SO GIAO DUC VA PAO TAO PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN
NAM DINH NAM HOC 2024-2025
Moén thi: TOAN (Chuyén)
Thoti gian lam bai: 150 phut.
(Pé thi gom: 01 trang)

PE CHINH THUC

Cau 1: (2,0 diém)

1 ] :
a) Cho x, y >1 thoa man 4 = > . Tinh gia tri cua bi€u thirc 4= X+ +9xy.
x+1 y+1 xy+4

b) Xet da thire P(x) =x"+ax+b véi a, b 1a cac hé s6 nguyén. Chung minh rang néu
P(1++/2)=2024 thi P(1-+/2)=2024.
Cau 2: (2,0 diém)

a) Giai phuong trinh x° = (2x—9)(\/x2 +2x-8 —2).

x* (x—y)+(y—1)2 =0
\4x3 -9x* +7x+3y* -10y+5=0.
Cau 3: (3,0 diem) Cho tam gidc nhon 4ABC ndi tiep duong tron (O) va 4B < AC. Ba duong
cao cua tam giac ABC la AD, BE, CF dong quy tai diem H. Goi AQ la duong kinh cua
duong tron (0) , duong thang HO cat canh BC tai diém M . Puong tron ngoai tiép tam giac
AEF cét dudng tron (O) tai diém N va cit duong thing AM tai diém K (N, K khéc 4),
duong thang AN cat duong thang BC tai diem P. Chirng minh rang:

a) HQO vuong géc vo1 AN va FDH = HDE, FDK = NDE .

b) Badiém P, E, F thang hang.

¢) PE.PF < PM*.
Cau 4: (1,5 diém)

a) Chirng minh voi moi s6 nguyén duong 7, s6 n° —6n+33 khong 1a s6 chinh phuong.

b) Giai hé phuong trinh <

b) Cho céc so nguyén duong a, b thoa min diéu kién a+b+1 1a udc nguyén to cia
4(az2 +ab+b2)—3. Chimg minh rang a+b—1 1a udc cla 4(a2 +ab+b2)—3.

Cau 5: (1,5 diém)
a) Xét x, v, z 1a cac so thuc duong thoa man xy + yz + zx < xyz. Tim gié tri nhé nhat cua
biéu thirc O = xy* + yz°* + zx° —18(x+y+z).

b) Cho bang hinh chit nhat gom 2 dong va n cot, dugc chia déu thanh 27 6 vudng don vi.
Ban dau, trong mdi 6 vuéng don vi nguoi ta dit dung mot vién bi c¢6 kich thude rat nho. Ta goi
modi bién doi (T) 1a viée thyc hién cac thao tac sau: Chon ra hai 6 vuong don vi tuy y co chura bi,
chuyen tu mo1 6 vuong do di mot vien bi sang 6 vuong don vi lién ké (hai 6 vuong don vi got la
lién ké néu chung co chung canh). Tim tat ca cac sO nguyén duong n dé sau htru han lan chi
thuc hién bién d6i (T), ta c6 thé dua hét tat ca cac vién bi co trén bang lic dau vé nam trong
cung mot 60 vuong don vi cua bang.
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PE CHINH THUC. Mon thi: TOAN (Chuyén)

(Hudng dan cham gom: 06 trang.)

Cau 1: (2,0 diém)

a) Cho x, y >1 thoaman 1 + 1 2

x+1 y+1:xy+4

. Tinh gia tri ctia biéu thirc 4= x>+ )° +9xy

b) Xét da thirc P(x)=x"+ax+b véi a, b 1a cic hé s6 nguyén. Ching minh rdng néu

P(1+J§):2oz4 thi P(l—ﬁ)=2oz4.

=3-2+/2 =2+ 242 +2023 =2024, c6 diéu phai ching minh.

Y Néi dung Piém
1 1 5
+ Ta cC g = =>(xy+4)(x+y+2)=5(x+1)(y+1
80 Y o e A H ) =Sl ]) -
12) <:>xy(x+y)+3:3xy+x+y<:>(x+y—3)(xy—l)=0(1)
1,0d -I—V(')’ix,y>lthixy—l>0,d0d(')(1)<:>x+y=3. 0,25
+V€1yA=x3+y3+9xy=(x+y)3—3xy(x+y)+9xy 0,25
=3’ -3xy.3+9xy =27. 0,25
+Taco P(1+v2)=2024 & (1442) +a(1++2)+b=2024 0,25
& (a+2)V2=2021-a-b. 0.25
+Do a+2, 2021—a—b 1a cac s6 nguyén trong khi J2 14 56 v6 ti nén phai xay
1b) a+2=0 a=-2
h 0,25
sl {2021—a—b:0 i {b:2023.
+Vay P(1-2)=(1-42) ~2(1-+2)+2023
0,25

Cau 2: (2,0 diém)
2) Gidi phuong trinh x” = (2x—9)(Vx* +2x-8 -2},
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(xz(x—y)+(y—1)2 =0
\4x3—9x2+7x+3y2 —-10y+5=0.

b) Giai h¢ phuong trinh <

Y N§i dung Piém
+ Piéu kién xac dinh x* +2x—-8>0.
Phuong trinh dugc viét lai 1a x> +2x—8—(2x—9)\/x2 +2x—8+(2x-10)=0.
t=1
Pt 1 =vx* +2x—8 thi dugc £ —(2x—9)r+2x—-10=0 < 0,25
t=2x-10.
+Véit=1thi V¥’ +2x-8 =1 x> +2x-9=0< x=—1£4/10. 0,25
(2x—10>0
+V6i £ =2x-10 thi Vx* +2x-8=2x-101 :
x +2x—8=(2x—10)
. : 0,25
X Z
=9, <:>x:7+\/ﬁ.
2a) x —14x+36=0
L] + Vay phuong trinh cho c6 tap nghiém 1a § = {7+\/ﬁ ;—li\/m}. 0,25
Cdch khac: Chuyén vé, binh phuong dé khir can ta duoc PT hé qua
(2x—9) (x* +2x—8) = (x> +4x—18) & x* —12x’ x> +198x~324 =0 (0,25)
& (x* +2x-9)(x* —14x+36) =0 (0,25)
@xe{—li\/ﬁ;u\/ﬁ} (0,25)
Thtr lai va két luan. 0,25)
rx2 x=y)+(y=1) =0 |
Xét heé phuong trinh < ( y) (y ) ( )
\4x3—9x2+7x+3y2—10y+5=0 (2)
0,25
=x+1
+Tacod (1)<:>y2—(x2+2)y+x3+1:0<:>{y ,
y=x"—x+1.
+Néu y =x"—x+1, thay vao (2) thu dugc
2b) 4x3—9x2+7x+3(x2—x+1)2—10(x2—x+1)+5:0
1,0d
< 3x =2 —10x2 +11x=2=0 0,25
+
c»(x+2)(x—1)(3x2—5x+1)=0@xe{—2;1;5—g/§}
Tim dugc cac nghiém
(59) =207, (1), 222, 1 |, [ 5 1S | 0.5
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+ Néu y=x+1, thay vao (2) thu duogc

4x° —9x* + Tx+3(x+1) =10(x+1)+7x+5=0

SAx —6x"+3x-2=0=8x —12x" +6x—1=3 <:>(2x—1)3 =35 x=

1+i/§.3+%/§)

Tim dugc nghiém (x;y) = ( - 5

Vay h¢ cho ¢6 dang 5 bd nghiém (x; y) la

1+3/3

2

9 6 9 2 2

(2.7, (1) [5+\/§.11+\/E] (5—\/5.11—\/5) [1+%B.3+%5}
7)s (B1), | == , , , , .

0,25

Cau 3: (3,0 diem) Cho tam gidc nhon 4ABC ndi ticp duong tron (O) va 4B < AC. Ba duong
cao cua tam gidc ABC 1a AD, BE, CF dong quy tai diém H. Goi AQ la duong kinh cua
duong tron (O), duong thing HQ cit canh BC tai diem M . Dudng tron ngoai tiep tam gidc
AEF cit duong tron (O) tai diém N va cat duong thing AM tai diem K (N va K khéc 4
), duong thang AN cat duong thang BC tai diém P. Chirmg minh rang:

a) HQO vuong goc vo1 AN va FDH = HDE, FDK = NDE .
b) Ba diém P, E, F thang hang.
¢) PE.PF < PM*.

Hinh vé:

@
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Y Noi dung Piém

+ Puong tron ngoai tiép tam gidc AEF la dudng tron duong kinh AH , suy ra 0,25
HN 1 NA. ’

+ Mat khac N thudc duong tron duong kinh 40 nén ON | NA,suyra N,H,Q

thang hang va c6 HQ 1 AN . 0,25

+C6 ADC = AFC =90° nén tt gisc ACDF noi tiép, do 6 FDB = BAC .
3a) | Tuong ty c6 EDC = BAC. 0,25

Ll Suy ra FDH =90° — FDB =90’ — BAC =90° — EDC = EDH (1).
+Co6 ANM = ADM =90° nén tir gidc ANDM nodi tiép, suy ra NDH = HMK .
C6 HDM = HKA =90° nén t giac HDMK ndi tiép, suy ra HMK = HDK . 0.25
Vay NDH = HDK (2).
Tu (1) va (2) suy ra FDK = FDH + HDK = HDE + NDH = NDE .
+ T giac ANFE noi tiép nén suy ra ANF = FEC .
3b) C6 BFC = BEC =90° nén tr giac BFE’C néi tiép, suy ra FEC = FBP . Vay c6 | 0,5
1,0d ANF = FBP, suy ra tor giac NPBF nd1 tiép.
+ Theo d6 PFB = PZVB =BCA=EFA.Vay PFB=FEFA, ma B,F,A thang hang 0.5
nén P, F,E cling thang hang.
+ Ching minh dugc BHCQ 14 hinh binh hanh nén M 14 trung diém cta BC. 0,25
+ Tam giac EMC can tai M nén MEC = BCA.
Tir d6 c6 PEM =180° - MEC — FEA=180° - BCA— ABC = BAC = FDP. 0,25
Suy ra hai tam giac PFD, PME dong dang (g-g).
+ Suy ra LG hay PE.PF = PD.PM . 0,25
PM PE
3¢) + Do AB<ACnénBD<DC:>BD<BD;DC:BM:>PD<PM. .

1,0d | vay pEPF = PD.PM < PM>.

Cdch khdc: + Chung minh M 14 trung diém cia BC .
+ Chung minh PE.PF = PB.PC .

2
+ Chira PB.PC:(P —B—f)(PM+B—;):PM2—Bf .

BC”?

+ Tur >0 suyra PB.PB<PM".

Cau 4: (1,5 diém)
a) Ching minh véi moi s6 nguyén duong 7, s6 n° —6n+ 33 khong 1a s6 chinh phuong.
b) Cho céc so nguyén duong a, b thoa min diéu kién a+b+1 1a udc nguyén to cia
4(a* +ab+b*)-3. Ching minh ring a+b—1 1a uéc cia 4(a’ +ab+5")-3.
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Website:

Y Noi dung Piém

Co n’—6n+33=(n’—n)—5n+33 0,25
42) + Theo dinh li Fermat ¢6 7’ =n (mod5) nén (n5 —n) =0 (mod5) 0,25
1,0d | Do 5n=0, 33=3 (mod5) nén suy ra n’ —6n+33=3 (mod5) (*). 0,25

+ Mot s6 chinh phuong khi chia cho 5 chi ¢6 thé cho s6 du thuge {0;1;4} . Vay tir 025

(*) suy ra n° —6n+33 khong thé 1a s chinh phuong. ,

+ Theo gia thiét co

0=4a”+4ab+4b* =3 =4a* +4a(-a—1)+4(-a—1) =3 (mod a+b+1)

hay (2a+1)2 =0 (mod a+b+1). Uezo
&) TU a+b+1 12 s6 nguyén to suy ra (2a+1)i(a+b+1).
0,50 | T Taco 0<2a+1<2(a+b+1)nénxayra a+b+1=2a+1<a=>b.

o ,fa+b—1=2a—1
i o eo |4(a* +ab+b*)~3=12a* ~3=3(2a+1)(2a~1)’ 0,25

suy ra (4(a2 +ab+b2)—3)§(a+b—l).

Cau 5: (1,5 diém)
a) Xét x, v, z 1a cac so thuc duong thoa man xy + yz + zx < xyz. Tim gia tri nhé nhat cua
biéu thic O = xp* + yz* + zx’ —18(x+y+z).

b) Cho bang hinh chit nhat gom 2 dong va n cdt, duoc chia déu thanh 27 6 vudng don vi.
Ban déu, trong mbi 6 vudng don vi nguoi ta dit ding mot vién bi c6 kich thude rat nho. Ta goi
mdi bién do6i (T) 1a viée thue hién cac thao tac sau: Chon ra hai 6 vuong don vi tuy y co chira b,
chuyen tur mo1 6 vudng do di mot vién bi sang 6 vudng don vi lién ké (hai 6 vuong don vi goi la
lién ké néu chung c6 chung canh). Tim tat ca cac sO nguyén duong n dé sau hiru han lan chi
thuc hién bién doi (T), ta c6 thé dua hét tat ca cac vién bi c6 trén bang luc dau vé nam trong
cung mot 6 vudng don vi cua bang.

Y Noi dung Piém
+ Tir gia thiét c6 121+l+l. Dung bat dang thirc Cauchy-Schwarz c6
X Yy z
1 1 1 0,25
xy2+yzz+zx22(—+—+—](xy2+yzz+zx2)2(y+z+x)2.
X y z
Sa
0,7)5a +Suyra 0= (x+y+2) ~18(x+y+z)=(x+y+z-9) ~81=81. 10,25
Khi x = y = z =3 thi cac gia thi€t dugc thoa man va O = —81. Vay gia tri nho nhat
; X 0,25
cua Q bang —81.
Cach khac: O +81> xy” —18y+§+yz —182+ﬁ+zx —18x+g
X y z
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9’ 9Y 9’
=x(y——) +y(z——) +z(x——) > 0.
X y z

+ Xet n 1a so Ié:
Ta t6 mau cac 6 vudng don vi theo ki€u xen k& nhu ban co vua bo1 hai mau den,
trang. Go1 B, W lan luot 1a s6 b1 nam ¢ 6 don vi mau den, s6 bi nam ¢ 6 don vi

mau tréng. 0,25
- Lucdau: B=n va W =n.Nhu viy B,W 1a cac so 1é.
- Chi ra dugc bat bién: Sau mdi 1an thuc bién ddi (T) thi tinh chén 1é cua
B, W 1a khong thay doi.
- Suy ra lic nao cung c6 bi nam & 6 den va lic nao cng ¢o bi nam o 0 trang
(vi B, W 1uon 1a s6 18), vay khong thé don hét tat ca cac vién bi vé mot 6 | 0,25
vuong don vi.
+ Xét n 1a s6 chan: Ta chi ra cach don dugc bi theo yéu cau.
. Dau tién ta chon hai 6 vuong phan bi¢t ma moi 6 vuong tuong ung déu nam &
cudi cung cua moi dong va phai co bi, thyc hién blen doi (T) dé don hét bi tir hai
0 nay ve hai 6 ding lién trude ching. Lai thuc hién tiép bién do6i (T) véi hai 6 don
vi 6 bi ma mdi 6 nam ¢ dau ngoai cing ctia mdi dong dé
Sb) | don hét bi cua hai 6 nay vé hai 6 dng lién sau chung. Tiép B n
0,75d | tuc véi hai cach chon 6 nhu vay (chon cip 6 ¢6 bi & cudi 2 2
dong rodi lai chon cip 6 ¢6 bi & dau dong) ta di dén trang (A) (B)
thai bi chi con nam ¢ bang con 2x2 & chinh giira ctia bang n n
ban dau nhu hinh 1 (cac chir cai ghi trong ngoic 1a dé chi 2 2
tén cua 0, cac so chi s6 lugng bi dang co ¢ 6 twong Ung (C) (D)
do). Hinh 1 0,25
+ Tiép theo chon cip 6 B, C va thuc hién % lan bién doi (T) T g
(bitr 6 B dua sang 06 A, b1 tir 6 C dua sang 6 D) thi thu duoc (A) (B)
trang thai nhu hinh 2. 0 n
(€) | (D)
» Tiép tuc, ta lién tuc chon cip 6 A, D cho dén khi hét bi va Hinh 2
chuyén bi & hai 6 nay sang 6 C thi sau cung dua duoc 2n
vién bi vé hét 6 C.
Vay tap hop tat ca cac sO n can tim 1a tip céc sb nguyén duong chan.
Chu y:

- Néu thi sinh lam dung, cach giai khac voi hwong dgfn cham, phu hop {cién thirc cua chuwong
trinh THCS thi to chdam thong nhdt cho diém thanh phdan dam bao tong diém nhw huong dan quy

dinh.

- Tong diém toan bai khéng lam tron.

HET ----
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