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THUA THIEN HUE NAM HQC 2021 - 2022
E— Khoa ngay 05 thang 6 nam 2021
Mon thi: TOAN (CHUYEN TOAN)

PE THI CHINH THUC o NP
Thei gian 1am bai: 150 phat (khong ké thoi gian giao dé)

Cau 1: (1,5 diém)

~ 1 2Jx =2 1 1
a Cho bieu thac A= — : —
: {\/;+1 x&+x—&—1j (3&+3 3x+3&j

(x>0, x #1).Tim tat ca cac gia tri cua x sao cho biéu thirc A nhan gia tri 1a s6 nguyeén.

1 .
b) Cho f(n) = eN ).
) cho ) (2n+1)(\/n+1+\/n) (n )
Chung minh f(n)<£(—1 N j simoi Ne N va f(1)+f(2)+ +f(2021)<i
ung > \/ﬁ m voimoi Ne N va >

Cau 2: (1,5 diém)

a) Trén mat phang toa d6 Oxy, cho parabol (P):y=x® va duong thing
(d):y=2mx+3 (m=0). Tim tat ca cac gia tri cia m dé duong thang (d) cét (P) tai hai
diém phan biét A, B sao cho dién tich tam giac OAB bang 6 cm? (véi O 1a gdc toa do,
don vi do trén cac truc toa do la xentimét).

b) Giai h¢ phuong trinh {(X_y)z +Oxr D) —y(x+1)-1=0,

x’—y+1=0
Cau 3: (2,0 diém)

) Gidi phuong trinh (x? +1)(2x2 _3y2x? +x+1+4) —1-x,
b) Tim m dé phuong trinh X°—(m+1)x*-3x+m+3=0 (x I 4n sb) c6 ba nghiém
1 1
4 + 4 +
(%, +1) (X, +1)  (x,+1)

phan biét X, X,, X, sao cho biéu thic P = o dat gia tri nho

nhat.
Cau 4: (3,0 diém)

Cho duong tron (O) va dady BC cb dinh (BC khong phai 1a duong kinh). Diém A di
dong trén cung 16n BC sao cho tam giac ABC Ia tam giac nhon. Goi E 1a diém d6i xuang
cia B qua duong thaing AC va F 1a diém ddi xang cia C qua dudng thing AB. Goi K 1a
giao diém cua hai duong thang EC va FB, H 1a giao diém cua hai duong thang BE va
CF.

a) Chung minh FAHB va ACKF 1a cac tir giac noi tiép.
b) Ching minh KA 1a phan gi4c cua goc BKC va ba diém K, O, A thang hang.
¢) Xac dinh vi trf caa diém A sao cho ta giac BKCO c¢6 dién tich 16n nhat.
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Cau 5: (2,0 diém)

a) Tim tat ca cac gia tri nguyén duong cia X va y thoa man x> —2".x —4*.9=0.
b) Cho x, vy, z la cac s6 thyc duong thoa man x +y +z =3. Chirng minh :

1 1 1 35
+ + > .
\/x(2y+3z) \/y(22+3x) \/z(2x+3y) S
------- HET -------
Thi sinh khong dwoc sir dung tai ligu. Can bg coi thi khong gidi thich gi thém.
Ho VA 8N thi SINN: ..e e SO bA0 danh: ...
ChitkycuaCBCT 1: ..o, Chitkyctia CBCT 2: ..o,
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Cau Pip 4n piém
y 1 2\x -2 1 1
a) Cho bieu thac A= - : -
) (&H X&H_&_J (3&+3 3x+3&J .
(x>0,x#1). Tim tit c4 cac gia trj ciia x sao cho biéu thic A nhan gia tri 1a sb ’
nguyén.
Al 1 k-2 || 1 1 095
IX +1 (x—l)(x/;+l) . 3(&+1) 3&(\/;+1) ’
115 o [x-leadxe2) Jxe1 phkerr 3L avx 005
d(ié:m) (X-DEX+D) ) 3Ux(Vx+1) (X -DEX+DTT Wx-1 x+l !
0<A= 3Vx =3- 3 <3 voimoi (x>0,x#1). 0,25
Jx +1 Jx +1
Suyra A e{1;2}.
Vé6i A=1 thi 3Jx =1<:>3x/§=\/§+1<:>2x/§=1<:>x=1.
Ix +1 4 0,25
V6i A =2 thi 3 —2o3x=2x+2ex =2 x=4.
Ix +1
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1 . .
b) Cho f(n) = ne N ). Chiwng minh
(2n+1)(\/n+1+x/ﬁ) ( )
0,5
1 « 1
f(n)< véimoineN vaf(l)+f(2)+..+f(2021) < —.
(n)< (\/— m) ) D+f(2) (2021) >

Dit B=f(1) +f(2) +... + F(2021)

() Jnri-Jn _ntl-vn _Vn+1-vh 1( 11 ] 0,25

4n’+4n+1(n+1-n) 4n’+4n  2yn(n+1) Jn Vn+l

Suyra f(1) < ( j f(2) < —(———j . 1(2021) < ( L ! J

12 J2 3 2\J2021 2022 05
1 1 1 ’
Doddé B<—|1- <—.
2( \/2022j 2

a) Trén mjt phing tea dd Oxy, cho parabol (P):y=x’ va dudng thing
(d):y=2mx+3 (m=0). Tim tit ci cac gia tri ciia m dé dwong thing (d) cit 075
(P) tai hai diém phan biét A, B sao cho dién tich tam giac OAB bing 6 cm? |
(véi O 1a goc toa d9, don vi do trén cac truc toa dd la xentimét).

Phuong trinh hoanh d¢ giao diém cua (d) va (P) la:

x? =2mx+3< x*-2mx-3=0 (1) 05
Vi a.c=-3<0 nén phuong trinh (1) luén c6 hai nghiém phan biét vai moi m hay ’
(d) ludn cat (P) tai hai diém phan biét A, B vsi moi m.

Goi X, X, (X1 <X, ) la hai nghiém cua phuong trinh (1), vi ac=-3<0 nén x, <0< X,
2 : 3 .
(L5 .Do d6 toa d6 cac diém A,B lan luot Ia‘ A(xl;xf),B(xz;i(;).
diém) \ v J// Goi H, K lan Iuot la hinh chiéu vuéng goc cia A va B
\ K""7/:B |&n tryc tung.
\ ul/ /| Do (d) ludn cat truc tung tai diém M(0;3) nén dién tich
) /H/ tam giac OAB Ia:
aNva . 025
7 P = '3 S,0a8 = Sr0am T Saosm :E(AH.OM + BK.OI\/I)
1 3
= EOM (AH + BK) = E(Xz _Xl) .
Ap dung hé thie Viet: x, +X, =2m, XX, =-3.
0,25

Suy ra S, s :%(x2 -X,) :%\/(xl +,)" = 4x X, :%\/4m2 +12.

HOCMAI




Do dd S, =6<:>%\/4m2+12 =6< m=+1.Viy m==1,

(x—y)2+(x+1)2—y(x+1)—1=0 (1) |

b) Giai hé phwong trinh 0,75
x*—y+1=0 (2)
Taco: (x—y) +(x+1)" —y(x+1)-1=0 = 2x* —(3y -2)x +y*~y =0
y=x+1 0,25
o X-y+)(2x-y)=0< :
y =2X
x=0
TH1: y = x +1, thay vao pt(2) ta dugc phuong trinh X* —x=0< | x =-1.
1 0,25
Truong hop nay hé cé cac nghiém (0;1), (-10), (1;2).
TH2: y = 2x, thay vao pt(2) ta dugc phuong trinh
x=1
x3—2x+1:0<:(x—1)(x2+x—1)<:> x:_lz\/g.
x—_l_\/g
2 0,25
Truong hop nay hé c6 cac nghiém (1;2), (_1;\/5;—“\/5} [_1_2\@;—1—\/5)
Vay hé co cac nghiém la :
(0;1), (-30), (L2), (_1;*@;—1#5], [_1_;3;—1—\/5}
) Giii phwong trinh (X + 1)(2x2 _3Vo x+1+ 4) —1-x. 1,00
1) 7
3 | Do 2X2+X+1:2(X+Z) +§>O VxeR nén phuong trinh xac dinh véi moi
(2;0 X eR.
diém) 0,25

Taco (x° +1)(2x2 _3y2x2 +x+1+4):1—x
o 2(x2 +1)2 +2X? +x+1—3(x2 +1)\/2x2 +X+1=0
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X2+l 1
xi+1 ) x?+1 V2x2+x+1
=2 -3 +1=0& ) . 0,25
V2xP +x+1 V2xZ +x+1 x*+1 1
| V2x2+x+1 2
2
* Neu L g
V2xZ+x+1
« =0 0,25
X +l=v2x2+x+le X +2x2 +1=2X" + X +1 & x(x3—1):0<:{ _1.
X =
2
* Neu —— Ly
V2xZ+x+1
2(X* +1) =V2x* + X +1 < 4x* +8X% +4=2x" + X +1
o 4x* 1 6x2—x+3=0 025
‘s t py2 1) 11
S AX 46X —X+3=0<4x* +5x° + X—E +Z:0 (vn).
Vay tap nghiém cua phuong trinh 1a S = {0;1}.
b) Tim m dé phwong trinh x3—(m+1)x2—3x+m+3=0 (x 1a an so6) c6 ba
nghiém phan bigt X, Xy, X, sao cho biéu thic L0
1 1 1 . ’
P= T+ o+ 7 dat gia tri nhé nhat.
(x,+1)" (X, +1)  (x,+1)
Ta c0:
N (m +1)X2 —3Xx+m+3=0
0,25
x=1()
= :
X°—=mx—-m-3=0 (2)
Phuong trinh da cho ¢6 3 nghiém phan biét khi va chi khi phuong trinh (2) c6 hai
nghiém phan biét khac 1.
A=m*+4m+12>0 (m+2)2+8>0 0.25
= S mz -1
’-ml1-m-3%0 m#-1
Gia st x, =1va X,, X, la hai nghiém ctua phuong trinh (2).
Do (-1)> —m(-1)-m—3=-2 %0 véi moi m nén x = -1 khong thé 1a nghiém cua pt
(2), suy ra P Iudn xac dinh véi moi m = —1. 0.95

X, +X;=m
X, Xy =—M-3

HOCMAI

Hé thic Viet: {

Suy ra:




1 1 1
>—+2 Z Z
16 \/(x2 +1)" (X, +1)
1 1 1 1 1

=—+2 s =——+2 > =—+ E .
16 (xX;+X,+x%,+1)° 16 (-m-3+m+1)" 16 4 16

DAu bang xay ra khi va chi khi

t ! <:>(x2+1)4:(x3+1)4<:{

X, +1=X,+1 {xzzx3

(x2+1)4 (x3+1)4 Xp+1==X-1 [ X +X;=-2 025
Do X, # X, nén X, +X; =-2< m=-2. Vay m=-2.
Cho duwdng tron (O) va day BC cé dinh (BC khong phai 1a dwong kinh). Piém
A di dong trén cung lé6n BC sao cho tam giac ABC la tam giac nhon. Gei E la
diém d6i xitng ciia B qua dwdong thing AC va F 1a diém d@6i xieng ciaa C qua | 3,00
dwong thing AB. Goi K 1a giao diém ciia hai dwdng thang EC va FB, H la
giao diém ciia hai dwdng thang BE va CF.
4
(3,0

diém)
a) Chitng minh cac FAHB va ACKF 1a céc tir gi4c ndi tiép. 1,00
Goi M 1a giao diém cta FC va AB, N 1a giao diém EB va AC. Do tam giac ACF can 0.5
tai A nén AFH = ACF. ’
Do BMC = BNC = 90° nén ti giac BMNC noi tiép, suy ra ACF = ABH. 0.5
Suy ra AFH = ABH nén tir giac FAHB 1a tir gi4c noi tiép. '
Do C va F déi xting nhau qua AB nén AFB = ACB. 0.5

Do B va E déi xtng nhau qua AC nén BCA = ACE, do d6 AFB = ACE .
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Suy ra AFB+ACK = ACE + ACK =180° hay tir giac ACKF Ia ti giac noi tiép. 0,25
b) Chitng minh KA 1a phan giac cia goc BKC va ba diém K, O, A thiang hang. | 1,00
AKE = AFC (Cung chan cung AC trong dudng tron ngoai tiép ACKF). 0.5
AKF = ACF (Cung chan cung AF trong dudng tron ngoai tiép ACKF). ’
Do F va C déi xting nhau qua AB nén AFC = ACF, suy ra AKE = AKF. 095
Vay KA la duong phén giac goc BKC. ’
Ta c6: BOC = 2BAC = FAC va BKC + FAC =180° (Do ACKA Ia ttr giac noi tiép). 0.5
Suy ra BOC + BKC =180° nén tr giac BKCO Ia tir giac néi tiép. ’
Do d6 OKC = OBC (Cung chén cung OC), OKB = OCB (Cung chén cung OB).
Tam giac OBC cén tai O suy ra OBC = OCB nén OKC = OKB hay KO la phan giac 0.5
goc BKC. '
Do KA va KO d&u 13 phan giac géc BKC nén A,0,K thing hang.
¢) Xac dinh vi tri diém A sao cho tir giac BKCO c6 dién tich Ién nhat. 1,00
Do O, B, C ¢6 dinh nén ban kinh dudng tron ngoai tiép tir giic BKCO khong doi. 0,25
Goi ban kinh duong tron ngoai tiép tr giac BKCO 1a R, goi I 1a giao diém OK va
BC, goi P va Q lan luot 13 hinh chiéu vudng géc cua O va K 1én duong thang BC. Ta 0.5
, 1 1 1 '
0: Sexco = Suonc + Sune =5(OP+KQ)BC < (Ol +KI)BC =~ OKBC
1
SE.ZR.BCz R.BC. | 0,25
DAu bang xay ra khi OK vudng goc véi BC hay A 1a diém chinh giita cung Ién BC 05
cta duong tron (O). '
a) Tim tét ca cac gia tri nguyén dwong ciia x va y thoa méan x> —2".x—4*9=0. | 1,00
Xét phuong trinh bac hai an x c6 A =2% +9.4%, 0.5
Dé phuong trinh ¢6 nghiém nguyén thi A 1a s6 chinh phuong '
Pat A =2%+9.4% =k*(keN"), khi do
k?-9.4% =2% & (k—-3.4")(k+3.4")=2%
(2,0 k—3.4"=2° \
R 1 1 1 = 2 .
aiim)| S st o (P.geN",q>p,q+p=2y)
Suy ra 27 -2° =2.3.4" < 2" (2P -1) =3.2%.
0,25

, P _1= -p=2 =25
Do 29P -1 laso lé nén 2 . 3<:> a-p = a .
2P =2% p=23 p=23

Do d6: 2y=48<y=24.

HOCMAI




V6i y =24 thi A=2%+9.4" =4 194" =254 = (5. 4“)

- Hoc sinh 1am cach khac dap 4n nhung két qua ding van cho diém téi da.
- Piém toan bai chdm diém lé dén 0,25.

-HET---

HOCMAI

24 11
x=2 _25'4 =-2% 0,25
Suy ra .Do xeZ" nén x =9.2%*.Vay x =9.2" y=24.
X=—=9.2
b) Cho x, y, z la c4c sb thwe dwong théa man x+y +z = 3. Chitng minh :
1 1 1 35 1,00
+ + >
\/x(2y+32) \/y(22+3x) \/z(2x+3y) 5
bat P= L + L + L :
\/x(2y+3z) \/y(22+3x) \/z(2x+3y)
Str dung bt dang thic Cauchy ta co: 0,25
5x(2y+32)£5x+2y+32:> ! > 245 :
\/x(2y+3z) 5X +2y+3z
Tuong tu ta co: 1 > 2\/5 , 1 > 2\/§ )
y(22+3x) 5y +2z +3x z(2x+3y) 5z +2x + 3y 0.95
Do d6 P> 2+/5. ! + ! + ! :
SX+2y+3z 5y+2z+3X 5z+2Xx+3y
Ta ching minh bét dang thic (a+ b+c)(£+6+1j >9Va,b,c>0.
a c
That vay: (a+b+c)(£+l 1] 3+(a bj+(i+£)+(9+£j
a b c b a c a c b
>3+2\/a b 2\/3.3+2\/93_9 Déu biing xay ra khi a=b =c. 0,25
b a C a cb
Suy ra l+£+12 J :
a b ¢ a+b+c
Do dé: L + L + L > J :i.
5X+2y+3z 5y+2z+3x 5z+2x+3y 10(x+y+z) 10
Vay 2\/—3_i DAu bang xay rakhi x =y =z =1. 0,25
Chuy:




