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2y 2 _ 2
Cau 1. (3,0 diém) Gidi hé phuong trinh: |2¢ X =3V +1=(yr1)yy +2y+2
X2 +y?=x-2y+2

Cau 2. (2,0 diém) Cho diy sb (u,) xac dinh bai:

U, =1; Uy, =+u+2u, +3—Ju?—2u, +3 véimoi ne N *.

Chung minh rang day s6 (u,) c6 gi6i han hitu han va tim gi6i han do.
Céau 3. (5,0 diém) Cho tam giac ABC nhon, khong can (AB<AC), ndi tiép dudng tron tam O va
ngoai tiép duong tron tim |. Pudng thang qua | vudng goc vai Al cit dudng thang BC tai S.
Goi M 1a trung diém BC, D 1a diém chinh gitta cung nhé BC ctia duong tron (O) va J 1a diém
d6i xtmg voi | qua O.

a) Chirng minh tam giac DBI c&n va tam giac DSJ vuéng.

b) Goi X 1 hinh chiéu cta diém S trén dudng thang Ol va Y 1a giao diém tha hai caa Ml
va dudng tron ngoai tiép tam gidc OMS. Chimg minh ba diém A, X, Y thiang hang.
Cau 4. (2,0 diém) Goi o,p la cc nghiém cta phuong trinh x?> —ax+a = 0 trong do a la mot
s6 nguyén 16n hon 4. Chimg minh rang véi moi sé nguyén duong m,n thi [ma]=[ng] véi [x]
1a ky hiéu s6 nguyén 16n nhat khong vuot qua X.
Cau 5. (3,0 diém) Cho day da thite hé s6 thye { f, (x)} xac dinh boi:

fo(X)=2; f,(x)=2x f,.,(x)=2x. fn+1(x)+(1— x2) f,(x) véimoi neN.

Tim tat c4 céc s6 tu nhién n dé f,(x) chia hét cho X* +3.
Cau 6. (2,0 diém) Mot s6 tu nhién duoc goi 1 s6 “thdn thién” néu né cé thé phan tich duoc
thanh tich ctia mot sb cac sd nguyén duong ma tong cua chung bang 2020. Hay tim sb “than
thién” 16n nht.
Cau 7. (3,0 diém) Cho cac s6 thuc a,b,c théa man diéu kién a?+b?+c? =3. Tim gia tri 16n
nhat va gié tri nho nhét cua biéu thic

P=abc+2(ab+bc+ca)+4(a+b+c).

HET
e Thi sinh khéng dwoc sir dung tdi liéu va mdy tinh cam tay.
o Gidam thi khong gidi thich gi thém.
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HUONG DAN CHAM VA DAP AN
_ Mon: TOAN
(Huwong ddan cham nay gom co 5 trang)
Céau Noi dung yéu ciu Piém
Caul
(3,0d)

2x* —x =3+ XX’ +1=(y+1){y’ +2y+2 ()

X +y?P=x-2y+2 (2
Tir (1) va (2), trir vé véi vé ta co:

X2 =X=3+ XX’ +1-y? =(y+1)4/y’ +2y+2 - X+ 2y -2

Xét hé phuong trinh {

= x2+x\/x2+1=(y+1)2+(y+1) (y+1)2+1 (3)

Xétham s6 f(t)=t"+ty/t’ +1 trén R, ta co

2 2
£(t)=2t+1 +1+t ¢ :2t\/tzj+t2+1+t2 :(JtTl+t)

Do d6 f'(t)>0 v&imoi teR hay f(t) dong bién trén R. (0.25)
Khi d6 (3) codang f(x)=f(y+1) < x=y+1. (0.25)
Thay x=y+1 vao (2) ta dugc (y+1)2 +y?=(y+1)-2y+2 (0.25)
y=-—2 = x=-1
& 2y +3y-2=0 & 1 3
y== = x==
2 2 (0.25)
A 1A . C A 31
Vay h¢ phuong trinh c6 hai nghiém (x;y)e {(—1; - 2)(55)}
Céau 2
(2,0d)
T gia thiét u, =1va u,, au, suyrau,>0 VneN*,

B \/uf +2u, +3+\/u§ ~-2u, +3

Xétham s§ f(x) =+/x2 +2x+3 —+/x? —2x+3 trén (0;+o0).
Xx+1 x-1

- X2 +2x+3 X2 -2x+3

Taco f'(x)

(0.25)




f'(x)=0 < (x+1h/(x=1)" +2 = (x =W/ (x +1)* +2
(x+1)(x-1)>0
=
(x +1)° [(x—l)2 + 2]= (x—1)* [(x+1)2 + 2]
- (x+1)(x-1)>0
x=0
Suy ra f'(x) khong doi déu trén (0;+cc). Hon nita f'() > 0 nén f'(x) > O trén
(0;+0) hay f(x) dong bién trén (0;+c0). (0.25)

t
V242

f'(x)=g(x+1)—g(x-1)>0;¥x>0 => f(x) dong bién)

vO nghiém.

(Chu y cach khac : Bang cdch xét ham g(t) = dong bién suy ra

Gia st
Uy = JUZ+2U, +3 U —2u, +3 <2 JuZ +2u, +3 <\Ju?—2u, +3+2

U +2u, +3<U? —2u, + 3+ 4 Ui —2u, +3+4 U, —1< (U, —1)" +2
Luon ding véi moi u, >0, suy day bi chan trén boi 2, do d6 day hoitu (0.25)

(0.25)

Pit L = limu, . Tir dinh nghia ddy sd tacd 1<L <2 va
L=vL?+2L+3-yL?-2L +3 (0.25)

& =217 +6-2,(L +3) —4L> (vi hai vé déu duong)

o WL H2249=1246 < 4(|_4+2|_2+9):|_4+12|_2+36
4 2

S l=-oLl="rWViil<L<2
Vay (u,) c6 giéi han hitu han va limu, = —=
V3 (0.25)
Cau 3 (5.00)
a (Khéng cho diém hinh vé, nhing khéng cé hinh khong cham ciu 3)
(3,0a) .
A
/ l j
0,
> B C
F




Xét tam giac DBI co
/DBl = #DBC + £CBI :%(4A+ ZB) (0.5)

va /DIB = ZIAB + ZIBA = %(ZA+ LB)

nén tam giac DBI cén tai D. (0.5)

K¢ duong kinh DE cua duong tron (O), khi d6 ta c6 DIEJ 1a hinh binh hanh, do d6
/JDE = /DEI .

Ta lai c6 tam giac DBE vudng tai B, dwong cao BM nén DM .DE = DB? = DI?,

DM DI
suyra —=—. 0.25
y DI DE ( )

Do d6 ADMI ~ ADIE = ZDEI = ZDIM . (0.25)

Mit khac DSIM 14 tir gidc noi tiép nén ZDIM = ZDSM .

Tur d6 suy ra ZJDE = /DEIl = /DIM = /DSM , (0.25)
Nén ~JDS = ZJDE + ZEDS = ZDSM + ZMDS =90°.
Vay tam gidc DSJ vuong tai D. (0.25)

Cdch khdc ch/m tam giac DSJ vuong tqi D:

Ch/m tr gidc EIDJ 1a hb hanh => El// JD.

Goi F 1a giao diém th{r hai ctia SD va (O), ta ¢6 SI 1a tiép tuyén dudng tron (BIC)
nén SI2=SB.SC =SF.SD . Suyra IF L SD ma EF L SD nén E,LF thing hang.
Suy ra DJ 1 SD hay tam giac DSJ vuong.

(2,0d)

Goi P 1a giao diém khéc A cia SAva (0), Q la giao diém khéc P cua Pl va (O).
Ta c0 cac tam giac DBI, DCI déu can ¢ D nén D la tam duong tron ngoai ti€p tam

giac IBC. , , (0.25)
Do @6 Sl 1a tiép tuyen cuia duong tron ngoai tiép tam giac IBC nén

SI? = SB.SC = SP.SA (0.25)
Lai c6 tam giac SAl vuong & | nén suy ra IP L SA va do d6 AQ la duong kinh cua
(O). Tu giac AlQJ 1a hinh binh hanh, do d6 AJ // PQ suy ra AJ L SA. (0.25)
Nhu vay ZSAJ = #SDJ = Z/SXJ = 90°
nén A, X, S, D, J nam trén mot dudng tron. (0.25)

Tur d6 ta c6 ZAXO = ZAXJ = ZADJ =90° — ZIDS = ZISD = ZIMO (1)




Mit khac tir giac XYOM ndi tiép nén ta c6 L YXO = LYMO = ZIMO (2)  (0.25)

Tir (1) va (2) ta c6 ZAXO = ZYXO nén ba diém A, X, Y thing hang. (0.25)
Cau 4
(2,0d)
Xét phuong trinh x> —ax+a=0 (1) trong d6 a 1a sb nguyén 16n hon 4.
Phuong trinh (1) c6 biét thitc A =a®—~4a >0 va nén hai nghiém o,B phan biét.
Néu a®-4a=k* keN* < (a-2)" -k*=4
(a-2)-k=1 3
< |(a-2)-k[|(a=-2)+k |=4 < =k== Vvoly. 0.25
2— ,
Do d6 a,p e{ai— “;‘4} 14 céc sb Vo ty. (0.25)
T [ o S k- A A
Theo dinh ly Viet thi { 5 véi a>4 suyra o,f lacac so vo ty duong (0.25)
ap=a
Va {a+B:a:a+B:aB:>1+l:1. (0.25)
af=a oa P
Gia str ton tai hai s6 nguyén duong m,n ma [ma]=[nB].
bt [ma]=[nB]=k k e N*. Khi do ta co
k=[ma] (k<mo<k+1 ,
Vi ma, nB 1a cac so vo ty 0.25
{k:[nB] j{k<n[3<k+1 (VI mo,nB 1a cac so vo ty) (0.25)
m 1 m
k+l o Kk
=
n 1 n
[ _<_
k+1 B k (0.25)
Cong lai ta dugc:
MM Mk <min<k+l Vo ly. (0.25)
k+1 k
Vay voi moi s6 nguyén duong m,n thi [ma]=[nf] . (0.25)
Caus
(3,0d)
Tir gia thiét ta c6
froo () =[(x+1)+(x=1) |- £, (%) + [ (x+1).(x=1) ].f,(x) =0 (0.25)
nén f(x)codang f (x)=A(x+1)"+B.(x-1)" VneN. (0.25)
Laido f,(x)=2 va f(x)=2x nén ta co hé
A+B=2 A=1
=
A.(X+1)+ B.(X+1)=2X B:]. (025)
Vay f,(x)=(x+1)"+(x-1)"véimoi neN. (0.25)
Thir tryc tiép ta thdy f,(x)=(x +1)3 +(x—1)3 = (Zx3 +6x)§(x2 +3) (0.25)

Lai ¢ (x+1)° =(x=1)° =| (x+1)"+(x=1)" ||| (x+1)’ =(x=1)" [:(x* +3). (0.25)




bt n=6k+r trongdo ke N va re{0;1,2;3,4,5}.
Tacé fn(X):(X+1)n+(X—1)n = (X+1)6k+r+(x_1)6k+r —

= (x+1) | (+2)" = (x=1)" [+ (=)™ | (x+1) +(x-1)'|

= (x+2)' [ (xr2)™ = (x=1)" [+ (x=1)" 1, (). (0.25)
Suy ra f,(x):x*+3 khivachikhi f (x)ix*+3. (0.25)
Thtr truc tiép ta thay
fo(x)=2£‘(x2+3) fl(x):2xZ(x2+3)
fz(x):2x2+22(x2+3) . x):2x(x2+3)3(x2+3)

(
f4(x)=2(x4 +6x° +1)Z(x2 +3) fo(x)= 2x(x4+10x2 +5)Z(x2 +3)

Vay cac gia tri cAn tim cian 1a n=6k +3 v6i ke N .

Cach khac cau 5 (st dung nghiém phurc)
Xét phuong trinh dac trung cia day da thtc :
t?-2xt—(1-x*)=0<t =x+Lt,=x-1

nén f(x) codang f (x)=A(x+1)"+B.(x-1)" VneN

(0.5)
gidi ra A=B=1=> f,(x)=(x+1) +(x—1) véimoi neN. (0.5)
Theo dé f,(x)ix*+3
2 — — 4 Ty?2 i —
Taco X +3=0< x==i3 nén f.(x)ix +3<:>fn(i|\@)_0 05)
X =i/3 => x+l:1+i\/§:2(cos%+isin%j;
Vi
: x—1:—1+i\/§:2(cos%[+isin2§j (0.5)
fn(x)z(x+1)”+(x—1)”=2”[(cosn—”+isinn—ﬂ)+(coszn”+isin 2n”)]
3 3 3 3
_on nz 2nz, (. nz . 2N«
Khi d6 = [(cos?+cosT)+| sm?+smT ]
:2”*1[cosn—”.cosn—”+isinn—ﬂ.cosn—”]
2 6 2 6 (0.25)
. f(i\/§):0 Qcosn—ﬂ.cosn—”:sinn—ﬁ.cosn—”=0c>n=6k+3
Taco 2 6 2 6 (0.5)
Tuong ty f“<_lﬁ)=0©n:6k+3 (0.25)
Céau 6
(2,0d)

Gia st S 1a s6 “than thién” 16n nhat can tim va co thé phan tich duoc S =a a,..a,
trong d6 a, e N* va a, +a, +---+a,_=2020.

Néu t6n tai mot s, chang han 13 a, =1 thi ta viét S=1a,..a, < (a,+1)a,...a,, mau
thudn véi gid sir S =a,.a,...a, 1a s6 “than thién” 16n nhét. (0.25)

Néu ton tai mot sd bang 4, ta c6 thé thay s 4 d6 boi hai s6 2 thi tong va tich déu
khong doi. (0.25)




Néu ton tai mot s6, chang han a, >5 thi do 3(a, —3)>a, nén ta viét

S=2.8,.8< 3.(& —3).,.8, cling miu thudn véi gia st S 16n nht. (0.25)
Nhu vay suy ra a, =2 hodc 8, =3 véimoi i=1,2,--- k. (0.25)
Tagidsr a =a,=..=a,=2 Va a,, =a,,=..=a,=3.

Néu j>3thia =a,=a,=2 nén a,+a,+a, =6=3+3. (0.25)

[ ~
Do d6 3+3+) a =2020 nhung 3a,.a,..a >2°a,a;.a nén mau thuan véi gia
i=4

thiét S. (0.25)
Do vdy j=1 hodc j=2.Tathdy j=1 khong thoa man. (0.25)
Véi j=2 ta duge sd thoa min 1a S = 2237,
Vay sb “than thién” 16n nhat can tim 13 S = 22.3%2, (0.25)
Cau7
(3,0d)
Tacé P=abc+2(ab+bc+ca)+4(a+b+c) = (a+2)(b+2)(c+2)-8. (0.25)

Tir gia thiét a? +b?+c? =3 ta co a,b,CE[—\/§;\/§] nén a+2,b+2,c+2>0. (0.25)

Tim GTLN cua P :

3
Taco a+b+c<,/3(a’+b’+c’) =3 nén PS(L;HGJ ~8<27-8=19.(0.25)

Ding thirc xay ra < a=b=c=1. Vady GTLN cuta P 1a 19. (0.25)
Tim GTNN cua P.
Do a,b,cG[-ﬁ;ﬁ] nén P dat GTNN khi a,b,c<0. (0.25)
Khong bt tinh tong quat ta gia st a<b<c = a’>b? >c?, két hop voi
a’+b?+c’ =3 taco c*<1nén ce[-10]. (0.25)
Talai co: 2(a+2)(b+2)=2ab+4a+4b+8 =
a’+b’+4+2ab+4a+4b+c?+1=(a+b+2) +c?+1>c? +1 (0.25)
nén (a+2)(b+2)2%(c2 +1). (0.25)
Dod6:P= (a+2)(b+2)(c+2)-8 2%(& +1)(c+2)-8 (0.25)
Xét ham sb f (c):%(c2 +1)(c+2)—8 trén [-1,0], taco f'(c) =%(3c2 +4c+1). 05
c=-1
Suyra f'(c)=0< 1 . (0.25)
c=-—=
3
a1 . X A R . . 1 191
Lap bang bién thién cua f(c) trén [-10] ta duoc min f(c)=f (—gj:—f. (0.25)
Suyra P> —12171 , dang thirc xay ra chang han khi a = —g;b =Cc= —%. 0,5

Vay GTNN ciia P 1a _%1 . (0.25)




