BO GIAO DUC VA DAO TAO KY THI CHON POI TUYEN
TRUONG PATHQC VINH DU THI HQC SINH GIOI QUOC GIA THPT
NAM HOQC 2023 - 2024

PE CHINH THU'C Mon: TOAN
Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi thir hai

Bai 5 (6,0 diém). Vi da thirc f € Rz], ky hidu f(x) thay cho ( f(x)f. Gia sir P € R[z] khac hang.
a) Chimg minh rang néu P(z) > 0 véimoi z € R thi ton tai hai da thic A, B € R[z] sao cho
P(z) = A’(z) + B*(x).
b) Chimg minh rang néu P(z) > 0 v6imei = > 0 thi ton tai bén da thic S, T', U, V € R[z] sao cho

P(z) = S*(z) + T*(x) + 2U”(z) + 2V*(z).

Bai 6 (7,0 diém). Tt diém M nam ngoai duong tron (O) keé hai tiép tuyén ME, MF dén dudng tron
d6 (B, F 1a céc tiép diém). Tiép tuyén cia (O) tai diém N thuéc cung 16n EF cht ME, MF 1an luot
tai Q, P. Tia MO cit cac duong thang NE, NF lan luot tai X,V .
a) Ching minh rang tiép tuyén tai X, Y ctia duong tron (NXY) va duong thang di qua M vudng
goc v6i PQ cung di qua mot diém.
b) Puodng tron tim R dwong kinh XY cit PQ tai cic diém S, 7. Ching minh rang dudng tron
(RST) tiép xtic v6i hai dudng tron (MPQ) va (O).

Bai 7 (7,0 diém). Tim tat ca cac da thirc f hé s6 nguyén sao cho v&i moi s6 nguyén té p ta co

f) [ (p -1 1.

Hét

Ghi chu: > Thi sinh khong duoc sir dung tai liéu va may tinh cam tay!

» Can bg coi thi khong dugc giai thich gi thém!
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BO GIAO DUC VA DAO TAO KY THI CHON POI TUYEN
TRUONG PATHQC VINH DU THI HQC SINH GIOI QUOC GIA THPT
NAM HOQC 2023 — 2024

PAP AN CHINH THUC Mon: TOAN
Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi thir hai

Bai 5 (6,0 dicm). V6i da thirc f € R[z], ky higu f*(z) thay cho ( f(m))z. Gia sir P € R[z] khac hang.
a) Chimg minh rang néu P(z) > 0 v6i moi z € R thi ton tai hai da thirc A, B € R|[z] sao cho
P(z) = A’(z) + B*(2).

Bai Noi dung Pi¢m

Bai5a) | Rorang P bac chan va khong c6 nghiém thuc. Khong mat tinh tong quat ta gia
(3,0 st P monic va deg P = 2k, k € N *.

diém)

k 1,0
Ap dung dinh ly phan tich ta c6 P(z H z’ + ax+b) véia,b €R.
i=1

Do P(z) khong c6 nghi¢m thuc nén af <4b,Vi=12,... k. Khido

2
2
' _ \4b —a’ 1,0
2 =[]||e+Z| +]Y—— (1)
Lai c6 hang dang thurc:
(@> +b°)( +d°) = (ac + bd)’ + (ad —bc)*  (2) 1,0

Tir (1) va (2) ta suy ra diéu phai chimg minh.

Bai 5 (6,0 diém). Vi da thirc f € Rz], ky hidu f*(z) thay cho ( f(x))g. Gia sir P € R[z] khac hang.
b) Chimg minh rang néu P(z) > 0 v6imei 2 > 0 thi ton tai bén da thic S, T, U, V € R[z] sao cho

P(z) = S*(z) + T (x) + 2U°(z) + 2V*(z).

Bai Noi dung Pi¢m

Bai 5b) | Khong mat tinh tong quat gia sir P monic. Xét hai trudng hop sau:
3,0 Truong hop 1. deg P chan.
diem) | Theo dinh 1y phan tich, da thic P(z) dugc viét thanh dang sau

l 2m

P(z) = ﬁ(xz +az+ bz)H (x + cL)ZH (z +d), 1,0

Vi &* —4b, < 0,Yi=1Lk d =d v6i i = |
Chua y rdng, do P(z) > 0,Vz > 0 nén d, > 0,Vi = 1,2,...,2m

2m
bat [[(z+d) =2 +e¢

2m—1

2 g +er+e (e >0,Vi=01..2m-1),

.
A@w) =T1(#* + oz +0). (2" +e,, 2"+ + e’ +6,),

2m— 2
=1

1,0




T) = ﬁ(mQ +ax+ bz.).(eZm_le"‘_? e, 4 tedt e )
i=1
Ta co
l

P(z) =[]+ ) [Az) + 2B(x)]

i=1
Chi y rang A(z) > 0Vz € R, B(z) > 0,Vz € R nén chimg minh twong tur
ciu a) ta suy ra ton tai bon da thirc ¢, D, B, F € R[z] sao cho:
A(r) = C*(z) + D*(z) va B(x) = E*(z) + F*(z).

l

l
bat S(z ()] J(@+¢), T(z)=D@)]](=+c)
i=1 i=1
l l
va U(x (@) ][ +¢) V(z)=F@)]][@=+c)
i=1 i=1
Khi d¢ ta co:

!
P(z) =[] + ¢ [A@) + 2B(2)] = $*(2) + T*(x) + 2U* (@) + 2V*(x).
i=1
Ta c6 diéu phai chimg minh.

Truong hop 2. deg P 1€.
Theo dinh 1y phan tich, da thirc P(z) duoc viét thanh dang sau

l 2m+1

P(z) = ﬁ(m2 +az+ bL)H(x + cL.)Q.H (z+d),

i=1 i=1 i=1
Vi * —4b, < 0,Yi= 1Lk d =d voi i = j.
Chuy rﬁng, do P(z) >0,Yz >0nén d >0,Vi=12,..,2m+1.

2m+1
= 2m+1 27 2m—1 2
bat [[(z+d)=a""" +e¢, ™" +e, "+ +eas’+erte
: i 2m 2m—1 2 1 0
i1

(e, >0,Vi=0,1,...,2m), 1,0

H(a; +ax+b) ( Mo, @ e +e)

k
1
i=1

2

ﬁ(z —l—aa;—l—b)( 2" e, a4t e +e)

—_

Ta co

P(z) = f[(:c +¢,) [zA(z) + B(x)}

i=1

Dén day tuong ty Truong hop 1 ta co diéu phai chimg minh.

Bai 6 (7,0 diém). Tt diém M nam ngoai duong tron (O) ké hai tiép tuyén ME, MF dén dudng tron

d6 (E, F 1a cac tiép diém). Tiép tuyén cta (O) tai diém N thudc cung 16n EF cit ME, MF lan luogt
tai Q, P. Tia MO cit cac duong thaing NE, NF lan luot tai X,V .




a) Chimg minh ring tiép tuyén tai X, ¥ cua duong tron (NXY) va duong thang di qua M vudng

goc v6i PQ cung di qua mot diém.

Bai Noi dung Pi¢m

Bai6a)
(4,0
diém)

Goi K la trung diém PQ. Do tir giac POXN ndi tiép nén PX 1 MO nén néu
kéo dai PX cit M) & P, thi tam gidc MPP, canva X 1a trung diém PP. Suy
1,0
ra KX //MQ nén KN = KX. Tuong tu thi KN = KY nén K la tim cua

(NXY).

MX PX LX
= = nen
MY QY LY 1,0

Goi L la giao diém cua MO, PQ. Ta co

(ML, XY) = —1.

Goi H 1a hinh chiéu cia M 1én PQ thi H(ML, XY)= —1, lai c6 HM L HL

—

nén HL,HM chinh la phan giac trong, phan gidc ngoai cia goc XHY'.

x . 1,0
Vi K thudc phan gidc goc XHY lan trung truc XY nén K chinh la diém chinh

gitra cung nho XY cua (HXY).

Gia sir tiép tuyén tai X,V cia (NXY) chtnhau 6 Z thi ZXK = ZYK = 90° nén
7 chinh 14 diém chinh gitra cung 16n XV caa (HXY), tird6 c6 Z nam trén phan | 1,0

giac ngoai cua goc XHY hay Z € MH.




Bai 6 (7,0 diém). Tix diém M nam ngoai dudng tron (O) ké hai tiép tuyén ME, MF dén duong tron

d6 (E, F 1a cac tiép diém). Tiép tuyén ctia (O) tai diém N thudc cung 16n El? cit ME, MF lan luot
tai Q, P. Tia MO cit cac duong thaing NE, NF lan luot tai X,V .
b) Puodng tron tim R dwong kinh XY cit PQ tai cic diém S, 7. Ching minh rang dudng tron
(RST) tiép xtc v6i hai duong tron (MPQ) va (O).

Bai Noi dung Piém
Bai 6b) | Ta c6 trung diém R cua XY nam trén (MST). Chiy RS = RT nén R chinh
3,0 , —
d(iém) la diém chinh gitra cung nho ST cua (MST). Lo
Theo cau a) MS, MT dang giac trong tam giac MPQ nén (MST) tiép xtc voi ’
(MPQ).
Goi giao diém cua (MST) véi MP, MQ lan lwot la P’ Q' thi
PP'.PM = PS.PT = PX".
N / 1,0
Suy ra MP'X = 90". Dan dén ML _MP i 1 = MO BF.
MO
Do d6 I 14 tim duong tron ndi tiép tam giac MP'Q’.
Suy ra MI.MI = MP'.MQ’ trong d6 I la tim duong tron bang tiép trong goc
M cua tam giac MP'Q’. Vi viy, qua phép nghich dao dbi xtmg tdm M, phuong L0
tich MP'.MQ' thi (MST) = (MP'Q’) bién thanh P'Q’ va (O) bién thanh (1) |
nén (MST) tiép xtc (O).
Bai 7 (7,0 diém). Tim tat ca cac da thirc f hé sé nguyén sao cho v&i moi sé nguyén td p ta co
f)[(p =D+ 1.
Bai Noi dung Pi¢m
Bai7 | Néu f lahang, changhan f=c thitacd ¢ |2 va ¢|3 nén ¢ = £+1. Thur lai
(7,0 1,0
diém) |tacé f=1 va f= -1 lacac nghi¢ém cua bai toan.

Gia st f khac hang. Khong mét tinh tong quat ta gia sir hé sd cao nhat cua
f duong (néu khong thay f boi —f). Khi d6 v6i s6 nguyén to p dt 16n thi| 1,0
fp)>1.

Gia str ¢ 1a mot wdc nguyén td ciia f(p) va ¢ = p. Theo Dinh 1y Dirichlet

vé sd nguyén td, ton tai vo han s6 nguyén t6 r théa man r = p(mod q). Khi| 1,0

do f(r) = f(p) = 0(mod q). Nghiala ¢ | f(r), vado do ¢ | (r —1)!+ 1.

Suy ra ¢ > r v6i vo han s nguyén td r, vo 1y. Nhu vay néu p 13 sb nguyén
. 1,0
to du lon thi f(p) 1a liy thua cua p.




bat f(p) = p", voi a, nguyén duong. Gia str d = deg f. Khi do ton tai hang

sO ¢ > 0 sao cho f(z) < cz’,Vz > 1. Suyra p” < ¢p” véi moi s6 nguyén tb

1,0
p du 16n. Vi vay day sd (a,,) bi chin. Suy ra ton tai s6 nguyén duong a sao ’
cho f(p) = p" v&i vd han s6 nguyén t6 p. Do d6 f(z) = 2" véi moi z.
Thanh thir ta c6 p° | (p — 1)1+ 1 v&i moi s6 nguyén t6 p. Noi riéng ta c6
22, nén a = 1. Vay f(z) = x. -
RO rang theo Dinh Iy Wilson, f(z) = z théa man. Suy ra f(z) = —z cling la
nghiém cua bai todn. Toém lai, nghiém cua bai toan 1a| 10

f=Lf=-Lf(z)=2,VzeR va f(z) = —z,Vz € R.




