-3=> f(-3)=0

Thay x =-3=> f(-3-3f(y))=-3f(y) => f(-3+t)=t v&i moi tco dang t=-3f(y)

Ma f 14 toan anh nén —3f (y) quét moi gi4 tri trén R. Do vay —3+t chay khip R.



= f(x)=x+3,VxeR. (1,5 diém)
Thur lai thiy dung. (0,5 diém)
Cau 3. (5,0 diém)

a) 2.0 diém) Cho diém A niam ngoai duong tron (O), vé& hai tiép tuyén AB va AC
dén duong tron (O) (B va C a tiép diém). Lay diém E thugc cung 16n BC, duong
tron (ABE) cit AC tai diém D khac A. Chiang minh rang EB+ED > 2.EC

Giai: a) Taco CBE=ECDVva
CDE =180° — ABE =180° — ABC —CBE =180° — BEC — CBE = BCE nén hai tam giac EBC va

ECD ddng dang, do d6 % = E—g EB.ED = EC? = EB+ ED > 2JEB.ED = 2.EC (2.0 diém)

b) (3,0 diém) Cho tam giac ABC c6 D 1a tam dwong tron noi tiép. Mot duong thang
qua D vubng gdc véi AD cat AC tai E va AB tai F. Cac dudng thang qua E song
song DC va qua F song song DB cat nhau tai I, cac duong thang qua E vudng goc
DC va qua F vubng goc DB cat nhau tai H. Goi G 1a giao diém thir hai cia AD va
duong tron ngoai tiép tam giac ABC. Ching minh I, E, H, F thudc mét duong tron
c6 tam nam trén AG va GH vudng gdc véi ID.



+) Cé: ZIEH = ZIFH = 90° => |, F, H, E thudc duong tron duong kinh IH. Goi J la
trung diém IH =>J la tdm cua duong tron (IFHE).

= JE = JF => J thudc duong trung truc EF.
Ma AD la phan giac goc A, EF vuong gbc nén AD la duong trung truc EF
= A, D, Jthang hang. (1.0 diém)

ZBAC

C6: ZEJF =2/EHF = 2.(180° — ZEIF) = 2(180° — ~BDC) = 2.(180° —90° — )

= 180° - /BAC => /EJF + /BAC =180° => /AEJ = ZAFJ =90°
Khi d6, (IEHF) 1a duong tron A-mixtiliner nén tiép xdc (ABC) tai mot diém T (0.5 diém)

+) Do tinh chat ciia dudng tron A-mixtilinear nén néu goi TE cat (ABC) tai E’ va TF cit
(ABC) tai F’ thi E’, F’ lan luot la diém chinh gitra cung AC, AB.

+) Goi TI cit duong tron (ABC) tai S thi S 1a diém chinh giita cung BC chitra A.

That vay: Vi SE’ // IE nén SE’ // CF> => sdSF' = sdCE' = sdAE’ => sdSE' = sdAF' =
1sdAB

2

Do do: sdCS = %st’B =>§ ]a diém chinh giira cung BC chira A. (0,5 diém)

+) T, D, | thdng hang. That vay: Vi sdSE’ = sdAF' => /ATF' = ZSTE' (*¥)



Xét duong tron (TEF) ¢ tiép tuyén tai E va F cat nhau tai A nén TA 1a duong doi trung
cua tam giac TEF. Ket hop véi (*) => Tl la trung tuyen cua tam giac TEF => TI di qua
trung diém D cua EF. (0, 5 diém)

+ Phép vi ty tam T bién (IEF) thanh duong tron (ABC), bién I thanh S nén bién duong
kinh IH thanh duong kinh SG => bién H thanh G. Do do6: T, H, G thang hang.

Vay DI vudng géc HG do ST vudng géc GT. (0,5 diém)
Cau 4. (4,0 diém) Cho sb nguyén n>4. Tim gia tri Ién nhat cua s6 nguyén duong m sao
A, €6 2 phan tir,..., A c6 m phan tir va trong m tap hop dé khong c6 tap hop nao la tap con
cua mot tap hop khac.

+) Ta chttng minh khong thé chon ra n — 1 tip nhu vay.

Gia str chon dugc n— 1 tap con cua {1;2; ...; n}

Giast A ={a}=>A_ ={1;2;....n}\{a}

=> V&i moi cach chon tap A, ¢6 2 phan tir, khong chraathi A, = A,

=> Vo Ii. (1, 0 diém)

Ta ching minh gid tri Ion nhat caa m lan — 2.

+) Ta chitng minh c6 thé chon ra n — 2 tap hop nhu vay bang quy nap theo n.

.Voin=4,chon2tip A ={1}; A ={2;3}

.Voin=5,chon3tap: A ={1}; A ={2; 3}, A, ={2;4;5}

Gia sir ménh dé dung voi n = k, ta chitng minh ménh dé ciing dung véin = k + 2.

Khi d6 dé thay cac tap B, déu co i phan tir va khong co tap nao 1a con cua tap khac.
Theo quy nap, ta chimg minh dugc ¢6 thé chon ra n — 2 tap nhu vay voi moi n>4

Vay gié tri 16n nhat 1a n — 2. (3.0 diém)

Cau 5: (3,0 diém) Ki hiéu: lcm(x;y) = BCNN(x;y). Tim tit ca cac bo (a;b;c) véi
a;b;c 1a cac sb6 nguyén duong thoa man ton tai s6 nguyén duong n dé:



a’+b® =nlem(a;b) +n?

b + ¢ = nlem(b;c) +n?
c?+a® =nlem(c;a) +n?

Tas€eCM:a=b=c.
Gia str ton tai s6 nguyén té p sao cho a; b; ¢ cling chia hét cho p
Tir phuong trinh => n? chia hét cho p => n chia hét cho p

b

:>( : ’212
P PP

) cling la nghiém cua hé phuong trinh trén

< |

=>Tacothé giasu (a; b; c)=1=>(a; b; c; n) =1 (, 0 diém)
Dung (1) + (3) — (2) ta duoc: 2a® =n*+n(lcm(a;b) +lcm(c; a) — lem(b; c))
=> 2a? chia hét chon

Néu n > 2 => Tn tai wéc nguyén to p caa n sao cho a? chia hét cho p => a chia
hét cho p. CMTT => b va ¢ ciling chia hét cho p, mau thuan véi (a;b:c;n) = 1. (0, 5
diém)

Néun=1=> a’>+b? =lcm(a;b)+1 => 2ab<a’+b’ =lcm(a;b) +1<ab+1

=>a=b= 1. Tuong tu: ¢ = 1 => Két hop Vi viéc gia st (a;b;c) = 1 & trén, ta duoc
nghiém téng quat (a; b; ¢) = (a; a; a). (0, 5 diém)

Néun=2=> a’+b?=2Icm(a;b)+4 <2ab+4 => (a-h)><4 => |a—b|<2
CMTT: |b-c|<2; |c-alc?2

Néu c6 2 s6 lién tiép, gia sirla ja-b| = 1, a = b + 1. Thay vao:

=> (b+1)°+b*=2b(b+1)+4=> VO li

Nhu vay, [a-b|, |b-c|, |c-a| phai bang 0 hoic 2

=>C06 2 sb bang nhau, giasirlaa=b => 2a?=2a+4 =>a=2

=> 4+¢? =2lcm(2;c)+4 => ¢ chan => mau thuan véi (a;b;c) =1

=> Vi n = 2 thi hé khéng cd nghiém. (1, 0 diém)

Vaya=b=c.



